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In publishing the following work my principal 
intention is to explain difl&cnlties which may be. 
encountered by the student on first reading the 
Principiay and ta illustrate the advantages of ai 
careful »tudy of the methods employed by Newton, 
by shewing the extent to. which they may be 
applied in the solution of problems. I have also 
endeavoured to give assistance to the student who 
is engaged in the study of the higher branches of 
Mathematics^ by representing in a geometrical form 
several of the processes employed in the Differential 
and Integral Calculus, and in the analytical investi- 
gations of Dynamics. 

In my version of the first section and the begin- 
ning of the second I have adhered as closely aa 
I could to the original form; and, in the cases 
in which sections have been interpolated, or the 
form of demonstration changed, I have indicated suck 
changes and interpolations by brackets. 



It is generally advisable not to deviate 
Newton'a words in the demonstrations of tlie 
Lemmas; but in many casea, I suppose purposely, 
he expressed himself very concisely, as in Lemmas 
IV. and X., and he was contented with simply giving 
the enunciation of Lemma v. ; therefore in these cases 
interpolations have been made which, I believe, are 
in accordance with Newton'a plan of demonstration. 

Throughout the Problems and Theorems which 
depend upon the sixth proposition, the variations are 
replaced by equations. By this method of treating 
the subject I conceive that clearer ideas of the 
meaning of each step are obtained by the student. 

In this edition I have introduced some notes on 
the geometrical solution of some problems relating 
to maxima and minima, and I have placed the 
investigations of the properties of the curves, which, 
after the conic sections, are the best examples for 
illustrating geometrical methods, in a more pro- 
minent position, at the end of the first section. 

I have derived great assistance in the preparation 
of my notes from the study of Whewell'a Meihod 
of Limits, and fi^m several early editions of Newton, 
especially that of Carr. 

With respect to the three Laws of Motion, I may 
remark that I have not commenced the work by 
enunciating and making observations upon them, 
partly because I should only have been repeating 



what has been said so well by Tliompson, Tait, 
anil Maxwell, whose works are in everybody's hands, 
and partly because in the course of reading recom- 
mended to students, for whose benefit ray work 
was especially intended, those lawa will have been 
already discussed in the elementary treatises on 
Dynamics. 

The Problems are principally selected from the 
papers set in the Mathematical Tripos, and in the 
course of the College Examinations, and I have 
generally divided tbem into two portions, the 
first of which contains those problems which are 
capable of solution by more direct applications of 
the propositions which they illustrate, and are 
within the powers of a larger number of students 
In both portions I have been careful to introduce 
very few problems which are not capable of solution 
by methods given in the work. 

At the end of the work I have given hints for 
the solution, and in many cases complete solutions, 
of the problems ; and in doing so I am acting in 
direct opposition to my previously expressed opinion, 
but additional experience of fifteen years has shewn 
me that it a satisfaction to a student who has not 
been able to solve a problem to see a solution of 
it; and, even when he has been successful, to 
compare his solution with that of an older hand. 
The principal objection to the publication of solutions 
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is that they are frequently referred to prematurely; 
but a wise student will treat them only as a dernier 
re-sort 

In solving the Problems I have noticed two errors 
which should be corrected as follows : 

XIII. 13 half the ahord. . ..^is the harmonic mean, &c. 

XXVm. 6., ... .velocifcy in a circle whose radius is the length 
of the unstretched string, &c. 

Two sets of Problems have been numbered 
XXVIL, the second is written XXVII. Us in the 
Solutions. 

I take this opportunity to express my thanks 
to Mr. Steam, of King's College, for his kindness 
in correcting the errors of the press and for many 
valuable suggestionis. 

PEECIVAL FROST. 



Cambrtpgw. 



Februart/f 1878. 
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NEWTON'S FIRST BOOK 

CONCEBNINfG THE MOTION OF BODIES. 



SECTION I. 
ON THE METHOD OF PIII.ME AND ULTIMATE RATIOS- 



Quaniities, and the ratio of quantities, wkich, in am/ finile 
time, tend constantly to equality, and lohich, before the 
end of that iiina, approach nearer to each other than by 
anij assigned difference, hecome uUimaiely equal. 

If not, lot tliGin become ultimately unequal, and let tlieir 
ultimate difference bo D. Hence [since, tliroiighout 
the time, they tend constantly to equality], they 
cannot approach nearer to each other than by the 
difference D, contrary to the hypothesis [that they 
approach nearer than by any assigned uifTerence. 
Therefore, they do not become ultimately unequal, 
that is, they become ultimately equal]. 

Variaile Quantities. 

1. The Quantities, of which Uewton treats in thia Lemma, 
arc variable magnitudca, described by a suppoBcd law of con- 
Btmction, the variation of theso magnitudes being due to tlip 
arbitrary progresaive change of some element of the construc- 
tion employed in the statement of the law. 

When, in the progressive cliange of this element, it receives 
the last value which is assigned to it in any proposition, the 
hypothesis is said to arrive at its ultimate form, or to be 
indcdnitely extended: 



NEWTON. 



Thus, let ABP be a semicirclei A CB its diameter, BP any 
arc, PM the ordinate perpendicular to AGB^ then, as the arc 
BP gradaallj diminishes, AM is a variable magnitude, con- 
tinually increasing, and BP is the element of the construction, 




Jlt^ Tf^ 



to the arbitraiy change of which the variation of AM is due ; 
and if BP may be made as small as we please, AM may be 
made to approach to AB nearer than by any difference that can 
be named, and the hypothesis approaches its ultimate form. 

Again, if ABO be a triangle, and AB be divided into a 
number of equal portions, Aajob^ bcj ••., and a series of parallelo- 
grams be inscribed upon those bases, whose sides ao, bfij 07, .,. 
are parallel to BG and terminated in ^C7, the sum of the areas 
of the parallelograms will be a variable magnitude, defined by 
that construction, and changing in a progressive manner, if the 
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finmber of parts into which AB is divided be continually 
increased. In this case the number of parts is the variable 
element of the construction. In the idtimate form of the 
hjrpothesis, it will be shewn. Lemma II., that the sum of the 
parallelograms is the area of the triangle when the number 
is increased indefinitely. 

2. The variation of a magnitude is continvous^ when in the 
passage from any one value to any other, throughout its change, 



I 



it receives every intermediate value, witbout becoming ioGiiitG. 
Wliea this is not tlio case, the variation is discontinuous. 

According to the hypothesis in the last illustration, the 
nniuber of parts into which AB is divided being exact, the 
magnitude varies disco ntinuously, t.e. the sum of the areas doea 
Eot pass tlirough all the intermediate values between any two 
states of the progress. 

If the hypothesis bo changed, eqnal portions being set off 
commencing from B, and Aa remaining over and above aftei- 
ba, the last of the portions for wliich there is room, these equal 
portions could he made to diminish graduidly, and the sum of 
the areas would in that case vary continuously. 

Tendency to Equality . 

3. Quantities are ultimately equal, when they arc ultimately 
in a ratio of equality. 

4. Quantities, which always remain finite^ throughout tho 
change of the hypothesis by which they are desci-ihed, lend 
continually to equality, when their difference continually dimi- 
nishes. 

Thus, in fig. I, page 2, let BQ be an arc, always in a given 
ratio to BP, and let Ql:^ be the corresponding ordinate ; as 
JiP continually diminishes, AM and AN remain finite, and, 
since their difference continually diminlahes, they tend con- 
tinually to equality. 

5. Quantities, which may become mdifiniiely small-, or in- 
dejmitcly ffreat, as the hypothesis is indefinitely extended, tend 
continually to equality, when the ratio of their dlflerencB to 
either of them continually diminishes. 

To illustrate this teat of a tendency to equality, let us 
suppose, in lig. 1, page "i, that the arc BF is double of the arc 
BQ; then, since {chdBFy^AD.BM, and {iihABQ)'' = AB.BN, 
.: BM:BN:i(chdBPY:{chilBQ)' 

:: (m-cBP)': {arcBQY:: 4 : 1 ultimately, 
.-. MN: Bi\'::'d:i ultimately ; 



4 NEWTON. 

Lencei we observe that BM and BN have a difference, which 
tends continually to become ^BN^ the ratio of which to either 
is finite, so that, although both tend to become indefinitely 
small as the hypothesis tends to its ultimate form, BM and 
BN do not satisfy the condition requisite for a tendency to 
equality. 

Observations on the Lemma. 

6. We will now proceed to examine the force of the other 
important terms employed in the statement of the first Lemma. 

The expression ^^ in any finite time '' (tempore quovis finite), 
signifies what has been called the indefinite extension of the 
hypothesis from some definite state to its ultimate form.* 

The law of the variation of the magnitudes under considera- 
tion is obtained by the examination of their construction while 
the element, to which the change is due, is at a finite distance 
from its final value, and the finite time is the supposed time 
occupied in the passage from this definite to the ultimate state. 

In the first illustration, Art. 1, it denotes the progresave 
diminution of BP^ from being a Jlnite magnitude to the point 
of evanescence. 

In the second, the progress from any finite number of equal 
portions to an indefinite number. 

7. The expression " which constantly tend '* (quae constanter 
tendunt) signifies that, from the commencement of the Jinite 
time to the limit of the extension of the hypothesis, the dif- 
ferences continually diminish. 

To illustrate this mode of expression, let BC be a quadrant 
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of a circle whose bounding radii arc OB, 00, find let BDA 
be a atraiglit lino cutting the arc BDC and tlie radius OC ia 
D and A, and let OP be a. radius revolving from 00 to OBy 
and cutting BA in Q, E the point of bisection of the arc BJD, 

OP and OQ twice tend to equality, viz. from 00 to OD 
and from OE to Ofi, and once ^from equality from OD to 
OE; it is only from OE to Oif that OP" and 0(7' tend to 
equality constantly during the progress, jind it is from some 
position between OE and OB that the finite time must be con- 
sidered to commence. 

"Before the end of that time" (ante finem temporis) 
implies tliat, however small the given difference may bo, a less 
differeuco than that difference is arrived at, while the distance 
from the ultimate state is still finite, however near to the final 
etate it may be necessary to proceed. 

Thus, if, in the last figure, the angle BOD be G0°, the 
radius one inch, and the given difference 153^^5 or TuiSos of 
an inch, the difference PQ will be leas than the given difference, 
if the revolving radius bo 2' or I', respectively, from the ultimate 
position; and ao on, however small we choose the difference. 

9. In the proof of the Lemma, if the ultimate difference bo 
D, the quantities cannot approach nearer than by that given 
difference; otherwise, they would, in one part of the pro- 
greaaion, have been tending from equality in order to arrive 
ultimately at that difference, contrary to the statement of the 
pTOpoaition in the words " ad agqualitatem conatanter tendunt." 

The nature of the proof, which is. more difiicult than may at 
firat sight appear, can be illustrated aa follows, by examining 
the effect of the omisaion of somo of the points in the statemcut 
of the Lemma. 

Draw 0)/, Ox at right angles, AB any straight line meeting 
Off in A, CED a cnrve touching AB in E and meeting Ot/ in 
V, CD another touching a straight line parallel to AB in C, 
ilQPP' a common ordinate. 

As OM diminishes' until it becomes iudcfiuitely mnall, 
\ ^f'"'»' moves up to Ui/. 



In both curvoa, the ordinalcs MQ and MP or MP' liavc an 
ultimate dtfferoaco OA, equal to D euppuao. 




Omit iLc word " constantcr," and the curve CED is admissi- 
ble in a representation of tlie approach of the quantities ; because 
the ordinates approach, before the end of the time, nearer than 
by any assignable difTerenco, as at E, although the condition of 
continual tendency to equality is not satisfied. 

Omit the words " ante finem temporia," and 0/ will be suf- 
ficient ; for, in this case, they tend continually to equality, but 
bel'ore the end of the time they do not approach nearer than by 
any aBsignable difference, and they are ultimately unequal. 

In the case of the dotted line ARF touching AB at A, all 
the conditions are satisfied. QM and HM tend continually to 
eqnality, and their difference may be made less than any givea 
differcocc before OM vanishes. J 



Limit of a Variable Quantity. ^ 

10, When a variable quantity tends continually to equality 
with a certain fixed quantity, and approachca nearer to this 
quantity than by any assignable difference, as the hypotlieaia 
determining its variation is approaching its ultimate form, this 
fixed quantity is called the Limit of the varmhle quantity. 

The tests arc : that there should he a tendency to equality ; 
that this tendency should be continued from some finite 
condition ; and that the approach should, during the progres- 
sion to the ultimate form, be nearer than by any assignable 
difference. 

Thus, as is mculioucd in the Scholium at the cud uf the 



section, the variable quaatity doea not become equal to, or anrpnaa 
the limit, before the arrival at the ultimate form. 

Limiting Ratio of Variable Quantities. '■ 

11. If two qnaDtities continually diminish or Increase, and 
the ratio of these quantitiea tends continually to equality with 
a certain fixed ratio, and may be made to diflFer from that ratio 
by less than any assignable difference, as the liypotheaia deter- 
mining their variation 13 indefinitely extended, this fixed ratio 
is called the limiting ratio of the varying qnantitics. 

Ultimate Ratio of Vanishtitg Quantities. 

12. When the ultimate form of the hypothesis brings the 
quantities to a state of evanescence, they are called vaniski»/f 
quantities ; and the limituig ratio, or the limit of the ratio, is 
the ultimate ratio of the vanis/itng quantities. 

The expression " vanishing quantities " docs not imply that 
the quantities are indefinitely small while nnder examination, but 
only that they vjill be so in the nltimate form ; which observa- 
tion implies that the ratio of the vanishing quantities is not an 
equivalent expression with the ultimate ratio of the vanishing 
quantities, the former being taken " ante finem temporis." 

*' Ultimo rationes lUie quibuscum quantitatCB ovancscunt, re- 
veni noD sunt rationes quantitatum ultimarum." See Scholium, 
at the ond of the section. 

Thus, let OGf FO be two straight lines inter«iCtiDg AB in 
<?, F, and draw ADE, MFQ, perpendicular to AB. 

Let a, be the areas AMPD, AMQE, then it is easily found 




that a:ff::AT}+!trP:AE+MQ; now, let MFQ be enp- 
poacd to moTo up to ADE^ then, in the ultimate form of the 
hypotbesia, a and /3 vanisli, and arc called vanisblDg (juantitiei 
from this drnunstanco. 

Also, the uUimate raiio of tho Tanlshiiig quantities i 
AD : AE. 

In this case, since MP : MQ b not equal to AD : AE^ the 
ratio of the vanishing quantities, viz. AD + MF ; j1£+ HQ^ 
is dillerent from AD : AE. the ultimate ratio. 



Orders of Vcmishing Quantities. 

13. When we have to consider various kinds of vanishing 
quantities, it is necessary to consider their relative magnitudes, 
and for this purpose if one of them bo selected as a standard 
of small quantities, this quantity, and all the vaniahing quan- 
tities of which the ultimate ratio to it is finilc, ore called 
vanishing quantities of the first order. 

If a, j3 be any two vanishing quantities, and ^ : a vanish 
in the limit, ^ la said to bo a vanishing quantity of a higher 
order than a. 

If a he of the first order, and : a' be ultimately finite, 
/3 is called a vanishing quantity of the second order^ and bo oh 
for higher orders. 

Trigonometrical functions give familiar illustrations of these 
orders J let 9 be taken as the standard of vanishing quantities; 
sinfl tan20, sinjff are all of the first order, since their ratioa_ 
to d arc ultimately 1, 2 and J; vers^, which is equal 1 
Ssin'^d ia of the second order, tan^- d and 6- « 
the thii-d order. 

Quantities which become infinite tn the ultimate state i 
also classified in a similar manner accoi-ding to orders. 

Prime Ratios. 

14. If the order of the change in the form of the hypc 
thesis be reversed, or the varying quantities be tending f 
equality, having stai-ted into existence from the commencemei 
of the time, the quautitlea arc called nascent quantities; and t 
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ratio with which they commence existence is called the prime 
ratio of the nascent quantities. 

Application of Lemmq. I to the investigation of certain Limits. 

(1) Limit of -. ^ as x gradually diminishes^ and ulti^ 

mately vanishes. 

Since the difference between and - is -7- r, this 

2 -a? 2 2(2-0;)' 

difference continually diminishes as x gradually diminishes, and, 

by diminishing x sufficiently, may be made less than any 

assignable difference. 

Hence, r will tend continually to equality with J, if we 

/1 ^ X 

commence from some value of x less than 2, and the difference 
may be made less than any assignable quantity ante jinem tem^ 
portSj therefore ^ satisfies all the conditions of being the required 
limit. 

(2) Limit of - — — , when x increases indefinitely. 

Since the difference ^-^g^- - J = ^j—^ , which contmu- 

ally diminishes as x increases, and may be made less than any 
assignable difference ; therefore, as before, ^ satisfies all the con- 
ditions of being a limit of ^-r-Q- • 

(3) Tangents are dravm to a circular arc^ at its middle pointy 
and at its extremities. Shew that^ when the arc diminishes^ the 
area of the triangle formed by the chord of the arcj and the tivc 
tangents at the extremities^ is ultimately four times that of the 
triangle formed by the three tangents. 

Let C be the middle point of the arc, AB the chord, FA^ 
FBj DCE the three tangents, and the centre of the circle, 

j^FDEi t, FAB I FG^ I F0\ 
Now FG{FG^2G0)^FA^^F0.FG) 

.'. FG:FG::F0:FG'^2C0i 
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therefore, mneePCrmiAes m the Hsmt^FC: FG :iC0:2C0 
mdFO» 2FCf vUimately ; 

/. lFDE: a FAB:: ills 

(4) Ltmii cf , when x differs from IbyoM wdtfimiiay 

rnnaU quafUUy^ m being any nwnber^ integral or fraetiomaljponr 
doe crnegathe. 

ilnti where m in a pomttve whole nambefi 



aj-1 



«T^ + aT^ +.••+«+!, 



whidi nmj be made to diifcr from m by less than any asngnable 
difference bj taking x suiBciently near to unity. 

Next, let mt»^"^ ^ p, j, and r being posifiye whole 

nnmbem, and let ^ «y ; 

y ' / - 1 

ThiB may be made to differ from -^ — ? or m by a quantity 

IcBS than any assignable quantity by taking x^ and therefore y, 
sufficiently near to unity; hence, whether it be integral or 
fractional, positiye or negative, m is the limit required. 

When we divide the numerator and denominator by y- 1, 
y is not equal to 1, the time chosen being ante finem tempari$ 
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while the dlfiference is finite. See the direction in the Scholium 
referred to above : ^^ Cave intelllgas quantltates magnltadine 
detennmatas, sed coglta semper dimlnaendas sine llmlte." 

(5) Limit of ^^~~ > "fffhen n is indefinitely in' 

creased^ p being any positive number. 

Since this sum is the arithmetic mean of the n fractions 

(«)' («)»•••(«)' 

therefore, for all positive values of p^ integral or fractional, it 

lies between I -A and f - j or 1, therefore its ultimate value lies 

between and 1« 

This being an important limit, we will investigate it first for 
the particular case in which p is integral and positive, and then 
generallj when p Is any positive quantity. 

Let 5. = P + 2'+...-f n'; 
then fi;,^,j = P + 2' + ...+ n' + (n+l)''; 

If therefore we assume that 

8^=^An^^-\-Bn''+..ALn + Mj 

then /8^^^ = ^(n+ir* + 5(w + l)'+...+ 2i(n + l)+Jf; 

/. (n+iy' = ^{(n + jr^-n^'}+5{(n+l)'-n^}+... 

we obtain, bj equating the coefficients, p + l equations for 
determining the values of the 2> + 1 constants A^ B^ ... L^ which 
reduce the equation to an identity. 

The first of these equations is 1 = (/> + 1} ^ ; 

• 2? + l ' 

. 8, I B O M 

•^*n^^=:^ri'*-n+;?+-+rf^^5 
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hence, if n be increased, since the number of the terms following 

is finite, we may make the difference between -=Zx and 

diminish until it becomes less than any asrignable quantity; 

therefore — — r is the limit required. 
p + 1 ^ 

Next| let j7 be any positive quantity, and let Z be the limit of 

• in which jp + 1, /8, 7... are in descending order, and -^^j — ^ 

vanishes, when n is made infinitely large ; 

.-. F+2'+...-f (n+l)' = Z(M-f ir' + ^(»»+l)^+— ; 
.-. (n+l)' = Z{(n + ir*-«^^} + 5{(n+l)^-ti^}+..; 



n n 



therefore, observing that, when n is increased indefinitely, 

where 6, e', ... vanish ultimately. Let 8^ be the greatest of the 
quantities e, b\ ..., and let all the terms be positive, then 

i8(l + 5)Jai^+..- is less than (l + e,))8^5/+| C7n^+...) , 
and, since ^ , ^ ... are each less than 1, 
-^^ ^;;i IS less than (1 + ej ^ X -^, , 
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which vanishes in the limit, hence 1 = (^ 4 1) 7 ultimately ; 
therefore ; is the limit required. 

Cob. — - is evidently also the limit of the sum 
: ^zr^ — , smce -—r, vanishes m the limit. 

(6) TjT a straight line of constant length slide with its eX" 
tremities in two straight lineSj which intersect at a given angle A^ 
and BGj be be two positions of the line intersecting in P, which 
become ultimately coincident^ find the limits of the ratios Cc : £b 
and PO : PB. 

By hypothesis, B(P^b(?^ 

but BC^^BA^-^-CA^^^BA.GAcofiA^ 

and b(? = J-4" + cA^ — 2bA.cA cos-4 ; 

•. GA^^cA^^bA*^BA^'\'2{BA{cA+Ccy[BA'VBb)cA] cosJ ; 

••• Cc[CA'\'cA)^Bb{BA'\'bA)^-2[BA.Cc-cA.Bb)Qo^A\ 

••• CciBb II BA-\-bA'-2cA cosA : CA + cA-2BA cos A 

: : BA - CA cos-4 : CA - BA gob A ultimately. 




Draw CN^ JSJbT perpendicular to -4 J?, -4(7, therefore the limit 
of the ratio CciBbis BN: CM. 
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AgaiD, let BQj drawn parallel to ACj meet bcia Qj 

then PCiPBi: Cc : BQ; 

also Cb : JB& ::BN: CJf nltimatelj, 

and Bb:BQ::M : Ac; 

.-. CciBQ: : BN.AB : CJf.^a ultimately. 

Diaw AB perpendicolar to BC^ then BN.AB^BB.BG 
miCM.AC^CB.BC; 

.-. PGiPBiiBBiCB; 
PC=BB and PB^CB. 



• • 



I. 

1. Abe the limits of the ratios y* : x eqnal in any of the three 
equations 

(1) y'=«r', (2) f^ax-h\ (3) /=a«-«», 

when X is indefinitely diminished? 

2. Find the limit of f^ , 

1+ 3d:' 

(1) when X is indefinitely diminished, 

(2) when a; is indefinite)^ increased. 

3. Find the ultimate ratio of the yanishing quantities ax + hji^, 
hx-vtu^^ when x is made indefinitely smalL 

4. Prove that a- &x and d-oA; tend to equality as «diminishes 
to zeroi and yet have not their limits equaL 

5. BAC^ hAe are two triangles, in which AB^ Ah and ACf Ac 
are coincident in direction, and BC^ be intersect in P; prove that, 
if the areas of the triangles be equal, aaB^ C and d, e approach^ 
each to each, F will be ultimately in the point of bisection xdBC. 

6. APQ^ ABC are two straight lines which are intersected by 
two fixed lines J?P, CQ, prove that, as AFQ moves up to ABC^ 
PC and QB intersect in a point whose ultimate position divides BG 
in the ratio of AB : AC. 

7. Tangents are drawn to a circular arc at its middle point, 
and at its extremities, and the three chords are drawn. Prove 
tiiat the triangle contained by the three tangents is ultimately 
one-half of that contained by the three chords, when the arc is 
indefinitely diminished. 



I 
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8. AP is a chord of a. given cirelo, jfQ a chord neat AP, find 
&.B poailion of the point of ultimate interaQction of cireloB described 
on AP, AQ as dimeters, when AQ approaches to and ultimately 
ooinddes with AP. 

9. A circle passes through a fixed point, and cats off £rom a 
fixed lino a chord PQ of constant length, prove that the chord 
of ultimate intersection of two consecutive circles bisects PQ, 

10. P^ is an ordinate, and T*?" a tangent to an ellipse, cutting 
the axis-major in N and T respectivclj ; A being the vertex, shew 
that aa P approaches A, NT is idtimately bisected in A. 

11. APQ is a parabola, PM, QN ordinates to the axis AMN, 
with centres M and 2V and radii PM, QN two cirelefl are drawn ; 
prove that, when N approaches indefinitely near to M, if the two 
drdes intersect, the distance of thoir point of intersection from PM 
a nldmately equal to the aemi-latus rectum. What is the condition 
that the circles may intersect ? 



n. 

1. What ia the tost of tendency to equality ? If two qunntitiea 
diminish so that their dUFerence diminishes, prove that they will 
tend to or from equality according as the ratio of their rates of 
decrease is greater or less than the ratio of the greater to the loss. 

2. ABC ia an isosceles triangle, base BC; P, Q are points on 
tho straight lines CA, CB such that AP is always twice BQ; 
prove that, if PQ and AB intersect in R. and R' be the ultimate 
poaiticni of S, when AP is indefinitely diminished, 

EB: AC:: AC -.250 -AC. 

3. PMP' is a double ordinate of an ellipse, whoso centre is C; 
R is the point of ultimate intersection of the circles described on 
PP' and the next consecutive double ordinate respectively, and RT 
ia tho ordinate of R. Show that TM : CM: : SC ; AC'. What 
is the condition that these circles may intersect? 

4. Two concentric and coaxial ellipses have the sum of the 
square of thoir axes equal; if the curves approach to coincidence 
■with each other, shew that the ratio of tho distances of any one 
of their points of intersection from tho axes will bo ultimately 
equal to the inverse ratio of the squares of the axes. 

5. If a triangle bo inscribed in a given circle, prove that the 
algebraio earn of the small variations of its sides, each divided by 
the cosiue of the angle opposite to it, will be equal to ^ero. 
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6. ABCj APQ are drawn to cut a oirde from an external 
point A; BU, CT are tangents at B and C to the circle, meeting 
APQ in U, T; shew that the ultimate ratio of FU: QTj when 
AFQ moves up to ABC, is AB^ : AC\ 

7. BCRA is a diameter of a circle whose centre is C, and PRQ 
is a chord in it perpendicular to BA, PR is bisected in 8, and 
CS meets the circle in 8\ If tangents at P and 8' meet BA in T 
and T, shew that when P moves. up to A, AT^ 4AF ultimately. 

8. If the quadrilateral ABCD be slightly displaced in its own 
plane, so as to occupy the position dbCB, and be the point of 
intersection of DA^ CBf prove that the point of ultimate inter- 
section of ah and AB will be the foot of uie perpendicular from O 
upon AB. 

9. PSv, QSq are focal chords of a parabola, prove that, uiti- 
matelyi wnen P moves up to Q, 

PQ :pq:: 8P^ : Sp^. 

10. The extremities of a straight line slide upon two given 
straight lines, so that the area of the triangle formed by the three 
straight lines is .constant ; find the limiting position of the chord 
of intersection of two consecutive positions or the circle described 
about that triangle. 



LEMMA IL 

If, in any figure AacE,hound''dhy the straight lines Aa, AE 
and the curve acE, any number of parallelograms Ab, Be, 
Cd, ifc. he inscribed upon equal bases AB, BC, CD, ^c, 
and having sides Bb, Cc, Dd, ^c. parallel to the side Aa 
of the figure; and the parallelograms aKbl, bLcm,cMdn, 
ifc. be completed; then, if tlte breadth of these parallelo- 
grams he diminished, and the number increased indefi- 
nitely, the ultimate ratios which the inscribed figure 
AKbLcMdD, the circumscribed figure AalbmcndoE, and 
the curvilinear figure AabcdE have to one another, will 
be ratios of equality. 




For the difference of the inscribed and circumscribed 
figures is the sum of the parallelograma Kl, Lm, Mn, 
Do, that ia (since the bases of all are equal) a paral- 
lelogram whose base is Kb, that of one of them, and 
altitude the sum of their altitudes, that is, the paral- 
lelogram ABla. But this parallelogram, since its 
breadth is diminished indefinitely [as the number of 
parallelograms is increased indefinitely] becomes less 
than any assignable parallelogram ; therefore, by 
Lemma I., the inscribed and circumscribed figures, 
and, a fortiori, the curvilinear figure, which is inter- 
liate, become ultimately equal. . 
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LEMMA III. 
The same ultimate ratios are also ratios of equality, wkm 
the breadths of the paraltelograms AB, BC\ CI/, ... are 
unequal, and all are diminished indefinitely. 




For, let AF be equal to the greatest breadth, and the 
parallelogram FAaf be completed. This parallelo- 
gram will be greater than the difference between the 
inscribed and circumscribed figures. But, when its 
breadth is diminished indefinitely, it will become 
less than any assignable parallelogram. [Therefore, 
a fortiori, the difference between the inscribed and 
circumscribed figures will become less than any 
assignable areas. Hence, by Lemma I., the ultimate 
ratios of the inscribed and circumscribed and the 
curvilinear figure, which is intermediate, will be 
ratios of equality.] 

CoE. 1 . Hence the ultimate sum of the vanishing paral- 
lelograms coincides [as to area] with the curvilinear 
figure. 

Cor. 2. And, a fortiori, the rectilinear figure which is 
bounded by the chords of the vanishing arcs ah, be, 
cd, &c., ultimately coincides with the curvilinear 
figure. 

Cor. 3. As also the rectilinear circumscribed figure, 
which is bounded by the tangents at the extremities 
of the same arcs. 

Cor. 4. And these ultimate figures, with respect to 
their perimeters acE, are not rectilinear figures, but 
curvilinear limits of rectilinear figures. 



LEMMA II.j Iir. 
Observations on the Lemmas II. and III. 
15. The atatements of tlie propositions concerning limits of 
qaaotities and their ratios contain ; 

I. The hypothesis by which the qnantitiea are defined. 

II. The manner in which the hypothesis approaches ita 
ultimate form. 

III. The ultimate property when the hypothesis is thus 
indefinitely extended. 

The strength of the proofs lies in the examination of the 
quantities while the hypothesis is in a finite state, before arrival 
at the ultimate form, and the deduction of properties by which 
the relations of the quantities can bo pursued accurately to the 
ultimate state. 

If in this manner we analyse the statement of Lemmas II. 
and III., the hypothetical constructions are given in the manner 
of describing the parallelograms; the extension of the hypo- 
thesis towards its ultimate form is the continual increase of the 
number of parallelograms ad infinitum ; the ultimate property is 
the equality of the ratio of the sums of the parallelograms and 
the curvilinear area. 

In the proof of the Lemmas, the continual decrease of the 
parallelograms Al or ^y shews that the conditions of ultimate 
equality of two quantities are all satisfied, viz., that the suraa 
of the two series of parallelograms, since they are finite, tend 
continually to equality, and that they approach nearer to each 
other than by any assignable difference " ante fiuem temporis," 
i.e., while the number of the parallelograms still remains finite. 



Volumes of Revolution. 
16. In a manner exactly similar to Lemma II. it may be 
ehewn that, if Aa be perpendicular to AE^ and the whole 
figure revolve round AE as an axis, the ultimate ratios, which 
the sums of the volumes of the cylinders, generated respectively 
by the rectangles Ah, Be, ... and aB, bC, ... and the volume 
of revolution generated by the curvilinear area AEa will have 
to each other, will be ratios of equality. 



The fi^re represents the cylinders generated by the 
ecrlbed rectangles. 




Thus the difference of the cylinders geoerated by Ah and 
aB is the aonulus generated by the rectangle ah, and the 
difference of the two seriea of cylinders, which have all equal 
heights AByBGy ... is the sum of such annuli, and is easily 
seen to be the cylinder generated by oB, which, since the height 
continually diminishes, may be made less than any assignable 
Tolume, hence the conditions that the two series may have the 
same limit are satisfied, and hence also the volume of reyolution, 
which is greater than one sum and less than the other, is 
ultimately in a ratio of equality to either sum. 

The same argument applies when the revolution is only 
through a certain angle instead of being complete, in which 
case the cylinders are replaced hy sectors of cylindrical volumes. 
Sectorial Areas. 

17. The Lemmas may be extended to sectorial areas. 




LEMMA II., III. 



21 



Thus, let SABCFhe a sectorial area, and let the angle ASF 
he divided into equal portions A8B, B8G, ... and the circular 
area Ab', aBc', hCd^y ... be drawn with centre S; then, since 
the difference of the two series of circular sectors is the sum 
of the areas ah\ be', ..., it is equal to the difference of the 
greatest and least of the sectors, viz. AGHb'; therefore the 
two areas SAh'Bc'... and SaBbC... tend continually to equality 
as the number of angles is increaaed and their magnitudes 
diminished, and the ratios which these areas have to each other 
and to the area 8ABF axe ultimately ratios of equality. 

^milarly, as in Lemma III., 'y£ A8B, B8C, ... be unequal. 

Surfaces of Revolution. 

18. The following proposition is the extension of the prin- 
ciples of the Lemmas to the determination of a method for 
finding the area of a Surface of a solid of revolution. 

Let CD be a plane curve which generates a surface of revo- 
lution by its revolution round AB^ a line in its plane. 

CD ia divided into portions, of which PQ is one, PJf, QN 
are perpendicular to AB', Pp, Q^ are drawn parallel to AB, and 
each equal to PQ in length ; pm, qn are perpendicular to AB. 
The surface generated by CD shall be the limit of the sum of 
the cylindrical surfaces generated by such portions as Pp or Qq. 

For, the cylindrical surfaces generated hy Pp and Qq are 
one less and the other greater than the surface generated \>y PQ 






since every portion of Qq Is at a greater, and every portion of 
i^ at a less, distance from the axis than the corresponding 
portions of PQ, 
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But these surfaces are respectively ^irPM.Fp and ^wQN.Qq^ 
and their diflference is 27r ( QN— PM) PQ^ and the ratio of this 
difference to the surfaces themselves is QN— PM : PM or QN^ 
which ratio is ultimately less than any given ratio. 

Hence the sums of the surfaces generated by the lines corre- 
sponding to Pp and Qq have the ratio of their difference to either 
sura less than the greatest value of the ratio QN— PM : PM^ 
which may be made less than any finite ratio. Therefore the 
sums of the cylindrical surfaces and the curved surface, which 
is intermediate in magnitude to these sums, are ultimately in 
a ratio of equality. 

Centre of Oravtty. 

19. It is easily seen that the same methods are applicable to 
the determination of the position of the centre of gravity of any 
body, since it is known that, if a body be divided into any 
number of portions, the distance of the centre of gravity of the 
body from any plane is equal to the sum of the moments of all 
the portions divided by the sum of all the portions. 

General Extension, 

20. The most general extension may be stated as follows : 
If any magnitude A be divided into a series of magnitudes 
A^A^...A^^ each of which, when their number is increased indefi- 
nitely, becomes indefinitely small, and two series of quantities 
^A*"^n ^^^ ^iK"\ ^^^ ^^ found such that 



«n>A>*n) 



and also such that each of the ratios a, — J^ : a^, «g- 5^ : a^? ... 
becomes less than any finite ratio when the number is increased ; 
then «j-l- «2+...-!- a^, h^ + b^+'-'-^b^ and A will be ultimately 
in a ratio of equality. For, let 1:1 be equal to the greatest 
of the ratios «^ — &i : «j, &c. ; 

is a ratio less than Z : 1, and may therefore be made less than 
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any aasignable ratio by increasing the number. Tbercforc the 
two acriea a,+aj4... and 5,4-6,+... tend coDtinually to equality, 
and the difference may be made, before the end of the time, less 
than any assignable magnitude ; therefore the three magnitudes 
are ultimately in a ratio o~ 



21. Cor. 1. "Omni ex parte" has not been adopted from 
the text of Newton, because it requires limitation, for the 
perimeters do not ultimately coincide with tho perimeter of the 
cnrrilinear area. 

In the figure for Lemma II, the perimeter of the inscribed 
series of parallelograms is 

A£:+ja + hL + Lc+...+ DA = 2AK-^^AI), 
and the limit of this perimeter is 2Aa + ^AE. 

The perimeter of the other series of parallelograms, being 
SAa + 2AE is constant throughout the change, and has properly 
DO limit, 

Cob. 2, The perimeter of the figure bounded by the cbonls 
«J, be, ... ultimately eoiucides with that of the curvilinear figure. 
This coincidence wUI be discussed under Lemma V. 

Cor. 3. The same is true for the figure formed by the 
tangents. 

COE. i. Instead of "propterea," as in Newton, it b advisable 
I state, as in Whewell's Doctrine of Limits, that, if a Jintlc 
portion of a curve be taken, and many successive points in the 
curve be joined so as to form a polygon, the sides of which, 
taken in order, are chorda of portions of the curves, when the 
number of those points is increased indefinitely, the curve will 
be the limit of the polygon. 

Amplication to the Determination of certain Areas, Volumes, &c. 

(1) Area of a parabola houndedhy a diatiieter and an ordinate. 

Let AB, BO be the bounding abscissa and ordinate. Com- 
plete the parallelogram ABCD. 

Let AD bo divided into n equal portions, of which suppose 
AM to contain r, and MN to be the {r-y l;""; draw MP, 2\Q 
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parallel to -45, meeting the curve in P, Q, and Pn parallel to 
MN] the curvilinear ai-ea A CD is the limit of the sum of the 




JL 

series of parallelograms constructed, as PN^ on the portions 
corresponding to MN, 

But parallelogram PN: parallelogram ABGD 

ziPM.MNiCn.AD, 
and, by the properties of the parabola, 

PMiCDiiAM' : AD':: 7^:n\ 

also MNz AD ::l:n\ 
/. PM.MN:CD.AD :: r^ : rt"; 



r 



therefore, parallelogram PN= -^ x parallelogram ABCD*^ 



n 



hence, the sum of the series of parallelograms 

= 8—^ X parallelogram ABCD^ 

and, when the number of parallelograms is increased indefinitely, 

therefore, proceeding to the ultimate form of the hypothesis, the 
curvilinear area ACD and the parabolic area ABC will be, 
respectively, one-third and two-thirds of the parallelogram 
ABGD. 

Note 1. K we had inscribed the series of parallelograms in 
ABG^ AB being divided into n portions, we should have arrived 

at the result 

lH2^+. .. 4-(n-l)^ 
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for the ratio of the series of parallelograms to the parallelogram 
ABCD^ which might thus have been directly shewn to be 
ultimately |; but the former method is preferable, since the 
proof of the value of the limit depends upon simpler principles. 

Note 2. li BC had been divided into n equal portions, the 
ratio of the parallelogram corresponding to PN to the parallelo- 
gram ABCD would have been 7^-r^:v?r?^ and that of area ABG 
to parallelogram ABGD the limit of 



n 



^"3~3- 



n 



(2) Volume of a paraboloid. 

Let AKE be the area of a parabola, cut off by the axis AH 




Jl ll£ IT JC 

and an ordinate HK^ which by its revolution round the axis 
generates a paraboloid. 

Let AH be divided into n equal portions, and on MN the 
(r + 1)*^, as base, let the rectangle PRNMh^ inscribed. 

Cylinder generated by PN : cylinder by AHKL 

i:PM\MN:HK\AH. 

But PM^iHK^^iiAMiAHwrxn^ 

and MN : AH : : 1 : w ; 

.-. PMMdN:HE\AH:ir:n\ 

Hence cylinder generated by PN= -5 x cylinder by AHKL ; 

/v 

therefore the sum of the cylinders inscribed is 
l + 24...+ (w-l) 



nr 



X circumscribed cylinder, 



and the paraboloid is the limit of the series of inscribed cylinders ; 
hence the volume of the paraboloid is half that of the cylinder 
on the same base and of the same altitude. 

E 



(3) Volume of a spherical segment. 

Let AHK goaeratef hj its revolution round the diameter AB, 
the spherical segment whose height is AS. 



-,AE\ 




Divide AH, as before, and make the same constraction ; 
-.-AH.AB-'^ ' 



then PM'' = AM.{AB-AM) = 
Volome of cylinder generated by PW= wPM^.MN 
= irPM\-^=-,rAH\{-^AB--^AH\, 

whence, as before, the limit of the smn 

= trAH*{\AB'\AB), 
which is the volume proposed. 

COK, 1i AH=\AS=AC, the segment is a hemisphere whose 
volume b •jtAC {AC-\AO) = IitAO*, which is two-thirds of 
the cylinder on the same base and of the same altitude. 

(4) Area of the surface of a right cane. 

As an illustration of the method of finding snrfaces g^ven 
nhove, suppose ASK to be a right-angled triangle, which 
revolves round AS^ a side containing the light angle, then 
the bypothenuHe AK generates a conical surface. 

Let Mi{ be the (c + 1)"* portion of AS^ after division into 




n equal portions; MP, NQ ordlnates parallel to BK; Pp, Qq 
each equal to PQ and parallel to AH. 
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The areas generated by I^ and Qq respectively are 
2vPM.Pp and 2-nQN.Qq, 



and FM. 
QN 
PQ 
therefore the areas are 

respectively; and the conical Burface ia intermediate in magni- 
tude between 



HK::AM:AH. 
HK::AN:AH 
AK:: MN: AS:: l:n; 

~ .iTrEK.AK and ''^ .2irHK.AK 



and 2-rrHE.AK>< ^^^'^:^^^ , 

each of which has for its limit vHK.AK, which is therefore 
the area of the conical surface. 

Noie. The reader may notice the following method of 
obtaining the conical surface by development, although it is 
not related to the method of limits. 

If a circular sector KAK', traced on paper, be cut out, the 
bounding radii AK, AK' can be placed in contact, so that the 
boundary ELK' will fonn a circle. 

The figui'e eo formed will be conical, AK will be the slant 
side, and BK m the last figure will be the radius of the circular 
base, whose length will be the arc of the sector KAK'. 

Hence, the area of the conical surface ia equal to that of the 
sector KAK' = \AK.2irBK=i!-HK.AK. 

(5) Mass of a rod whose density varies as tk m"' power of 
the distance from, one extremity. 

Let AB be the rod, and let MN be the (r4 1)" portion, when 
its length has been divided into n equal parts; and let p. AM' 
be the density at Jf, or the quantity of matter contained in an 
unit of length of the rod supposed of the same substance as the 
rod at the point M. 

Tlie quantity of matter in MN is intermediate between 
p.AW.MN and p.AN^.MN, 
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and the ratio of the difference of these to either of them Is less 

than any assignable ratio when n is indefinitely Increased. 

r 1 

Therefore, since AM= - AB. and MN= - AB. the mass 

of the whole rod Is the limit of 



m+1 



/ 1 \ 

s= I 1 of the mass of a rod of length AB and of uniform 

\w + 1/ ° 

density equal to that of the rod AB at J5. 

(6) Centre of gravity of the volume of a hemisphere» 

Let CAB be a quadrant, which by its revolution round the 
radius CA generates the hemisphere. 




^ M jsr 



Let MR be the rectangle which generates the r*^ Inscribed 

T 1 

cylinder, so that (7Jf = - xCA and MN= - x CA. 

If the mass of a unit of volume be chosen as the unit of 
mass, the mass of the cylinder generated by MR will be 

7rPM'MN^ir[CA^--CM')MN^{\-'''^)jirCA\^ ^, 

hence, the mass of the series of inscribed cylinders will be 



TrOd'- 



rC 



irCA\ 



and the mass of the hemisphere 

:^^CA^--\'irCA^ = l'irCA\ 

Again, the moment of the mass of the cylinder generated 
by -MS, with respect to the base of the hemisphere, will be 

irPM\MN.^[CM-^GN), 
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which diflFers from irPM\MN.GM by a quantity which vanishes 

compared with it, and is therefore ultimately ( ^ - — 4) irCA*^ 

therefore the moment of the hemisphere, with respect to its 
base, is 

{l^l)irCA\ or lirCA'^, 

hence the distance of the centre of gravity of the volume of the 
hemisphere from (7, which is the moment with respect to the 
base divided by the mass, is |.C4. 



in. 

1. Illustrate the terms "tempore quovis finite" and "constanter 
tendunt ad aequalitatem " employed in Lemma I. by taking the 
case of Lemma III. as an example. 

2. Shew, from the course of the proof of Lemma II., that the 
ultimate ratio of vanishing quantities may be indefinitely small or 
great. 

3. Shew that the ratio of the area of the parabolic curve, in 
which PM^ cc AM, to the area of the circumscribing parallelogram, 
of which one side is a tangent to the curve at ^, is 3 : 4. 

4. Shew that the volume of a right cone is one-third of the 
cylinder on the same base and of the same altitude. 

5. ASK is a parabolic area, AH the axis, and HK an ordinate 
perpendicular to the axis, AHKL the circumscribing rectangle. 
Shew that the volumes generated by the revolution of AHK round 
AR, KL, AL, and HK are respectively i, |, |, and ^ of the 
cylinder generated by the rectangle. 

6. The volume of a spheroid is two-thirds of the circumscribing 
cylinder. 

7. Find the centre of gravity of the volume of a right cone 
by the method of Lemma II. 

8. Shew that the centre of gravity of a paraboloid of revolution 
is distant from the vertex two-thirds of the length of the axis. 

9. Find the mass of a rod whose density varies as the distance 
from an extremity. Find also its centre of gravity, and shew that 
it is in one of the points of trisection of the rod. 
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10. The limitiiig ratio of an hyperboloid of revolotiony whose 
axis is the transYerse axis, to the drcumscaribing cylinder is 1 : 2 
when the altitude is indefinitely diminished, and 1 : 3 when it is 
indefinitely increased. 



IV. 

1. Prove that the areas of parabolic segments, cnt off by focal 
chordsy vaiy as the cubes of the greatest bieadths of the segments. 

2. Find the mass of a circle whose density Taiiee as the m^ 
power of the distance from ihe centre. 

3. Shew that the abscissa and ordinate of the centre of gravity 
of a parabolic area, contained between a diameter A£ and ordinate 
£C, are jAB and \£C respectively. 

4. A number of equal squares in one plane with their centres 
coincident are arranged consecutively, their sides making equal 
small angles, each with the adjacent ones; prove that the limit 
of the length of the serrated edge, when the number of squares 
is indefinitely increased, is equal to the circumference of a circle 
whose radius is a side of the square. 

5. By supposing the axis of a parabola portioned off into suc- 
cessive lengtiis in the ratio 1:3:5, &c, apply Lemma IH. to find 
the area contained by the curve and a double ordinate. 

6. Find the volume generated by the revolution of an elliptic 
disc about an axis parallel to its major axis, and at such a given 
distance as not to intersect the disc. 

7. In the curve ACD^ BE is an ordinate perpendicular to ^^^ 
and FC is the greatest value oiBJE, and y^ = sinf-^^ ) 




:b:b: a^ 



Shew that the area ABE varies as EGy where GK is the 
ordinate equal to BE g£ the dxde CH) whose centre is F and 
rudius FC. 
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8. In the curve of the last problem shew that the ratio of the 
area A CD to the triangle whose sides are AD^ and the tangents 
ATy DT at the extremities, is 8 : tt*. 

9. In the curve APC, in which the relation between any 
rectangular ordinate FM and abscissa OM is ^-j = ^^g >) ^ » 




prove that the area contained between the curve, the abscissa OB^ 
and ordinate BC, is OA{BC'AO). 



LEMJIA IV. 

If in iwo figures AacE, PprT there he inscribed (as 1 
Lemmas 11., TIL) iwo series of parallelograms, the nuM. 
ber in each series being the same, and if, when the breaatS 
are diminished indefinitely, the ultimate ratios of i 
parallelograrm in one figure to the parallelograms in i 
other he the same, each to each, then the two figm 
AacE, PprT will he to one another in that same ralio.l 




[Since the ratio, whose antecedent is the sura of thi 
antecedents, and whose consequent is the sum of tht 
consequents of any number of given ratios, is intei 
mediate in magnitude between the greatest and leaa 
of the given ratios, it follows that the sum of th* 
parallelograms described in AacE is to the sum IQ 
PprT in a ratio intermediate between the greatest 
and least of the ratios of the corresponding inscribe^' 
parallelograms ; but the ratios of these parallelogrami 
are ultimately the same, each to each, therefore tb) 
sums of all the parallelograms described in AaeM 
PprT are ultimately in the same ratio, and so thffl 
figures AacE, PprT are in that same ratio; forJ 
by Lemma III., the former figure is to the formei 
sum and the latter figure to the latter sum in a ratij 
of equality.] q. e. d. 

CoE. Hence, if two quantities of any kind whafrever \ 
divided into any, the same, number of parts, ann 
those parts, when their number is increased an$ 
magnitude diminished indefinitely, assume the samm 
given ratio each to each, viz. the first to the first 



the second to the second, and so on in order, tho 
whole quantities will be to one another in the same 
given ratio. For if, in tho figures of this Lemma, 
the parallelograms be taken each to each in the same 
ratio as the parts, the sums of the parts will be alwaya 
as the sums of the parallelograms ; and, therefore, 
■when the number of the parts and parallelograms is 
increased and their magnitude diminished indefi- 
nitely, the two quantities will be in the ultimate 
ratio of parallelogram to parallelogram, that is, (by 
hypothesis) in the ultimate ratio of part to part. 

Ohservationa on llie Lemma. 

22. The general proposition contained in the Corollary may 
be proved indepeudeutly in the folloiving manner: 

Let Af B be two quantitiea of any kind, which can be 
divided into the same number n of parts, viz. n„ o„ a,..-«, 
and i^, 6j, 5j...6„ respectively, aueh that, when their number is 
increased and their magnitudes diminished indefinitely, they 
bave a constant ratio L : 1 each to each, so that 
a,:fi,::X(14a,): 1, 
a. : 6, ::ifl + aj : 1, 



where a,, Oj, ... vanish wlien n is increased indefinitely. 

Then, a^+a^+...: 6, + 6,+... being a ratio which is inter- 
mediate between the greatest and least of these ratios, each of 
which is ultimately i : 1, we have, proceedbg to the limit, 

A:B::L:l; 
that is, A and B are in the ultimate ratio of the parts. 

23. The proof given in the Pnncipia is as follows : " For, 
SB the parallelograms are each to each, so, componendo, is the 
sum of all to the sum of all, and so the figure AacE to the figure 
i^T, for, by Lemma IIL, the former figure is to the former sum 
and the latter figure to the latter sum in a ratio of equality." 

The proof given in the text ia subatitnted for this, because 
the demonstration breaks down for any finite distance from the 
oltimate fona of the hypothesis. 
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AppUcatton to the Setermxnation of certain Arcas^ Volumes, «fta 1 

(1) Area of an ellipse. 

Let A Ca he the major axis of an ellipse, BC the semi-minol 
ftxia, ADa the auxiliary circle, and let parallelograms be i: 
scribed, whose sides are common ordinates to the two curves. 

Let PMNBy QMNU be any two correaponding parallelo* 
grams. The ratio of these parallelograms is fM: QM < 
BG:AO. 




JT 3C 

Hence, area of ellipse : area of circle ; : BC : A C, but i 
of circIe = 7rjiC*; therefore area of ellipse = tt^ C£C. 

(2) Area of a sector of an ellipse,pole in the focus. 
If £ be a focus of the ellipse, and SP, SQ be joined, 

ASPM:A8QM::BC:AG, 
and ares.APM: area AQM:: BC : AO, 
hence, BJ'ea, ASP: areA ASQ :: BC : AC, 
but :iKB.ASQ = A8CQ + sector ACQ 

= lSC.QM-\-lAC.aicAQ', 
.: aTea.ASP=i[8C.PM-{-BG.^TcAQ}. 

(3) Area of a paraholic curve cut off iy a diameter i 
an ordinate to the diameter. 

In the following investigation it is aBserted that when i 
chord PQ is drawn to a curve from a point P, as Q moves i 
to P, PQ assumes as ita limiting position that of the taagend 
at P, which is deducible from the idea of a tangent being in t 
direction of the curve at the point of contact. 

Let AB, BC be the diameter and ordinate ; AD the tangeaH 
at A; CD parallel to AB; P, Q pointB near each otherfl 
FM, QN and Pm, Qn parallel respectively to AD and AB. 

Let QP produced meet BA in T, and complete the paralleloji 
grama TAmS^ TAnU. 
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Then, since QP is ultimately a tangent at P, AT— AM 
ultimately, and the parallelogram FU is ultimately double of 




the parallelogram Pw, and the complements PNj PU are equal ; 
therefore the parallelograms PN^ Pn are ultimately in the ratio 
2 : 1. 

Hence, in the curvilinear areas ABG^ ACD two eets of 
parallelograms can be inscribed which are ultimately in the ratio 
2 : 1, each to each ; therefore area ABC is ultimately double of 
area ACBj and is therefore two-thirds of ABCD. 

(4) Volume of a paraboloid of revolution. 

Let AH be the axis of the parabola APK^ AEKL the 
circumscribing rectangle. Also let PN^ Pn be rectangles in- 
scribed in the portions AHK^ AKL. 

Volume generated by PN^'irPM\MN='!r.PM.PN. 

Volume generated by Pn^irQN^.AM—irPM^.AM 

^irAM.[QN^- PM).mn^'ir[QN-vPM).Pn\ 




• • 



vol. by PN\ vol. by Pw : : PM.PN: {QN+PM).Phf 

but QN-\^PM=^2PM and PJ\r=2Pn, as in (3), and therefore 
vol. by P^= vol. by Pn ultimately ; hence, by Cor., Lemma IV., 
the volume of the paraboloid generated by AHK is half the 
volume of the circumscribing cylinder generated by AHKL. 
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(5) Centre of gravity of a paraboloid of revolution. 

Since tbe volumes generated by PN and Pn are ultimately 
equal, the moment of the volume generated by PN with respect 
to the tangent plane at A : moment of that generated by Pa 

: : AM : \Pni ultimately, i,e, : : 2 : 1 ; 

hence the moment of volume generated by AHK is twice that 
of the volume generated by AKL^ and the moment of the 
paraboloid = J moment of the cylinder 

=p| volume of cylinder x \AH=^ volume of paraboloid x AH\ 

hence the distance of the centre of gravity of the paraboloid from 
the vertex is two-thirds of the height of the paraboloid. 

(6) Centre of gravity and mass of a rod whose density varies 
as the distance from an extremity. 

Let AB be the rod, MN a small portion of it, then the 
density at if oo AM. 




Construct on AB as axis an isosceles triangle CAD^ whose 
base is CD, and draw PMfl, QNS parallel to CD ; then Pfl, 
QSj CD are proportional to the densities at Jli, N and B] 
therefore the mass of MN is proportional to a rectangle inter- 
mediate to the rectangles PB, MN and QSj MN, which are 
ultimately in a ratio of equality. 

Hence the mass of MN is ultimately proportional to the mass 
of the rectangle Pfl, MN, supposed of uniform density, and the 
moment of MN, with respect to the line CD, is proportional to 
the moment of the same rectangle, since their distance is the 
same ; hence, by the Lemma, the moment of the whole rod 

: the moment of the triangle with respect to CD 

: : the mass of the rod : the mass of the triangle ; 
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therefore, the distaDces of the centres of gravity of the rod and 
triangle from CD being the same, the centre of gravity of the 
rod is at a distance ^AB from B, 

Also, the mass of MN being proportional to the area PRN^ 
the mass of the rod is proportional to the area of the triangle 
ACD^ and the mass of a rod of uniform density equal to that 
at JB, and of length AB^ being in the same proportion to the 
rectangle AB^ GD^ is therefore double of the mass of the rod. 

(7) Centre of gravity of a circular arc. 

Let be the centre of an uniform circular arc ABGj OB 
the bisecting radius, aBc a tangent at 5, OD parallel to ac, 
and Aa^ Cc parallel to OB. 

Let QR be the side of a regular polygon described about the 




arc, P the point of contact, Qq^ Rr perpendicular to ac^ and PM 
to OB. Then, since OP, OB are perpendicular to QR^ qr^ 

qr : QR :: OM: OP::OM: OB] 

but, since OMj OB are the distances of the centres of gravity of 
QR and qr from Oi>, and QR.OM=qr.OB^ the moments of 
QR and qr with respect to OD are in a ratio of equality, and 
the same is true of every side of the circumscribing polygon ; 
therefore, by Cor., Lemma IV., the moment of the arc, which is 
ultimately that of the polygon, is equal to the moment of ac 

= ac . OB = chord A C. radius OB. 



Hence, the distaoce of the centre of gravity of the arc &om O 
radins x chord 



(8) Surface of a segment of a sphere. 

Let ASS be the portion of a circle which generates hy 
Tevolntion roaud AS the spherical segment, O the centre of 
the circle, PQ the chord of a small arc, PM, QN perpendicular 
to AS. 

Let AOCD be the rectangle circomBcribing the qnadrant 
and generating the circumscribing cylinder. 

Produce MP, NQ, SK to meet CD in p, q, k. Since PQ 
is in its limiting position a. tangent at P, PQ is ultimately 
perpendicular to the radius OP, also pq u perpendicular to J£P; 

.-. PQ:pq::OP:PM ultimately, 
and the surface generated by PQ is ultimately 2irPM.PQj 
Alt. l8, = 2Tr,OF.j)q = ths aorface generated by^. 




The same is true for each side of the Inscribed polygon when 
the number is indefinitely increased. 

Hence the surface generated by AK, or the surface of the 
spherical segment, is equal to the surface of the circumscribed 
cylinder cut off by the plane of the base of the segment. 

Cor. Hence, also, the surface of any belt of a sphere cut off 
by two parallel planes is equal to the corresponding belt of the 
cjlindi-ical surface. 



I 

I 



^) Centre offjraviii/ of a belt of the surface of a sphere con- 
tained between parallel planes. 

The moment of the belt generated by PQ with respect to the 
plane through A, perpendicular to AM, is evidently ultimately 
equal to that of the belt generated by pq ; therefore the moment 
of any belt generated by K'K ia equal to tbat of the cor- 
responding belt generated by k'k. 

Hence, the centres of gravity of the two belts are coincident, 
Tiz. in the bisection of ffH\ that ia, the distance of the centre of 
gravity of a spberical belt, contained betvf een parallel planes, ia 
half-way between the two planes. 

(10) Volume (fa spherical sector. 

Let the spherical sector be generated by the revolution of the 
sector .4 Of about ^0. 

The volnme of the spherical sector is equal to the limit of the 
sum of a series of pyramids whose vertices are in 0, and the sum 
of whose bases ia ultimately the area of the surface of the seg- 
ment ; also the volume of each pyramid is ^ base x altitude. 

Hence, the volume of the spherical sector is one-third of tho 
area of the aurface of the spherical segment x radius 

^^.2TrAD.Dp.A0^^7tAM.AO' = ^irAO'yersPOA. 

(11) Centre of gravity of a spherical sector. 

If we suppose each of the pyramida on equal baseB, they may 
be BUppoaed collected at their centres of gravity, whose distances 
are ^AO from ultimately, and they form a mass which may 
be distributed uniformly over the surface of a spherical segment 
whoae radius is f^O, viz. that generated by ar, whose centre 
of gravity will be in the bisection of am, if «n be perpendicular 
ioAU. 

Therefore the distance of the centre of gravity of the spherical 
sector from = 1 (Oo+ Om) =|0^.cos"iPO-d. 

If the angle POA become a right angle, the distance of the 
centre of gravity of the corresponding sector, which in this case 
will become the hemisphere, will be | OA, aa in page 29. 

(12) To find the direction and magnitude of the resultant 
\Uttraet%(m of a umfarm rod vpon a particle^ every particle ^f t/ie 
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rod being supposed to attract with a force which varies invetsely 
as the square of its distance from, the attracted particle. 

O 




and pq 
••• Pi 



P Q aV 

Let AB be the attracting rod, the particle attracted by the 
rod; draw 00 perpendicular to AB^ join OA^ OBj and let a 
circle be described with centre and radius 00 meeting OAy 
OB in a, b. Let OpP^ OqQ be drawn cutting oflF the small 
portions pq^ PQ from the arc aCb and thie rod, respectively, 
and draw PR perpendicular to OQ. 

Then PR:PQ::00: OP ultimately, 

PE:: Op : OP ; 

PQiiOp': OP' , 

and, if aCb be of the same density as the rod and attract 
according to the same law, 

attraction oipq on : attraction o( PQ : : -^ , : -y^ ultimately. 

Therefore the portions PQ^ pq of the rod and arc attract 
in the same direction with forces which are ultimately equal. 

Hence, by Cor., Lemma IV., the resultant attraction of the 
rod is the same as that of the arc aCi, which, by symmetry, 
is in the direction OD^ bisecting the angle A OB. 

Again, draw qn perpendicular to OD^ pr to qn) then, by 
similar triangles, pqr^ qOuj 

pq : qr : : Oq : On] 

•• Oq^' Oq~ OC 
that is, the resultant attraction of pq in the direction OD is the 
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same as that of qr at the distance OC) hence the whole re- 
fiultant attraction of AB is 

-where /t is the attraction of a unit of mass at the unit distance. 



V. 

1. Shew that the area of the sector of an ellipse contained 
between the curve and two central distances varies as the angle 
of the corresponding sector of the auxiliary circle. 

2. Prove that the volumes of two pyramids will be equal if 
they stand on the same base^ and have their vertices in the same 
plane parallel to the base. 

3. Find the volume of a paraboloid by comparison with the 
area of a triangle whose vertex and base are those of the generating 
parabola. 

4. Find the centre of gravity of the paraboloid by reference 
to the same triangle. 

5. Find the mass of a straight rod, whose density varies as the 
square of the distance from one extremity, by comparison with 
a cone whose axis is the rod. 

6. Shew that the orthogonal projection of any plane area on 
another plane is the given area x the cosine of the inclination of 
the two planes. 




As a first step, prove that, pqsr being the projection of the 
inscribed parallelogram PQSR, pqsr : FQSJR :: cosJBAC : 1. 

7. Find the volume of a hemisphere by comparing the volumes 
generated by the quadrantal sector and the portion of the circum- 
scribing square which is the difference between the square spd the 
quadrantal sector. 

Q 



1. Find the Tolume of a paraboloid generated by the reTolalion 
of a eemi-cubical parabola, in which /"Jf* a AM', bj means of a 
cone on the same axis. 

2. Aesuming that the area nf a belt of a Bphere cut oS by two! 
parallel planes varieB as the perpendicular distance between Uienii 
find bj the aid of liemma lY. the area of any portion of the curve 
of ai&es. 

3. Prove that, if PQ be a email arc of an ellipse, and CD be 
conjugate to CF, the limit of the sum of all the ratios FQ : CD, 
taken orer the whole perimeter of the ellipse, will be 2Tr. 

4. F is any point of a curve OP; OX, OF&ny lines drawn at 
right angles through 0, FM, FN' perpendicular to OX, OFrespeo* 
tively. Prove that, if area OFM : area OPN : -.mil always, and 
the whole ejstem revolve about OX, volumes generated by OFM, 
OFN will be as m : 2. 

5. Prove that the surface generated by the revolution of a 
semi-circle round its hounding diameter is to the curved surface 
generated by the revolution of the same semi-circle round the 
tangent at the extremity of the diameter in the ratio of the length i 
«f the diameter to tho length of the arc of the serai-circle. I 

6. Common ordinatea MFF', NQQ' are drawn to two ellipees 
which have a common minor axis, and the outer of which touahea 
the directrices of the inner; shew that the area of the surface 
generated by the revolution of FQ about the major axis bears a 
constant ratio to the area MP'Q'N. 

7. Prove that the area included between an hyperbola and the 
tangents at the vertices of the conjugate hyperbola is equal to the 
area included between the conjugate hyperbola and the tangents at 
the vertices of the hyperbola. 
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All the homologous sides of similar figures are p 

whether curvilinear or rectilinear, and their areas are in 

the duplicate ratio of the homologous sides. 
[Similar curvilinear figures are figures whose curved 

boundaries are curvilinear limits of corresponding 

portions of similar polygons. 
Let 8ABCD..., sahcd.., be two similar polygons, of 

which SA, AB, BO, ... are homologous to sa, ab, 

he, ... respectively. 




Then AB:ah::SA:sa, 
similarly, BO: he ; : AB \ ah:: SA : sa, 
CD:cd::BC:bc::SA : sa, 



therefore, componendo, 

AB ^BC-\-CD~{- ... : aS + 5c + cd + ...:: SA: sa. 

Now this, being true for all similar polygons, will bo 
true in the limit, when the number of the sides j4B, 
BC, ... and ab, he, ... is increased, and their lengths 
diminished indefinitely ; if, therefore, AE, ae be 
curves which pass through the angular points A, B, ... 
and a, b, ... of the polygons, these curves will be 
curvilinear limits of -4-fi +BC-\-... and «J + k + ..., 
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and will be the boundaries of similar curvilinear figures; 
therefore the curved line AE : the curved line ae 

: : SA : sa :: SE : se. 

Again, polygon SAB C...: polygon sahe . . . : : SA* : sa^j 
and this is true in the limit ; hence, by Lemma III. 
Cor. 2, curvilinear area SAE : curvilinear area sae 

::SA': sa' ::AE': ae' ::SE': s^. 

Q.E.D.]] 

Observations on the Lemma, 

24. In order to deduce the properties of similar curves, it 
is premised, as before mentioned under Cor. 4, Lemma III.| 
that, if a Jinite portion of a curve be taken, and if a polygon 
be inscribed in the curve, the sides of which are chords taken 
in order of portions of the curve, and the number of sides of 
the polygons be increased indefinitely, and the magnitudes a 
the same time diminished indefinitely, the curve will be the limit 
of the perimeter of the polygon * 

It is not assumed that each chord is equal to the corre- 
sponding arc ultimately; this is afterwards proved for a con- 
tinuous curve in Lemma VIL 

Criteria of Similarity, 

25. From the definition of similar curve lines, that they are 
curvilinear limits of homologous portions of similar polygons, 
the following criteria of similarity can be deduced, all of which 
are very convenient in practice ; namely : 

(1) One curve line is similar to another when, if any 
polygon be inscribed in one, a similar polygon can be inscribed 
in the other. 

(2) If two curves be similar, and any point S be taken 
in the plane of one curve, another point s can be found in the 
plane of the other, such that, any radii SP^ 8Q being drawn in 
the first, radii sj>y sq can be drawn in the second, inclined at 

♦ "WliQ well's DoctJ'ine of Limits, 



•i» 
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the same angle as the former, and such that the following 
proportion will hold, 

sp: sq:: SP : 8Q. 

(3) If two curves be similar, and in the plane of one 
curve any two lines OXy OY he drawn, two other lines ox^ oy 
can be drawn in the plane of the other curve, inclined at the 
same angle, having the property that the abscissa and ordinate 
OMy MP of any point P in the first being taken, the abscissa 
and ordinate ow, mp of a corresponding point p in the second 
will be proportional to the former, viz., 

om\ mp II OM : MP. 

And the converse propositions can also be deduced, that if 
these proportions hold, the curves will be similar. 

26. In order to illustrate test (1), let the arcs AB^ ah of 
two circles have the same centre C, and let the bounding radii 
be coincident in direction. 




Let ADEB be any polygon inscribed in AB^ and let (72), 
CE cut ah in d^e] join ac?, de^ cJ, these are parallel to AD^ 
DEy EB respectively, and ad : de i eh ii AD : DE : EB\ hence 
adeh is similar to ADEB\ and therefore the arcs a&, AB are 
similar. 

27. Test (2) may be deduced as follows: 

If ABCD...J ahcd...y fig. p. 43, be corresponding portions 
of similar polygons, AB^ BG^ ... aJ, Jc, ... being homologous 
sides, and ASj BS^ ... be drawn to any point 8^ construct the 

triangle sah equiangular with SAB^ and join 5C, sd^ .... 
Then sh: SBiiab : AB : : he : BO, and ^ SBC^Lshc] 
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therefore SBG, sbc aro Bimilar triangles; 
hence sc: 8G ii ab : SB:: aa: 8A-, 
and similarly for ad, ae, Ac. 

Heuce, "if two polygons be aimilar, and any point bo taken 
in one, another point can be found in the other, such that the 
radii drawn to corresponding angular points will be propor- 
tional and include the same angles. 

If we uow increase the number of sides indefinitely and 
dirainifth their magnitude, the same property will hold with 
respect to the curvilinear limit of the polygon. 

Test (3) can be deduced from teat (1) in a aimilar manner. 

Centres of Similitude, I 

28. When two similar curves are so situated that a point' 
can be found, aucU that the radii drawn from that point, either 
in the same or opposite directions, arc in a constant ratio, such 
a point is called a centre of similitude. 

If the radii be measured in the same direction, the point 
will be a centre of direct similitude, and of inverse similitude 
if they be measured in opposite directions. 

It is easily shewn that there can be only one centre of 
similitude of one kind. 



Properties of aimilar curves and application of tests of 

Similarity. 
(1) Similar conterminous arcs, which have their diords catn- 
cidentf have a common tangent. 



Let APS, Aph be similar conterminous arcs, ABh the liiu 
of their chorda, AQq, APp any straight lines meeting tW 
curves in Q, q and P, p respectively; then A will evident! 
be a centre of direct similimde for the two curves; thereforj 
AQi Aq:: AP: Ap) hence AP, Ap are similar portions < 
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*te curves, and arc^P: 8.rc Ap :: AP: Ap '.: AS : Ah; there- 
fore the arcB AP^ Ap vanish Bimultaneously, or, when AP 
assumes its limiting poaitlon AD for the curve APB, this is 
also the limiting position of Ap for the curve Apb^ that is, 
I the carves have a common tangent. 

(2) To find tJie centres of direct and inverse similitude of any 
two circles. 




If one of the circles do not lie entirely within the other, 
let iS be the intersection of two common tangents to the 
I circles which intersect in the produced line Cc joining their 
' centres, and let CQ, c^ be radii to the points of contact. 

Draw SpP through S cutting the circles in p, P, then cj 
I is paraUel to CQ^ and CP: cp i: CQ : cq :: CS:cS; 
.-. OS: CP::cS'.cp; 
also GPS, cpS are each greater or each leas than a right angle, 
and C8P ia common to the triagles CP8, cpS; therefore the 
triangles are similar, Euclid VI. 7, and the sides about the 
angle CSP are proportional, that is, SPi Sp :: SC ; Sc; 
therefore S is the centre of direct similitude. 

Similarly, the intersection of two common tangents which 
cross between two circles is the centre of inverse similitude. 
(3) To find the condition of similarity of two conic sections. 
Let the conic eectiona be placed so that their directricea 
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are parallel and foci coincident, and let BpP be any line 
through the focus meeting them m p^ P\ draw 8aAD and 
PQ perpendicular to the directrix DQ oi AP^ and join 8Qj 
and let pq^ parallel to PQ, meet it in j} tund draw qd per- 
pendicular to 8D, 

Then Sd: 8D:: 8q : 8Q : : 8p : 8P; and, if the curves 
be similar, 8p : 8P will be a constant ratio ; therefore 8d : 8D 
is a constant ratio, and dq is a fixed straight line for all 
positions of p ; also, since pq : 8p :: PQ : 8Py pq : 8p is b, 
constant ratio; therefore qd is the directrix of ap^ and, the 
constant ratio being the same in both, the eccentricities are 
the same. 

(4) Instruments, like the Pantagraph and the Eidograph^ for 
copying plans on an enlarged or reduced scale are founded upon 
the properties of similar figures ; as are also other methods of 
copying, such as by dividing plans or pictures into squares. 

The Pantagraph is an instrument for drawing a figure 
similar to a given figure on a smaller or larger scale; one of 
its forms is as in the figure. AD^ EF^ GG and AE^ DG^ FG 
are two sets of parallel bars, joined at all the angles by 



compass-joints; at J9 is a point, which serves to fix the 
instrument to the drawing board; at -4 is a point which is 
made to pass round the figure to be reduced or enlarged; at 
(7 is a hole for a pencil pressed down by a weight, and the 
pencil traces the similar figure, altered in dimensions in the 
ratio of BG : AB or BF : AD. 

The similarity of the figure traced by the pencil is a con- 
sequence of continual similarity of the triangles ABD^ BFC. 
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By changing the positions of the pegs at F and O the figure 
described by G may be made of tjie required dimensions. 

For a description of the Eidograph, invented by Professor 
Wallace, see the Transactions of the Royal Society of Edinburgh, 

vol. XIII. 

(5) Volume of a cone whose base is a plane closzd figure of 
any form. 

Let V be the vertex, AB the base, VH perpendicular to the 
base from F; let VH be divided into n equal portions, of 




tvhich MN is the (r 4 1)^^ ; and let PQ be the section through M 
parallel to AB, 

Take VPA any generating line of the cone meeting the 
section PQ and the base AB in PA respectively, then 

FM:AH:: VM: F5; 

therefore PQ Is similar to AB^ M^ H being similarly situated 
points; and, by Lemma V., 

area PQ : area AB : : r* : n\ 

also MN : VH : : 1 : w ; 

therefore the volume of the cylinder whose base is PQ and 

height Jf-W = -8 X area yl^.FH, and the volume of the cone, 

by Lemma 11., is one-third of the cylinder whose base is AB 
and height VH. 

VII. 

1. Apply a criterion of similarity to shew that segments of 
circles which contain equal angles are similar. 

2. Prom the definition of an ellipse, as the locus of a point 
the sum of whose distances from two fixed pomts is constant, shew 
that ellipses are similar when the eccentricities are equal. 

H 
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3. Prove tliat the centre of an ellipse is a centre of inverse 
similitude of two opposite equal portions of the circumference of 
the ellipse. 

4. Employ the properties of similar figures to inscribe a square 
in a given semicircle. 

5. Construct, by means of similar figures, two circles, each 
of which shall touch two given straight Imes and pass through a 
given point. 

6. Deduce the position of the centre of gravity of a circular 
sector from that of a circular arc; shew that the distance from, 

. 2 radius x chord 

the centre is - . • 

3 arc 

7. If -4 be the vertex of a conical surface, G the centre of 
gravity of the base, M that of the volume of the conical figure» 
shew that AM^iAG. 

8. Find the centre of gravity of the surface of a right cone 
on a circular base. Does the method apply to the surface of an 
obUque cone? 
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If any arc ACB given in position be subtended by a chord 
AB, and if at any paint A, in the middle of continuous 
curvature, it be touched by the straight line AD produced 
in both directions, then, if the points A, B approach one 
another and ultimately coincide, the angle BAD contained 
by the chord and tangent will diminish indefinitely and 
ultimately vanish. 

For, if that angle do not vanish, tho arc ACB will 
contain with the tangent AD an angle equal to a 




rectilineal angle, and therefore tho curvature at the 
point A will not be continuous, which is contrary to 
the hypothesis, that A was in tho middle of con- 
tinuous curvature. 



Defnilions of a Tangent to a Curve. 

29. (1) If a straight line meet a curve in two points A, B, 
and if B move up to A, and ultimately coincide with A, 
AB in its limiting position will be a tangent to the curve at 
the point A. 

It' two portions of a carve EA and AB cut one another { 
at a finite angle in A, there will be two tangentn AD, AD\ 
which will be the limiting positions of straight lines AB and 
AE, when B and E move up to A along the different portions 
BA and EA of the curve respectively. And, similarly, if thei-a 
be a multiple point in A, in which aeveral branches of the cnrve 
cut one another at finite angles. 

(2) The tangent is the direction of the side of tlie polygon, 
of which the curve Is the curvilinear limit, when the number | 
of sides are increased indefinitely. 
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This Is founded on the same idea of a tangent as defini- 
tion (1). 

(3) The tangent to a curve at any point is the direction of 
the curve at that point. 

In order to apply geometrical reasoning to the tangent by 
employing this definition, we are obliged to explain the notion of 
the direction of a curve, by taking two points very near to one 
another, and asserting that the direction of the curve is the 
limiting position of the line joining these points when the 
distance becomes Indefinitely small, a statement which reduces 
this definition to the preceding. 

Observations on the Lemma, 

30. "Curvatura Continua," if we consider curves as the 
curvilinear limits of polygons, requires the curves to be limits 
of polygons whose angles continually increase as the number of 
the sides increase, and may be made to difier from two right 
angles by less than any assignable angle before the assumption 
of the ultimate form of the hypothesis. 

If, however, as we Increase the number of sides and diminish 
their magnitude, one of the angles remains less than two right 
angles by any finite difi'erence, the curvature of the curvilinear 
limit is discontinuous, and the form is that of a pointed arch, in 
which the two portions cut one another at a finite angle. 

A curve may be of continued curvature for one portion 
between two points, while for another its curvature changes 
^'per saltum." 

Thus, if ABO be a curve forming at jB a pointed arch, it 




c 

may be of continued curvature from B to A and from C to B^ 
though not from to A. 

In this case the tangents In passing from to A assume all 
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positions intermediate to GT^ Bt, and Bt\ TA^ but at B they 
pass from Bt to Bi without assuming the intermediate positions. 

31. " In medio curvaturse continuse," implies that the point 
A in the enunciation of the Lemma is not such a point as B 
in the last figure, but that, in passing from a point on one side 
of A to another on the other side, the tangents pass through all 
the intermediate positions. 

The curvature is supposed to be in the same direction in 
the figure of the Lemma, which in all curves of continuous 
curvature is possible, if B be taken sufficiently near to A at 
the commencement of the change in the construction. 

If the point A be not " in medio curvaturae continuae," two 
tangents AD^ AD' may be drawn at A to the two parts of the 
curve, and the curve BOA will make a finite angle with one of 
the tangents AD\ 

But, even in this case, the angle between the chord and 
that tangent which belongs to the portion of the curve con- 
sidered continually diminishes and ultimately vanishes. 

The Subtangent 

32. Def. The part of the line of abscissae intercepted be- 
tween the tangent at any point and the foot of the ordinate 
of that point is called the subtangent 

33. The subtangent may be employed as follows, to find a 
tangent at any point of a curve. 

Let OM^ MP be the abscissa and ordinate of a point P in 

x/ 




a curve, and let ^ be a point near P, 0.^, NQ its abscissa 
and ordinate. 
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Let QPU meet OX the line of abscis^ss in U] thcD, if PJS 
parallel to OAI meet QN in iZ, 

PM: MUi: QR : PR :: QN^PM : ON- OM. 

Now as Q approaches to P, the limiting position of QPU is 
that of the tangent at P, viz. tPT^ and Pif : MT is the limiting 
ratio of QN- PM : OJVT- Oi/. 

TAe Po7ar Suhtangent and the Inclination of the Tangent to 
the Radius Vector^ at any Point of a Spiral, 

34. Def. Let 8 be the pole, PT the tangent to the curve at 
any point P, and let ST, perpendicular to SP, meet PT in T; 
then /ST is called the polar suhtangent at the point P. 

35. Tb fnd the inclination of the tangent at any point of 
a curve to the radius vector. 

Let Q be a point near P, QM perpendicular to SP, pro- 
duced if necessary, QR the circular arc, centre S, meeting 
8Pm R. 

Let QP meet ST in U, then 

SZ7: SP:: QMiPM, 
and il/5 : ^JIf :: Qi¥: 8M+SR^ 




but, when Q approaches indefinitely near to P, QM" vanishes 
compared with SM+ SR ; therefore MR vanishes compared 
with QM or PM] therefore 8U:SP:: QM: PR, ultimately; 
therefore 8T : 8P is the limiting ratio of QR : PR ; or 
QR:8Q^ 8P. 
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Hence ST^ and also the trigonometrical tangent of the angle 
jSPT between the tangent and the radius vector can be found, 

Ultistrations. 

(1) If 8Y he the perpendicular on the tangent FY at P in 
a curvej Y ttnll trace out a curve^ called the pedal of the original 
curve; to shew that if YZ he a tangent to the locus of Y^ SZ 
perpendicular to it^ SY^ = 8P. 8Z. 

Let F be a point near P, SY' perpendicular on FP^ SZ 
perpendicular on Y*Y. 

Since angles 8YP^ 8Y*P are right angles, a semicircle on 
8P will pass through F, T'; therefore the angles fiTT, 8PY 
in the same segment will be equal; the right angles 8ZY'j 
8YP also are equal ; therefore the triangles 8PYy 8Y'Z are 
similar, and 8Z: 8Y' : ; SY: fiP; but, ultimately, as F moves 




up to P, FPT becomes the tangent at P, and F YZ that at Y 
to its locus, also SY' = SY; 

.\ 8Z.SP=SY^. 

(2) To find the subtangent in the semi-cuhical parahola. 
In the semi-cubical parabola PM^ oc OM^ ; 

/. QlP^PJiP : PAP:: OlST^ OiP : OJIf, 

but QN+PM=:2PMj 

and 0N*-¥ ON.OM+ OW^ZOM^ ultimately; 

.-. QN-^ PM: iPM:: ON- OM: J OJlf ultimately, 

and QN-PM: PM:: ON- OM=^MT; 

therefore MT is two-thirds of OM. 



(3) To find the inclination of the tangent at any point of 
a cardioid to the radius vector. 

Def. li BqpC be a circle, whose centre is S and diameter 
BG, and pm be drawn perpendicular to £C] then, ]£ 8p ha 
produced to P, making BP=^Bm, P will trace out a cardioid 
AP8. 




SP : Sp ultimately, 



Making the same construction as before, in Art. 35, 

ST-.SP:: QB: SP- SQ ultimately. 
Let 8Q meet the circle in q, and draw qn perpendicular 
to BC, 

then QR : pq 
also pq : mn 

.-. QB:mn:iSP:pm ; 

but mn = Bm-Bn=SP-SQ; 

.: QB : 8P- 8Q:: 8P:pm ultimately ; 

.'. 8T: 8P::Bm:pm; 

hence lPT8=lpBm = i^PSA; 

and it follows that the cardioid cuts the axis SCA at right 

angles, that it touches 8B at 8, and that it cuts the drcle BBO 

at an angle equal to half a right angle. 



Lemma vir- 



LEMilA VII. 



J/ any arc, given in position, he subtended ly ike chord AB, 
and at the point A, in the middle of continuous curvature, 
a tangent AD be drawn, and the subtense BD, then, when 
B approaches to A and ultimately coincides mth it, the 
ulimate ratio of the arc, the chord, and the tangent to one 
another, is a ratio of equality. 

For whilst the point B approaches to the point A, let 
AB, AD be supposed always to be produced to points 
h and (/ at a finite distance, and bd be drawn parallel 
to ihe subtense BD, and let the are Acb be always 
similar to the arc ACB, and have, therefore, ADd 
for its tangent at A. 




But, when the points B, A coincide, the angle lAd, by 
the preceding Lemma, will vanish, and therefore the 
straight lines Ab, Ad, which are always finite, and 
the arc Acb, which lies between them [and is of con- 
tinuous curvature in one direction, if the change 
commence when B is near enough to A~\, will coin- 
cide lUtiniately, and therefore will be equal. 

Hence, also, the straight lines AB, AD and the inter- 
mediate arc ACB, which are always proportional to 
them, will viiniah together, and have an ultimate 
ratio of equality to one another. 

CoE. 1. Hence if BF be drawn through B parallel to 
the tangent, always cutting any straight line AF 
passing through A in F, then BF will have ulti- 
mately to the vanishing arc A CB a ratio of equality, 



58 



NEWTON* 



since, if the parallelogram -4 FJ?Z) be completed^ it 
will always have a ratio of equality to AD^ 




Cor. 2. And if through B and A be drawn many 
straight lines J?£', J?Z>, AF^ AG cutting the tangent 
AD and BF^ parallel to it ; the ultimate ratios of all 
the abscissae AD^ AEj BF, BG and of the chord and 
arc AB to one another will be ratios of equality. 

CoR. 3. And, therefore, all these lines in every argu- 
ment concerning ultimate ratios may be used indif- 
ferently one for the other. 

Observations on the Lemma* 

36. Def. The subtense of the angle of contact of an arc is a 
straight line drawn from one extremity of the arc to meet, at 
a finite angle, the tangent to the arc at the other extremity. 

This subtense is the secant which defines the limited line 
called, in the Lemma, " the tangent." 

Tiie chord is called by Newton the subtense of the arCj see 
Lemma XI. 

37. In the construction for this Lemma, BD must be a 
subtense, i.e. inclined throughout the change of position at a 
finite angle to the tangent, for, otherwise, the angles BAD 
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and ADB being then botb amall, the ultimate ratio of the 
chord to the tangent might be any finite ratio inBtead of 
being one of equality. 

This ia the only limitation of the motion of liD ; the figure 
representing changes which may take place in the approach 
towards the ultimate state of the hypotheaia. 

Here b, d are the diatant points, that la, points at a finite 
distance from A; BD, B'D\ B"D" are conaecutive positiona 
of the subtense, when B approaehea towards A, and db, dh\ db" 
are parallel to these, Acb', Ac"b" are the forms of Acb changed 
BO as to be always aimilar to the corresponding portion o? ACB 
cut off by the chord. 

It should be remarked that the curve Aci is not inter- 
mediate in magnitude to the two linea Ab, Ad, but only In 
position; for example, Ah may be equal to Ad, if BD make 
equal angles with the two lines, and the curve line will tbea 
be greater thau either Ab or Ad; but It becomes in all cases 
leaa bent, until it is ultimately rectilinear; hence the three 
Ach, Ab, Ad will be ultimately equal, the only alternative 
being that the curve may become doubled up, as in the figure, 



which is precluded by the supposition that the curvature near A 
is continued in tbe same direction throughout the passage from 
B to A. 

38. The subtense uUimately vanishes compared vsiih Oie arc. 
For BD : A CB ::hd: Acb^ and, since bd vanishes and j4c6 

remains finite in the limit, the ratio BD z ACB ultimately 
vanishes. It will be afterwards seen that in curves of finite 
curvature BD varies as the square of ACB ultimately. 

The ultimate equality of the lines" AD, AE with the chord 
or arc, whatever be the direction of the subtense, is doe to 
tbe vanishing of BD, and therefore of i>£with respect to AD. 

39. If two curves of continuous curvature which do not inter- 
sect have a common ckordj the length of the exterior curve will be 
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greater than that of the interior^ provided that the curvature of 
the interior he always in the same direction. 

Let AcdeB^ A CDEFB any two polygons, having a common 
side AB^ be such that the first lies entirely within the second 




and that neither has internal angles, the perimeter of the first 
is less than that of the second. 

For, produce -4c, erf, de to meet the perimeter of the exterior 
inc',rf',e'; then ^(7+Cc'>^c'; .-. ACDEFB>AdDEFB', 

similarly AcDEFB> Acd'EFB^ and on on ; 

/. a fortiori^ A CDEFB > AcdeB. 

And, since the same is true in the limit, when the number 
of sides is increased indefinitely, the curvilinear limits of the 
polygons have the same property, and the proposition is proved. 
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If two straight lines AM, BR make with the arc A CB, the 
chord AB, and the tangent AD, the three triangles 
JtACB, BAB and BAD, and the points A, B approach 
one another; then the ultimate form of the vanishing 
triangles is one of simiUtvde, and the ultimate ratio one 
of equality. 

For, whilst the point B is approaching the point A, let 
AB, AD, AR be always produced to points h, d, r at 
a finite distance, and rbd be always drawn parallel to 
RD, and let the arc Acb be always similar to the arc 
ACB, and therefore have Dd for the tangent at A. 




Then, when the points B, A coincide, the angle S^tf will 
vanish, and therefore the three triangles rAh, rAcb, 
rAd will coincide, and will therefore in that case be 
similar and equal. Hence also BAB, RA CB, RAD, 
which are always similar and proportional to these, 
will be ultimately similar and equal to one another. 

CoE. And hence, in every argument concerning ulti- 
mate ratios, those triangles can be used indifferently 
for one another. 

Observations on the Lemma. 
40. If RB throughout the change in the hypothesiB make a 
finite angle with BA, the three triangles rAb, rAd>, r^cf will 
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remain always finite, and will be ultimately identical and equal. 
But, if the angle ABB be ultimately not finite, for example, if 
^£ revolve round a fixed point i2, the three triangles r^li, ••• 
will become infinite, since r will move to / and so on to an 
infinite distance, and there will be the same kind of objection 




to dealing with these infinite triangles, as to reasoning im- 
mediately upon the relation of the triangles BAB^ BAD in 
the former case. 

In this case we can at once deduce the equality of the tri- 
angles without producing AD to a point rf at a finite distance. 
For, the ratio of the difference of BAD and BAB to BAB is 
BD : BB^ which vanishes ultimately, since BB is finite in 
this case; hence BAB and BAD and also the curvilinear 
triangle, which is intermediate in magnitude to them, will be 
ultimately in a ratio of equality. 



LEMMA IX. 

Jf a straigJd line A E and curve AB C, given in 'position, cut 
one another in a finite angle A, and ordinates BD, C'E ba 
drawn, inclined at another finite angle to that straight 
line, and meeting the curve in B, C; then, if the pointe 
B, C move up together to the point A, the areas of the 
curvilinear triangles ABD, A CE will be ultimately to one 
another in the duplicate ratio of the aides. 

For, as tlie points B, C aro approaching the point A, 
let AD, AEhe always produced to the points d, e at 
El finite distance, such that Ad : Aei; AD ; AE\ and 




let the ordinates dh^ ec be drawn parallel to DB, 
£(7 meeting the chords AB, ^C^ produced in b, c. 

Then [since ^5 ■.AB::Ad:AD::Ae:AE::Ac:AC, 
and therefore Ab : Ac :: AB : AC'] a curve Abe can 
be supposed to be drawn always similar to ABC, 
■while B and C move up to A. 

Let the straight line Ag be drawn touching both curves 
at A, and cutting the ordinates DB, EC, db, ec in 

[Now areas JBD, Abd, by Lemma V., are always in the 

duplicate ratio of AI), Ad, and areas J CE, Ace in the 

duplicate ratio of AE, Ae, and AD : Ad : : AE : Ae ; 

therefore ABD : Abd:: ACE: Ace, 

and ABD : ACE : : Abd : Ace.] 

If, then, the points 5 and Cmoveupto^ and ultimately 

coincide with it, the angle cAg will ultimately vanisUj 



angle less tha.n 
lor indeliiiitelj 



and the curvilinear areas Abd, Ace will coincide witt 
the rectilinear triangles Afd, Age, and therefore will 
be ultimately in the duplicate ratio Ad, Ae. 
But ABD, ACE are proportional to Abd^ Ace always, 
also, AD, AE are proportional to Ad, Ac ; therefore 
also areas ABD, ACE are ultimately in the duplicate 
ratio of .4Z>, AE. I 

OhservationB on tlie Lemma. 

41. By a finite angle is to be understood 
two right angles, and neither indefinitely sm; 
near to two right angles. 

The angles between AD and the curve and between AD 
produced and £D are different finite angles, because otherwise 
£D would not meet the curve, 

42. If the angle DAF be greater than a right angle, the * 
figure may asanmo a form in which AD will lie below ABCj 
in this case DB, EG, ... must be produced to meet the tangent, 
and the argument may proceed Jn the same manner as before. 

43. It is not necessary that d and e be fixed, but only that 
they remain at a finite distance from A, and that the proportior 
be retained; and the first part of this observation applies to __ 
d in the previous Lemraaa. 

The student, by reference to Arts. 37 and iO, will be able t?! 
exhibit the change in the figure which will correspond to al 
change of the position of £ and C In the progress towards the.l 
ultimate position. 

44. When the angle CAG vanishes, the cnrvilinear areaa 
Aid, Ace coincide with the rectilinear triangles A/d, Age, and 
so are in the duplicate ratio of Ad : Ae. But if the angle 
DAF be not finite, those triangles will not themselves be finite, 
and the object aimed at by producing to a finite distance will 
not be attained. 

The fact ia, that (he triangle Adb is made up of the triangle 
4d/ and the curvilinear triangle A/b, of which the latter ia 
indefinitely small ultimately, and the former Is finite ; therefore, 
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in the Lemma, Afb vanishes compared witli AJf; but tliis will 
not be HO if Adf be indcfinilely small, the ratio of the triangles 
AFB, AOG must, therefore, be found by another process, and 
it will be found, by referring to Lemma XI., that tbe ratio will 
be ultimately that of the cubes of the arcs if the curvature of 
the curve at A be fiuite. 

Yin. 

1. RQq is a common subtense to two curves PQ, Pq, which, 
have a common tangent PE at P. "When ItQq approaches to P, 
SQ and Sq ultimately vanish; will the ratio MQ i Rq be ulti- 
mately a ratio o£ equality ? 

2. If PT, a tangeut to aa ellipse at P, meet the auxiliary circle 
in F, and ST be perjjeudicular to the tangent at Y, ST will vary 
inversely as ^P. 

8. If a subtense BJ) be drawn to meet the tangent at A at 
B finite angle a, which remains constant as S moves up to A, and 
J)£ meet the normal at ^ iu C, shew that the ultimate ratio of 
i/C to .ifl will be seca. 

4. In the curve in which the abscissa varies as the cube of 
the ordinate, shew that the suhtangent is three times the abscissa. 

5. Prove that the extremity of the polar subtangent from tlie 
focus of a conic section ia always in a fixed straight line. 

6. AB is a diameter of a circle, P a point contiguous to A, 
and the tangent at F meets BA produced ia T; prove that ulti- 
mately the ditference of JiA, BP will be equal to one-half of TA. 

7. Ia any curve, if Q be the intersection of perpendiculars to 
two consecutive radii vectores through their extremities, and SV 
be the perpendicular from the pole S on. the tangent at P, prove 
that ultimately SP-'=SY.SQ. 

8. FQ, pq are parallel chords of an ellipse whose centre is C; 
shew that, if p move up to P, the areas CFp, CQq will bo 
ultimately equal. 

9. From a point in the circumference of a vertical circle a chord 
and tangeut are drawn, the one terminating at the lowest point, 
and the other in the vertical diameter produced; compare the 
velocities acquired by a heavy body in falling down the chord 
and tangent when they are indefinitely dimiuiahed. 

10. A point moves so that the product of its distances from two 
fixed points is constant; shew that the normal to its path divides 
the angle between the two radii into two whose sines are pro- 
portional to the i-adii. 



1. On the radii vectores of a curve as diameters circles t 
described; find their envelope. 

2. If the intercept PQ between two curves of their common 
tadius vector OPQ be cunstaut, and the normals at P and Q 
intersect in N, Olf will be at right angles to OPQ. 

3. A right angle elides on any oval curve, so that the sides 
(mntainiug the right angle always touch the curve; shew that ths 
angle one tangent makes with the tangent to the locus of the 
vertex is equal to that which the other tangent makes with 
the chord of contact. 

Hence shew that, if the oval be an ellipse, the locua of the 
vertex will be a circle concentric with the ellipse. 

4. A poiat moves so that the rectangle, whose sides are equal 
to the distances of the point from a given point and a given 
straight line, is equal to the square described on the perpendicular 
from the given point on the given line. Find the position of 
the point at which the tangent to the curve passes tluough the 
£xed point. 

5. Two points A, B describe two curves according to any 
finite and continuous law. If A', B' be the consecutive positions of 
A, B, and ABC, A'B'V be similar triangles, then the corre- 
sponding sides of the two triangles will ultimately intersect in tha 

^ AA'-BC BB'.CA CC'.AB 



points P, Q, Jt, such that - 



Qli 



FQ, 



6. If SP' = AB.Pll, where PJST is perpendicular to a fixed I 
straight line, prove that the locus of the centre of the circle cir- 1 
cumscribing the triangle formed by the tangent, the radius vector J 
and the polar subtangent, will be a straight line. 

7. In the figure on page 30 let FB' be taken equal to AS^^ 
and let the corresponding ordinate to the curve be B'JE' ; 
that the subtangent at £' varies inversely as that at .£". 

8. In the hyperbolic spiral, in which the radius vector vario8_ 
inversely as the spiral angle, prove that the subtaogent is constant^ 

9. In the spiral of Archimedes, in which the radius vector 
varies directly as the angle, prove that if a circle be described, 
of which a radius is the radius vector of the spiril, the polar 
Bubtangent will be equal to the arc of the circle subtended by 
the spiral angle. 




LEMMA S. 

J%e spaces which a bod-/ describes [_from resf] under the 
action of any finite force, whether titat force be constant 
or else continually increase or continually diminish, are 
in the very beginning of the motion in the duplicate ratio 
of the times, 

I^Let the times be represented by linos measured from A, 
along AK, and the velocities generated at the end 
of those times by lines drawn perpendicular to AK. 
Suppose the time represented by AK to be divided 
into a number of equal intervals, represented by AS, 




BC, CD, ..., let Bb, Cc, Dd, ...K/c represent the ve- 
locities generated in the times vlfi, AC, ...^^respec- 
tively, and let Abed be the curve line which always 
passes through the extremities of these ordiuates. 
Complete the parallelograms Ab, Be, Cd, ... . 
In the interval of time denoted by CD, the velocity con- 
tinually changes from that represented by Cc to that 
represented by Dd, and tlierofore CD being taken 
small enough, the spice described in that time is 
intermediate between the spaces represented by the 
parallelograms Do and dl; therefore the spaces 
described in the times AD, AK are represented by 
areas which are intermediate between the suras of 
the parallelograms inscribed in, and circumscribed 
about, the curvilinear areas ADd, AKk respectively. 



Therefore, by Lemma II., the number of Intervals bein^ 
increased, and their magnitudes diminiahed indefi- 
nitely, the spaces described in the times AD, AK 
are proportional to the curvilinear areas ADd, AKk. 

Now the force being finite, the ratio of the velocity to 
the time is finite ; therefore Kk : AK is a finite ratio, 
however small the time is taken; hence, if AT be 
the tangent to the curve line at A, meeting Kk in 3", 
KT ■ AK will be a finite ratio ; therefore the angle 
TAK will be finite, or AK wiJl meet the curve at a 
finite angle. 

Hence, by Lemma IX., if AD, AK be indefinitely 
diminished, area ADd : area AKk :: AD^ : AK*; 
therefore, in the beginning of the motion, the spaces 
described are proportional to the squares of the times 
of describing them. q. e, d J 

CoK. 1. And hence it is easily deduced that the errors 
of bodies describing similar parts of similar figures J 
in proportional times, which are generated by any J 
equal forces acting similarly upon the bodies, and \ 
which are measured by the distances of the bodies 
from those points of the similar figures, to which the 
same bodies would have arrived in the same propor- 
tional times without the action of the disturbing 
forces, are approximately as the squares of the times 

. in which they are generated. 

CoE. 3. But the errors which are generated by pro- 
portional forces, acting similarly at similar portions 
of similar figures, are approximately as the forces 
and the square of the times conjointly. 

Cor 3. The same is to be understood of the spaces'! 
wliich bodies describe under the action of different 
forces. These are, in the beginning of tho motion, 
conjointly, as the forces and the squares of the times. 

CoH. 4. Consequently, in the beginning of the motion 
the forces are as the spaces described directly, and 
the squares of the times inversely. 



CoE. 5. And the squares of the times are as the spaces 

described directly and the forces inversely. 

The proof given in the original Latin is aa follows : 

Exponantur tempera per lineas AD, AE, et veloci- 

tatea genitse per ordinatas DB, EC\ et spatia, his 

veloeitatibus descripta, erunt ut area; ABD, ACE his 

ordinatis deseriptfe, hoc est, ipso motus initio (per 

Lemma IS.) in dupHcata ratione temporum AD^ AE. 

Q. E. D. 

4.5. This proof has been amplilied in order to exhibit in 
■what manner the description of areas, by the flus of the ordi- 
nates, corresponds to that of spaces by the velociticB represented 
by the ordinate» ; also to shew the propriety of the application 
of the ninth Lemma by reference to the definition of finite force 
which may be stated as follows : A force is finite when the ratio 
of ike velocity generated in any time to the time in which it is 
generated, isfinite^ however small the linte he taken. 

Observations on the Lemma. 

46. In the proof of this Lemma, time is represented by the 
length of a straight line, and & distance traversed by a body Is 
represented by an area. 

If the length of a straight line be always proportional to the 
period of time elapsed, the straight line^ will be a proper repre- 
sentation of the time. Thua a length of n inches has the same 
ratio to one inch which an interval of n seconds has to one 
second ; and on this scale the length n inches is a proper repre- 
sentation of n seconds. 

If an area be always in the same ratio to the unit of area 
that the length of a straight line is to the unit of length, the area 
will he a proper repreaentation of the length of the sliaight line. 

Thus, if Ab he one foot, AB, n feet, Ac one inch, and AC, 
t inches: complete the parallelograms ABBO, Aide, and Bcy 
then ABCD will contain nt snch areas as Ahdc.. 

If now a particle move with a uniform velocity of n feet 
a second, and A C represent ( seconds, on the scale of one bch to 



a Becond, the parallelogram Be will represeDt tbe space travelled 

over in tLo first BBuoniJ, siace it coDtaios n timoa the paratklo- 



in. 



^ram Abdc^ and ABDG will represent the space travelled ovet 
in ( seconds. 

There will be no difficulty in the representation of a period 
of time bj a line, or of a distance by an area, if the student 
bear in mind that periods of time and lengths of lines, although 
existing absolutely, are only estimated by their ratios to certain 
standard periods, and standard lengths, and they are therefore 
determined whenever these ratios are given, either directly in 
numbers or by the compariBOU of any magnitudes whatever of 
the same kind. ~ 



47. Cor. 1, 2, If bodies describe orbits under the actiod 
of certain forces, and small forces, extraneous to those under tha 
action of which the orbits are described, be supposed to act upc 
the bodies, the orbits will be disturbed slightly, and the erroq 
spoken of are the linear disturbances of the bodies, at any tim 
from the positions which they would have occupied at that titn 

if the extraneous forces had not acted. 

Thus, in calculating the motion of the Moon considered s 
moving under the attraction of the Sun and Earth, it is conve- 
nient to estimate the motion which she would have, If subjected 
to the attraction of the Earth alone, and then to calculate vhaf 
would be the disturbing effect of the Sun upon this orbit. 

48, KABhe a portion of an orbit described by a bodyii 
any time, A C the portion of the orbit described when a disturb* 
ing force is introduced, BO is " quam proxime" the space whio 
would have been described in the same time from rest by thi 
action of the disturbing force alone. When the time is take^ 
small, but not indefinitely small, the expres^on lu the statemei 
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ftitnecorollarlea, "approximately," is necessary for two reasons; 
for, in the first place, the position of the body in space is not 
the same at the end of any interval in the lapse of the time 
as if the body had moved from rest under the action of the 
disturbing force alone, and therefore the magnitude of the force 
is not generally the same either in direction or magnitude ; and, 
in the second place, since the force is not generally uniform, the 
variation according to the duplicate ratio of the times is not 
exact, except in the limit. 

But, when the times are taken very small, the Tiariation of 
direction and magnitude of tiie force may be neglected, as an 
approximation to the true state of the case. 

49. Application of the method of Lemma X to determine 
tlie space described in a finite time from rest hy a particle under 
iJie action of a constant yitrce. 

Let / be the measure of the acceleration caused hy the 
constant force, so that at the time ( the velocity V=Ji. 

Since the velocity varies as the time, the curve Ak in the 
figure of the Lemma is a straight line, dD : AD being constant. 

Therefore the space which is described in the time (, re- 
presented by AK, is represented by the area of the triangle 
AKk or \KU.AK. The space described in time t from rest 
b therefore ^Vt = ^t\ 

50. General geometrical representation of the apace described 
hy a body when tt moves with a variable velocity for a finite 
time. 

Prop. If a curve be found, such that the ordinate at each 
point represents the velocity corresponding to a time represented 
by the abscissa, then the space described by the body will be ■ 
represented by the area bounded by the curve, the line of 
abseissai, and the ordinatcs corresponding to the commencement 
and end of the time of motion. 

Let OA, OB represent the times at the commencement and 
end of the interval during which the motion of the body is to 
be examined. Let OM be any other time, and let A C, MP, BD 
perpendicular to OAB, represent the velocities at the ends of 
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the times represented by OA^ OM^ OB] CPD the curve which 
passes through the extremities of all such ordiaates as MP. 




Let AB be divided into any number of small portions, such 
as MN] and let NQ be the ordinate corresponding to ON. 
Complete the parallelograms PMNq^ QNMp^ and suppose cor- 
responding parallelograms to be constructed on all the base» 
corresponding to MN. 

The body during the time represented by MN moves with 
a velocity, which, if MN be taken small enough, will be inter- 
mediate in magnitude between the velocities represented by PM 
and QN^ and the space described during that time will be 
intermediate in magnitude between the spaces which would have 
been described with uniform velocity represented by PM and 
QN^ or between the spaces represented by the areas PN^ QM. 

llence the whole space described in the interval of time 
represented by AB is greater than that represented by the 
inscribed series and less than that by the circumscribed series 
of parallelograms, and each of these is, by Lemma II., ulti- 
mately equal to the area A CDB^ when the number of portions 
into which AB is divided is indefinitely increased, and their 
magnitudes diminished ; therefore the proposition is proved. 

51. Cor. 1. Since the area PMNQ is ultimately equal to 
the rectangle PM. MX^ it follows that the measure of the telocttf/ 
tit any time is the limit of the quotient of the space described after 
that time by the time of describing it 

53. Cor. S. Let MB represent the unit of time, and com- 
plete the pandlelogram PMBr ; then the area PMSr represents 
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A« epaab wtich would be described in an unit of time ■with a 

Velocity represented by PM; whence it follows that the velociti/ 
of a hody at any instant may be measured by the apace lehich it 
would describe if it moved with that velocity unchanged for an 
unit oftiine. 

Measures of Variable Force, Kinetic Energy, Work of a Force. 

53. When a particle of mass m ia moving in a, straight line 
tinder the action of an uniform force F, if F, i> be the velocitiea 
at the begianing and end of the interval of time t, and s be 
the space described in that time, the following equations will 
hold : m{o-V)=Ft and ^m (/ - F*) = Fs. 

These equations represent respectively that: 

(1) The increase of momentum in a given time iB equal to the 
whole forc^ which has acted during that time. 

(2) Half the increase of via viva, or the increase of the kinetic 
energy in a given apace ia equal to the worl: of the force in that 
space. 

If ^ be a variable force, and F^, F^ be its least and greatest 
values during the time t, m (ti — F") will be greater than F,t and 
less than Fj, each of which will become Ft ultimately when t 
is indefinitely diminished ; and similarly for ^m (v' — V^), 

Hence we obtain two measures of variable force in the form 
of the two limits: 

{1} The quotient of the increase of the momentum by the time, 
when the time is diminished indefinitely. 

(2) The quotient of the increase of the kinetic energy by the 
space through which the farce has acted, when that space u 
diminished indefnitely. 

54. In the velocity curve, Art. 50, the velocity Qq is added 
in the time MN, the measure of the acceleration at the lime OM 
is therefore the limit of the ratio Qq : Pq, or the trigonometrical 
tangent of the angle which the tangent at P to the velocity curve 
makes with the line of absciasEe. 



55. Geometrical representation of die momentum generated 
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ly a finite and variable force acting for a finite time t^on i 
particle moving in lite direction of the action of the force. 

In the figure of p. 72, let OA, OB represent the tunes I 
the commeDcemcat and end of the interval dm-ing which t 
action of the force is considered. 

Let AB be divided into any number of small portions, snct 
as MN, and let PM, QN, perpendiculars to AB, represent th* 
forces acting on the particle at the times OM, ON respectively^ 
and let parallelograms be constructed and the curve drawn aB 
in Art. 50. 

The momentum gener.ited in the time MN, if MN be taken 
small enough, will be intermediate between the momenta re- 
presented by the parallelograms PN and QM; therefore, by 
Lemma U., the whole increase of momentum is represented 
by the area A CDB bounded by the curve, the line of absciss», 
and the ordiuates at the commencement and end of the finite 
interval of time represented by AB, 

56. As in Arts. 51, 52, the measure of force given in (l) 
Art. 53 can be deduced ; also that the force at any instant may 
be measured by the momentum which would be generated if 
the force were to continue unchanged for an unit of time. 

57. Geometrical representation of the hineiio energy generatt 
hy a force which acts upon a particle moving in the direction 
of ike forceps action thro'tgh a finite space. 

Let OAB be the line of motion of the particle, and when 
it arrives at M let PM perpendicular to OAB represent the 
force, and let the construction be made as hetbre. 

The increase of kinetic energy in the passage from M to 
N is intermediate between the work done by the forces re- 
presented by PM and QN, i.e. it is represented by an area 
which is intermediate between PN and QM; therefore, by 
Lemma II, the increase of kinetic energy or the work of the 
force during the motion from .^ to £ is represented by the 
axe3.ACDB. 

58. The measure of force given in (3), Art. 53, is deduclble 
u before, smce PM.MN=aiea. PMNq ultimately. 



M 



59. In rectilinear motion of a particle under the action of 
ony variable force^ the gum of the kinelio and potential energies 
u constant. 

If the motion of the particle be considered only within the 
limits A, B, the area PMBD represents the whole work which 
the force will bo able to do as the particle moves from M 
to the end of its path ; this work is called the Potential Energy, 
and eince the kinetic energy at M is represented by the area 
CAMP, it follows that throughout the motion the Bum of 
the kinetic and potential energies is constant. 



Amplication to the determination of the motion ofafarticle 
under various circumstances. 

(1) To find the space travelled over in a given time hy a 
hody moving with a velocity which varies aa the square of the 
time from the beginning of the motion. 

Let AB represent the time, and let BC perpendicular to AB 
represent the velocity at the end of that time. 




Let AB be divided into any number of equal portions of 
which MN is one, and let 3IP, NQ represent the velocities at 
the ends of the times represented by AM, AN, 

Then, since MP: NQ: BC :: AAP : AN" : AB\ a parabola 
can be described touching AB and passing throngh P, Q, C 
and the extremities of all ordinates by which velocities are 
represented. 

Hence tlie space described in the time represented by AB 
ia represented by the parabolic area ABC or ^AB.BG. 

And if^ be the velocity at end of ]", y(" will he that al- 



the end off"; therefore Jp(".t= ij>^ will be the space describe^ 
hi the time t. 

Note. The following method of representing the space 

Berve» to illustrate Art. 46. 

Join AGf and let jiM, qN be the ordinatee, and suppose 
the figure to revolve round AB^ ^M generates a circle whoso 
area xpiPxAM''- therefore this circle may be taken to 
represent the velocity at the time corresponding to AM, and 
the solid generated by ^gA'J/ represents the apace described in 
time MN. The whole space is tberefore represented by the 
cone generated by ABCf or ^AB.vBC', which gives the same 
result as before. 

(2) To Jinii the space described Jrom rest at any time Jy a 
particle under the action of a fores whose accelerating effect 
varies as tlte ni"' power of the time. 

This problem is more simply solved by applying directly 
the method of summation, since in order to find the area of 
the curve, constructed as in Lemma X., we should eventually 
be obliged to have recourse to that method. 

Let the time t be divided into n equal intervals, and let the 
acceleration by the force at the time ( be pf ; hence, at the com- 
mencement of the (r+l)"" interval, the acceleration will bey I— j 
and, if the force be continued uniform during this interval, the I 
velocity generated will bepf — j ,-,and if the same arrange- 
ment he made during each interval, the whole velocity generated.'! 
will be 



l"'-l-2"+. . .+ («-l)"' 



pC*^ ; hence, when the number of I 
intervals is increased indefinitely, it follows, by the reasoning A 
of Lemma IL, that the velocity at the time t=" — --. 

In the same manner, if the velocity at the commencement of 
each interval were continued uniform during the interval, the 
space described could be shewn to be 

r'"+2'""+...4 (w-1)"'" pt^ _ 
n"™ ' m + 1 ' 



whence, proceeding to the limit, the space described in the 



time t = 



(» + lH». + 2)' 



(3) To find the velocity acquired from rest^ when a hody is 
acted on hy an attractive force whose acceleratiny effect varies 
as the distance from a fixed point. 

Let S be tlie fixed point, A the point from which the motion 
commences, and let AB, perpendicular to SA, represent the 
accelerating effect of the force at A. Join SB, and let MP, per- 




pendiualarto SA^meet SB'mP; then^BinaiPMiBA:: SM: i 
I'M represents the accelerating effect of the force at M, and the 
square of the velocity acquired at M is represented, Art. 57, by 
twice the area BAMP or 8A.AB- 8M.MP. 

With centre S and radius 8A describe a circle A QB, and 
let MPQ, NE be ordinates at Q, B; then, if ^/.D be the measure 
of the accelerating effect of the force at a distance B, (vel.)" 
at M=fi{8A*- SM') ; therefore the velocity at M^ VW Q^- 

(4) Time of describing a given space from rest under the 
action of a force varying as the distance from a fixed point. 

The time of describing MN is ultimately, when MN is in- 

indefinitely diminished, -./. ^,/ = y - Tari —ir^ '* circular 

measure of QSB; therefore, if ( bo the time from A to M, 
t tJiti) will be the circular measure of A8Q. 

Let SA=a, then the distance from 8 at the time t=a cos \t V(m)I » 
and the velocity = a VW Bin[( ^(^))) hence, when t V{/*) = 



the particle will come to rest at the point J^ on tlie opposite 
side of 8, where SAl = SA, and, the time of oscillation from 



from wbicli the motion commences. 

(5) Simple harmonic motion. 
Def. The motion of a particle oscillating under the acttoi 

of a force tending' to a fixed point, and varying as the diataDC^ 
from it, is called simple harmonic motion. 

From tlie preceding propoBitions the following conatrnctiotfl 
for simple tiarmoDic motion, which may also be taken as i 
<ie6nitioD, is obtained. 

When a point Q moves uniformly in a circle, and an ordinatjJ 
QM ia drawn from its position at any instant to any diameter^ 
AA'j the motion of M, the foot of the ordinate, ia «ifl(p/«fl 
harmonic motion.* 

DfiP. The amplitude of a simple harmonic motion is thej 
rang'e SA or SA' on each side of the centre. 

The period Is the time which elapses from any instant nntill 
the moving point again moves in the same direction tbrougb>l 
the same position. 

(6) A particle is sulg'ict to the action of a force, whose acceJe-^ 
rating effect varies as the distance from a fixed pointy in 1 
direction of which it acts, the particle is projected from a gia 
point in a direction perpendicular to the direction of the force at 
that point, to find the path described hy the particle. 

Let the force tend to C, and let A be the point of projection, 
P the position of the particle at any time. 

Let CB, perpendicular to GA, be the distance in which a 
particle would be reduced to rest, if projected from C with the 
Telocity of projection ; bo that if V be the velocity of projec- 
tion, and /iCP be the accelerating effect of the force at P, 
V = nCB' by [S). 

' Xliomean's and Tait'a Nitiural Fhiioaopkn, Art G3. 
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Describe circles Bb, Aa having the common centre C, and 
draw CpP' cutting the circles in p and F', and di-aw j>h perpen- 
dicular to CB, and^m, P'Jfto CA. 




Keferring to (4) supra, it will be seen that two particles start- 
ing respectively one from rest at A and the other with the 
velocitj of projection at C, under the action of tlie same force, 
would arrive simultaneously at J/ and n, since the time in both 
cases is proportional to the angle P'CA. 

But tbe particle in the proposed problem is acted on at P by 
a force which is represented by PC, whose accelerating effect 
parallel to ^C and CB Is represented by MC and PM, there- 
fore tbe acceleration in ^ is the same aa that of the particle 
supposed to more in ^C from rest, and the retardation parallel 
to BG the same as that of the particle in CB, projected 
from C, therefore P la in the intersection of np and MP, and 
PM : Fit ■.-.pm: FM -.-.Cp -.CFy.CB :CA; therefore the re- 
quired path of the particle is an ellipse whose scmi-axee are 
CA and CB. 

Cor. X. Area ACPx area ACP'a: lACFre: time from A 
to P, hence the area swept out by the radius vector is propor- 
tional to the time. 

COE. 2. The square of the velocity at P Is the sum of the 
Bquares the velocities of the particles at Af and n=/* . P3P+/i .pjt* 
•=-lt..CI/, where CD is the seuii-diameter conjugate to CP. 

{7) The space descrSied by a body moving in a medium, in 
which the resislanae varies as the velocity, token no otiier force 
acta on the iody^ varies as the velocity destroyed. 
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Let the time AK be divided into equal intcrvala AB^ B(J, 
CD, ... ; and let Ad, Bb', ... be the velocities at the beginning 
of the intervals, the space ia time AK is represented hy the 
area dAKk'. 




Suppose the force of reaiatance to be constant throughout the 
intervals of time AB, BO, ..., and equal to the amount at the 
commencement of each, and let Aa, Bh, ... be the meaanrea of 
the retarding effect of those forces, then the velocity destroyed 
B represented by the limit of the sum of the parallelograms 
aB, bO, ... or the area aAKk\ hence the apace described and 
the velocity destroyed vary respectively aa the areas dAKk 
and aAKk; and, since the resistance variea as the velocity, the 
ratios Ad : Aa, Bb' : Bb, &c., are all equal; therefore, by 
Lemma IV,, the areas dAKk', aAKk are in a conatant ratio J ' 
hence the space described varies aa the velocity destroyed. ■ 

X. * 

1. If the square of the velocity of a body be proportional to 
the space described fi:om rest, prove that the aooelerating force is 
constant. 

2. At what point of the proof of Lemma X. ia it assumed 
that the body starts from rest ? 

3. State the proposition by which Lemma X. is replaced, when 
the body, instead of starting from rest, commences its motion with 
a given velocity, 

4. If a body move from rest under the action of a force which 
varies as the square of the time from the beginning of the motion, 
shew that the velocity at any time will vary as the cube of the 
time, and the space described as the fourth power of the time. 
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6. If t!io velocity after a time i from r99t be equal to b (2( + Cj, 
vhat will be th.e shape of the cuive in the 0gate, and the apace 
described in &nj time ? 

6. If the BC[uare of the velocity of a moving point vaiy as the 
time, find the space which will be described in a given time ; and 
shew that the aci:eler(ttion will vary inversely as the velocity. 

7. If the curve employed in the proof of the Lemma be an 
arc of a parabola, the axis of which ia perpaadicular to the straight 
line on which the time ia measured, prove that the accelerating 
effect of the tbrce wili vary as the dietance from the axis of tho 
parabola. 



XI. 

1. If in the velocity curve of Lemma X. there should oconr 
a point where the two parts of the curve cut one another at a 
finite angle, what would be the interpretation of this singularity ? 
Explain also what a point of inflexion would imply. 

2. A particle ia placed in the line joining two centres of 
attractiog force, the accelerating effiict of each of which varies as 
the distance, find the time in which the particle osciUatea. 

3. When a body moves from rest at A under the action of a force 
■which varies as the square of the diatanoe from S{= /i. Slf' at M), 
the square of the velocity at If = f^ {SA' - SM'). 

4. If a body be acted on from reat by a repulsive force which 
varies as the distance from a fixed point, find the velocity when the 
body arrives at any position. 

5. Two points move from rest in such a manner that tho ratio 
of the times in which the same uniform acceleration would generate 
their respective velocities at those times is constant Shew that 
their respective accelerations, at any time bearing that ratio, are 

6. Two forces reside at .S, one attractive and whose accelerating; 
effect on a particle varies aa the distance from S, and tho other 
constant and repulsive ; prove that, if a particle be placed at S, 
it will move until it be brought to rest at a point which is double 
the distance from S at which it would rest in equilibrium under the 
action of the forces. 

7. A particle moves from rest at A under the action of a force 
tending to S, and varying as the distance from S, and in its path 
towards S it strikes another particle of equal mass at rest at^; 
prove that, if the particloa be perfectly elastic, they will meet again 
en the opposite side of S at a distance eqnal to SS, and continiiQ 
to impinge at B and B' for ever. , 
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The vantshing svlfefises of the angle of contact^ in aU curves 
which have finite curvature at the point of contact, are 
ultimately in the duplicate ratio of the chords of the con^ 
terminous arcs. 

Case 1. Let-4Bbethearcofacurve,-<4i? its tangent aft I 
A, ^iJjflie subtense of the angle of contact SAB^pev 
pendicular to the tangent, AB the chord of the arc. 

Draw AG^ BG perpendicular to tho tangent AD and 
the chord AB respectively, meeting in Gj then let 




the points D, B, G move towards the points d, 5, g^ 
and let / be the point of ultimate intersection of the 
linea BG, AG, when the points B, D move up to A. 
It is evident that the distance GI may be made less 

than any assigned distance by diminishing AB. 
But, since the angles ABD and GAB are equal, and 
also the right angles -B-Di4, ABG, the triangles ^5i>, 
GAB are similar; therefore BD : AB :: AB \ AG, 
or BD.AG = AB'', and, similarly, bd.Ag = Al'- 
.-. AB':Ah' = BD.AG:id.Ag; 
I therefore the ratio AB' : Ah'' is a ratio compounded 
I of the ratios of BD : bd and A G : Ag. 



But, since GI may be made less than any assigned 
length, the ratio A G : Ag may be made to differ from 
a ratio of equality less than by any assigned dif- 
ference; therefore the ratio AB' : Alt' may be mado 
to differ from the ratio SB ; bd less than by any 
assigned difference- 
Hence, by Lemma I., the ultimate ratio AB" : Ab* is tho 
same as the ultimate ratio of BD : bd. q.e.d. 

Case 2. Let now the subtenses Biy, bd' be inclined at 
any given angle to the tangent; then, by similar 
triangles B'BD, d'bd , BD' -.bd' :: BD: bd, but ulti- 
mately BD : bd ■.: AE' : Ab* ; therefore ultimately 
BD' : bd' :: AB' : Ai'. q.e.d. 

Case 3. And, although the angle D' be not a given 
angle, if BD' converge to a given point, or be drawn 
according to any other [fixed] law [by which the 
angle D' remains finite, since BD' is a subtense], still 
the angles D, d', constructed by this law common 
to both, will continually approach to equality and 
become nearer than by any assigned difference, and 
will be therefore ultimately equal, by Lemma L, 
and hence BD', bd' will be ultimately in the same 
ratio as before, q.e.d. 

CoK. 1. Hence, since the tangents AD, Ad, the arcs 
AB, Ab and their sines BC, be become ultimately 
equal to the chords AB, Ab, their squares also will 
be ultimately as the subtenses BD, bd. 

Cor. 2. The squares of the same lines also will be 
ultimately as the sagitt^e of the arcs, which bisect 
the chords, and converge to a given point; for those 
sagiftae are as the subtenses BD, bd. 

CoH. 3. And therefore tho sagitta; will be ultimately 
in the duplicate ratio of the times in which a body 
describes the arcs with a given velocity. 

CoR. 4. The rectilinear triangles ADB, Adb are ulti- 
mately in the triplicate ratio of the sides AD, Ady 



and in the sesquiplicate ratio of the eideg DB, 3h*, 
since these triangles are in the ratio compounded of 
AD : Ad and BD : bd. So also the triangles ABC, 
Abe will be ultimately in the triplicate ratio of the i 
sides BO, be. Tlie sesquiplicate ratio may be re- f 
gardcd as the subduplieate of the triplicate, or as ] 

, compounded of the simple and the subdupUcata j 
ratios. 

Cor. 5. And, since DB, dh are ultimately parallel ancL 
in the duplicate ratio of AD, Ad [therefore, this 
being a property of a parabola,] at every point at 
which a curve has finite curvature an arc of a parabola 
can be drawn which will ultimately coincide with the 
curve; and the ciirviUnear areas ADB, Adb will be 
ultimately two-thirds of the rectilinear triangle» 
ADB, Adb; and the segments AB, Ah the third 
parts of the same triangles. And hence these areas 
and these segments will be in the triplicate ratio as 
well of the tangents AD, Ad as of the chords and 
arcs AB, Ab. 

SCHOLIUM. 

But, in all these propositions, we suppose the angle of 
contact to be neither infinitely greater nor infinitely 
less than the angles of contact which circles have) 
with their tangents ; that is, that the curvature at 
the point A is neither infinitely great nor infinitely 
small ; in other words, that the distance AI is of 
finite magnitude. 

For DB might be taken proportional to AU', in which 
case no circle could be drawn through the point A 
between the tangent^/) and the curve AB, and the 
angle of contact would bo infinitely less than that 
of any circle. 

And, similarly, if difi'erent curves bo drawn in which 
DB varies successively as AD', AIT,AIJ^, &c,, a series 
of angles of contact will be presented which may be 

. continued to an infinite number, of which each i^iU 



: 
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■ be Infirtitely less than the preceding. And if curves 
be drawn in which DB varies as AD', AD^, AD*, 
AD^, AD', &c., another infinite series of angles of 
contact will be obtained, of which the first will be 
of the same kind as in the circle, the second infinitely 
greater, and each infinitely greater than the pre- 
ceding. But, moreover, between any two of tliese 
angles an infinite series of other angles of contact 
can be inserted, of which each may be infinitely 
greater or infinitely leas than any preceding; for 
example, if between the limits AD' and AD' there 
be inserted AD'^',AD'^,AD\ AD\ AD^, ^Z>3,AOV, 
AD'^,AD'^,&c. And, again, between any two angles 
of this series there can be inserted a new series of 
intermediate angles difi'ering from one another by 
infinite intervals. Nor does the nature of the case 
admit any limit. 

The propositions which have been demonstrated con- 
cerning curved lines and the included areas are easily 
applied to curved surfaces and solid contents. 

These Lemmas have been premised for the sate of 
escaping from the tedious demonstrations by the 
method of reductio ad absurdiiin, employed by the old 
geometers. The demonstrations are certainly ren- 
dered more concise by tlie method of indivisibles; 
but, as there is a liarshncss in the hypothesis of indi- 
visibles, and on that account it is considered to be 
an imperfect geometrical method, it has been pre- 
ferred to make the demonstrations of the following 
propositions depend on tho ultimate sums and ratios 
of vanishing quantities and on the prime sums and 
ratios of nascent quantities, i. e. on tlie limits of sums 
and ratios ; and therefore to premise demonstrations 
of those limits as concise as possible. By these 
demonstrations the same results are deduciblo as by 
the metliod of indivisibles ; and we may employ the 
principles which have been established with greater 
safety. Consequently, if, in what follows, quantities 



should be treated of as if they consisted of particles 
findefimtely Bmall parts], or small curve lines should 
be employed aa straight lines, it would not be In- 
tended to convey the idea of indivisible, but of 
vanishing divisiblo quantities, not that of sums and 
ratios of determinate parts, but of the limits of sums 
and ratios ; and it must be remembered that the force 
of such demonstrations rests on the method eshibited 
in the preceding Lemmas. 

An objection is made, that there can be no ultimate 
proportion of vanishing quantities ; inasmuch as 
before they have vanished the proportion is not 
ultimate, and when they have vanished it does not 
exist. But by the same argument it could be main- 
tained that there could be no ultimate velocity of a 
body arriving at a certain position at which its 
motion ceases ; for that this velocity, before the body 
arrives at that position, is not the ultimate velocity ; 
and that, when it arrives there, there is no velocity. 
And the answer is easy: that, by the ultimate velo- 
city is to be understood that, when the body is 
moving, neither before it reaches the last position 
and the motion ceases nor after it has reached it, 
but at the instant at wliich it arrives ; i. e. the very 
velocity with which it arrives at the last position and 
wilk which the motion ceases. 

And, similarly, by the ultimate ratio of vanishing 
quantities is to be understood the ratio of the quan- 
tities, not before they vanish nor after, but with which 
they vanish. Likewise, also, the prime ratio of nas- 
cent quantities is the ratio with which they begin to 
exist. And a prime or ultimate sum is that with zohich 
it begins to be increased or ceases to be diminished. 

There is a limit which the velocity can attain at the 
end of the motion, but cannot surpass, This is the 
ultimate velocity. And the like can be stated of 
the limit of all quantities and proportions com- 
mencing or ceasing to exist. And, since this limit 



13 certain and definite, to determine it is strictly a 
geometrical problem. And all geometrical propo- 
sitions may be legitimately employed in deterniining 
and demonstrating other propositions which are 
themselves geometrical. 

It may also be argued that, if the ultimate ratios of 
vanishing quantities be given, the ultimate magni- 
tudes will also be given, and thus every quantity 
will consist of indivisibles, contrary to what Euclid 
has demonstrated of incommensurable quantities, in 
his tenth book of the JSlements. 

But this objection rests on a false hypothesis. Those 
ultimate ratios with which quantities vanish are not 
actually ratios of ultimate quantities, but limits to 
which the ratios of quantities decreasing without 
limit are continually approaching ; and which they 
can approach nearer than by ant/ given difference, 
but wliich they can never surpass, nor reach before 
the quantities are indefinitely diminished 

The argnment will bo understood more clearly in the 
case of infinitely great quantities. If two quantities, 
of which the difference is given, be increased infi- 
nitely, their ultimate ratio will be given, namely, a 
ratio of equality, yet in this case the ultimate or 
greatest quantities of which that is the ratio will 
not be given. 
In what follows, therefore, if at any time, for the sake 
of facility of conception, the expressions indefimtely 
emallf or vanishing, or ultimate be used concerning 
quantities, care must be taken not to understand 
thereby quantities determinate in magnitude, but to 
conceive them in all cases quantities to bs diminished 
without limit. 



Citruafure of Curves. 
60. The curvature of a curve at auy point is greater or less 
as the amount of deflectioQ from tlio tangeut at that point, in 
the Immediate neighbourhood of the point, is greater or less. 



Two carves will have the aame curvature at two pttints, taken 
one in eacb, !f at equal distancos from the polats of contact, in 
the immediale neighbourhood of the puintti, they have the aame 
deflection from the tangents at those points. 

61 . An exact geometrical teat of eiuality of curvature may J 
be obtained as follows: 

li AB, ah bo two curves which have the same curvature at 
Aj a reapectively, draw the tangents AG^ ae and take AG=ac. 



Draw subtenses .BO, he inclined at equal angles to the tangents. 

HBO and ho were equal, for all equal values of AG, acy the 
curves would be equal and similar. If BG : he be ultimately 
a ratio of equality, when AG, ac are taken iudeSnitely small, 
the curves will have the same deflection from the tangents in the 
immediate neighbourhood of A, a, or the curves will have the 
■amo curvature at those points. 

If the chords AB, ah be drawn, it will be an immediate con- 
aequoQce that the ultimate ratio of the angles BAO, bao will be 
a ratio of equality. These angles are called the angles of contact. 

Hence, curves will have the aame curvature at two points, 
one in each, if, equal tangents being drawn at those points, 
and subtenses inclined at any equal angles to the tangents, the 
limiting ratio of the subtenses be a ratio of equality, or if the j 
limiting ratio of the angles of contact be a ratio of equality. ' I 

62. The curvature of one curve will be Infinitely greater ot 1 
infinitely leas than that of another if the limiting ratio of the 
subtense of the first to that of the second be infinitely great 
or inSnitely small. 

63. The ratio of the curvature ot one curve to that of 
another at two points, or of the curvature of the aame curve at 

two different points, is the limiting ratio of the subtenaes drawn 
from the extremities of equal tangents and inclined at equal 
angles to the tangents. 



64. The cnrvature of a curve is said to be 6oite, at any 
poiot, when the ratio of the curvature at that point to that of 
any circle whose radius Is finite, is a finite ratio. 

65. The curvature of a circle is the same at every point. 

Let A, a be any two points on a circlej -4(?, ac equal tan- 
gents at A, a, CB^cb subtenses perpendicular to the tangents, 
ODy Od perpendicular to the subtenses produced; therefore 
GD = cd, each being equal to the radius, and BD = bd- hence 
BG=hc always, and therefore ultimately, when the ares are. 
indefinitely diminished, BC : 6c is a ratio of equality j therefore 




ike 



the circle has the same curvature at any two points. 

66, In different circles the curvatures vary inver 
radii. 

In the last figure, produce CB to the circumference in E. 
Then, AC'=CB.CE; also, if-d'C be a tangent to another circle, 
and A'C he taken equal to J (7, and the same construction be 
m&ie, A'C'-^C'B-.C'E-; therefore CB.CE=C'B'.C'E; xaA 
CB'.C'B' :: G'E' : CE; and when AG, A'C' are Indefinitely 
diminished, CE='2A0; therefore GB : C'B" :: A'O' : AO,u\ti- 
mately, op the curvatures are Inversely proportional to the radii. 

Measure of Curvature. 

67. The curvature of a circle is the same at every point j 
the corvatiures of different circles vary Inversely as the diameters 
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of the circles ; an3 a circle can fee constructed of any clegrea 
finite curvature by varying the magnitude of tlie diameter. 

Hence, a circle can always be found whose curvature at any 
point is equal to that of a curve at a fixed point. 

The curvature of a curve at any point is therefore conapletely 
determined when the diameter of the circle is found, which has 
the same curvature as the curve at the given point. 

The diameter of the circle, which has the same curvature as ' 
the curve at a given point, is called the diameter of curvature of I 
the curve at that point. 

The chord of the circle, drawn in any direction, is called tho j 
chord of curvature in that direction. 

The circle Itself is called the circle of curvature, and ia t 
circle tvhich has the same tangent as the curve at any point} and I 
also the same curvature. 

68. Any other curve might have heen chosen to establish i 
standard measure of finite curvature; but, since no curve but 
the circle has the same curvature at every point, it would then 
have been necessary, after selecting the curve, to specify the 
point, the curvature at which might he made the measure of , 
curvature. 

Thus, if the standard curve were a parabola, we must choose ] 
the curvature of the parabola at the vertex or at the extremity I 
of the latua rectum or at some determinate point, by which t 
obtain the measure. 

The ukconvenience b obvious. 



General Properties of the Circle of Curvature. 

G9. If a circle be drawn touching a curve at a given point, 
and cutting it at a second point, as the second point approaches 
indefinitely near the point of contact, the circle will assume a 
limiting magnitude, and will evidently satisfy the condition of 
having the same curvature as the curve at that point. 

70. Since a tangent at any point ia the limiting position 
of a side, terminated in that point, of a polygon Inscribed in 
the curve, when the number of aides is increased indefinitely, 
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BO the circle of curvature at any point Is tlic limiting circle 
"which passes through three consecutive angular pointa of the 
polygon, one of which coiucidea with the point. 

71. No circle can he, draum whose circumference lies tetween 
a curve and its circle of curvature, in the neigjibourhood of i/ie 
point at which the circle of curvature is drawji. 

For, let AQ he the arc of the curve, Aq of the circle of 
curvature ; and let, if poaaible, another circle be drawn, of which 
the arc AS lies between the curve and circle, and having there- 
fore the same tangent AR at A ; and let BQ, the aubtense per^ 
pendlcular to the tangent, cut the circles in S, q. 




Then SE : qR will be ultimately in the inverse ratio of the 
diameters of the circles; therefore SR will be ultimately unequal 
to qR; but, since qR and QR are ultimately in a ratio of 
equality, SR, which is intermediate in magnitude, will be ulti- 
mately equal to either, which is absurd ; therefore no circle, &e. 

This proposition correspouda to Euclid iir., Prop. STI. 

72. The circle of curvature generally cuts the curve. 

For the curvature of the curve at different points taken along 
the curve continually increases or continually diminishes, until 
it arrives at a mJiximura or minimum value. 

If therefore the circle of curvature be drawn at any point, 
on the side on which the curvature is increasing, as we proceed 
from the point, the curve will lie within the circle, and on the 
other aide, on ■which the curvature is diminishing, the curve will 
lie without the circle; which proves the proposition for the 
general position of the point. 

For the particular case. In which the point is at a position 
of maximum or minimum curvature, as at the extremities of the 
axes of an ellipse, if the curvature be a maximum the curvature 
at adjacent points on either side will be less than that of the 
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circle of cnrvature at the point nnder consideration; therefore 
the circle will lie entirely within the curve on both sides near 
the point of maximum curvature; and, similarly, it will lie 
without the curve at points of minimum curvature. 

We can illustrate this by reference to the polygon inBcribed 1 
in the carve ; see the figure in the following page. 

If, in the curve, equal chords AB, BC, OD, DE,... be placed 
in order, generally the angles ABG, BOD^ CDEy.. will increase 
or decrease, commencing from any point, which property of the 
polygou will have in the curvilinear limit, when the chords are \ 
diminished indefinitely, the corresponding property, that the i 
curvature decreases or increases continually. 

Suppose the angles are increasing from B; make the angles 
CBA', GDE' equal to the angle BCD, and BA\ BE' equal to 
BG^ CD...', then a circle through B, C, D will pass also through 
A' and E', and these points will be on opposite aides of the 
perimeter of the polygon, whence, if we proceed to the limit, 
the circle of curvature at a point in the middle of increasing 
curvature will cut the curve. 

If the angles ABG and DEF be each less than the angles 
BCD, CDE, supposed equal, the curvature will decrease and 
then increase, and the circle about BCD will pass through E, 
and BA, EF will lie within the circle, and, proceeding to the 
limit, the circle of curvature will lie without the curve, near 
the point of minimum curvature. j 

Evolute of a Curve. 

73, Def. K the circles of curvature be drawn at every 
point of a curve, the centres of those circles will lie in a. curve 

which is called the euolate of the proposed curve. 



Bropertiei 



of the Evolute. 

\wrapped from the evolute of 



74. Tlie extremity of a string 
a curve traces out the curoe. 

Let ABODE he any equilateral polygon, and let a'a, h'b, c'o 
Sd be drawn perpendicular to the sides from the middle pointa 



a', J', &c., these intersect in the angular points abed... of another 
polygon. 

If a string were wrapped ronnd a'ahcd... the extremity a' 
would as the string was unwrapped pass through the points 
a'6'c'(f. 

Let now the number of sides of the polygon be increased and 
the magnitude diminished indefinitely. 

The points a'b'c... will be ultimately in the curve which is 
the limit of the polygon, and since a, 6, c... are the centres 
of the circles described about ABC, BCD,... , a, b, c,... will bo 
ultimately the centres of the tii'cles of curvature at a'b'c... , and 




the curve, which is the limit of the polygon ahcd..., will be the 
evolute of the curve a'b'c. ..^ and the property proved for the 
polygons win be true for the hmits of the polygons, therefore 
the extremity of the string unwrapped from the evolute will 
' trace the curve of which it is the evolute. This property gives 
rise to the name of evolute. 



Dep. The curves formed by the unwrapping of a 
from a cnrve are called involutes. 



string 



75. The tangent to the evolute of a curve ia a normal to the 
curve. 

Since b'b is ultimately the tangent to the evolute and is 
perpendicular to BC, which is ultimately the tangent to the 
curve a'b'c'... , therefore the tangent to the evolute is a normal 
to the curve. 
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Propositions on Diameters and CJtorda of Curvature. 

76. Jf a subtense he drawn from Oie extremity of at 
of finite curvature, in any direction, the chord of curvature 
parallel to that direction will be the limit of the third prow 
porlional to ike subtense and the arc. 

Let PQ, Pq be arcs of a curve and its circle of curvature 
at P, let PB be tlie common tangent, and RQq the direction 
of a common subtense, meeting the circle in U. 

Praw the chord PV parallel to RQ. Then, since Pq.It U=P^^ 
if 17 ia the third proportional to Sq and PM. 




But, ultimately, when PQ h IndeSnitely diminished, JJ?7=PF, 
Bad PR = PQ, by Lemma VII. also, i?2- -^5 by the property 
of the circle of curvature. 

Therefore PV is the limit of the third proportional to PQ 
and FQ. 

COE. The diameter of curvature is fhe limit of the third pro^ 
portional to the subtense perpendicular to the tangent aiid the aro.^ 

77. The ttco chords of curvature at any point of a parabola 
drawn through the focus, and in the direction of the diameter, are 
each equal to four times the focal distance of that point. 

Let AP be a parabola, P any point, EQ a subtense parallel 
to the diameter P^fx, QM the ordinate at Q, 8 the focus. 
Then, hy a property of the parabola, QM'' = iSP.P3I^ there- 
fore iSP is a third proportional to P3I and QM, i.e. to MQ 
and PM. 

Hence, iSP is the limit of tbe third proportional to ths 



Bnbtense QR and the arc PQ, and is therefore equal to tlie 
chord of uurrature at P in direction of (he diameter. 




And, since PS, PM are equally inclined to the tangent at P, 
the chorda in those directions are equal ; therefore the chord of 
curvature through 8 \s four time» the focal distance 8P. 

78. One-fourth of the diameter of curvature at any point 
of a parabola is a third proportional to the perpendicular front 
the focus on tlte tangent at that pointj and the focal distance of 
that point. 

For, draw 8Y, QR perpendicular to PE, and let PI be the 
diameter of curvature at P. 

Then PI. QR = PQ^ = PR^ ultimately, =4SP. QJR\ 
.: PI:i8Pi: QB: QR:: SP: 8Y; 
Bince the triangles 8YP, QR'R are Bimilar; therefore \PI a 
a third proportional to S'S and 8P. 

79. The chord of curvature at any point of an ellipse drawn 
through the centre of the ellipse ts a third proportional to the 
diameter through that point and the diameter conjugate to it. 

Let P be any point In an eUlpse, PCG the diameter, BCD' 
conjugate to it, Q any point near P, QR a subteose parallel 
to CP, QM an ordinate parallel to DC, PV the chord of curva- 
ture drawn through C. 

Then PV. QR = PQ' = QiP ultimately, 

and QW-.PJl.MGi-.CIf-.CP'; 

. PV. QR: QR.MOi-.CB': CP* ultimately; 
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.-. PF:2(7P:: GZ>": CP ultimately; 

/. PV.GPi CP'ii^Ciy : CP", 

and FV.CP=2CD'i 




or PV is a third proportional to PG and BCD'. 

80. The chord of curvahire at any point through tne jocus is 
a third proportional to the major axisj and the diameter parallel 
to the tangent at that point. 

Draw the focal distance SP cutting the diameter DGD' in jF, 
let PV be the chord of curvature through /S, and draw the 
subtense QB' parallel to SP. 

Then PV :PV:: QR: QE ultimately 

: : CP : PE by similar triangles ; 

.-. PV.PE=PV.CP=2CD'i 

.\ PV is a third proportional to 2PE and DGD', 

and 2PE is equal to the major axis. 
Similarly for the other focus JET. 

81. The diameter of curvature at any point is a third pro* 
portional to twice the perpendicular from the point on the diameter 
parallel to the tangent and that diameter. 

Draw QE' perpendicular to the tangent, and PF perpen- 
dicular to DCD\ and let PI be the diameter of cui'vature. 

PIiPV:: QB: QE'iiCPiPF; 

.-. PI.PF=:PV.CP=^2Ciyi 

••. PI is a third proportional to 2PFand DCiy. 



82. Since the chord of cnrvatnre in any direction varleB 

inversely aa the subtense QR drawn in that direction, it ia easily 
seen that, if PL be the portion of the chord intercepted between 
P and BCD', the chord of curvature at P in the direction PL 
vill be the third proportional to 2PL and BCD', 

83. The propositions concerning the chorda and diameter 
of curvature of an ellipse may be proved in the Bame words for 
the hyperbola, employing the following figure. 




84. The radius of curvature at anij point of a eomc section 
is to the normal in the duplicate ratio of the normal to the semi- 
latua return. 

Let PK be the normal, PO the radius of curvatnre at P, 
L the semi-latus rectum. 
^) For the parabola, 

P0:2SP::SP:SY:: SY:8A; 
.-. P0:28Y:: SP: SA :: iSP.SA : P; 
but PK=28Y; .-. PK' = iSP.BA; .: PO: PKi: PK* i L\ 
(ii) For the ellipse or hyperbola, 

PO.PF= CLf and PK.PF=BC*; 

.: PO-.PKii GI>':BG'::AC':PF'; 

but PF.PK=BC' = L.AG; .: AG i PF:: PK: L', 

.: PO : PK :: PK' : L: 
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85. To find the chord common to a conic section and 

drch of curvature at any point. 

If a circle interaect a conic section in four points, as PQUR \. 
and these points be joined in pairs hj tvro lines, theae lines will \ 




lie equally inclined to tlie axis of the conic section. Thos, in J 
the conic section, PQ, RU ws equally inclined to the axis. 

For, if UR, QP intersect in 0, OR.OU= OP.OQ, henca \ 
the diameters of the ellipae parallel to UR, QP will be equal, 4 
and therefore equally inclined to the axis. 

Let Q and R move up to and ultimately coincide with P, 
then the intersecting circle hecomea the circle of curvature at P, 
and PQ is in the direction PT of the tangent, ultimately, and 
MU assumes the position of the chord common to the conic 
section and the circle of curvature at P. Hence, if PV be 
drawn at an equal inclination with PT to the axis, PV will ha 
the common chord required. 

And, if VI be drawn perpendicular to PV, meeting tha I 
normal at P in /, PI will be the diameter of curvature at P. 

86. To find the radius of curvature of a curve defined hy 
the relation between the radius vector and the perpendicular from 
ihepole on the tangent. 

Let PY, PF Y' be the directions of consecutive sides of a 
polygon inscribed in a curve, 8Y, 8Y' perpendiculars on these 
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eidea; ^raw PO, VO perpendicular to the same Hides, Inter- 




by B^milar triangles FVP, 8TP, and PW=PY' ultimately; 

.*. POi SP::PU: YW:: fiP- fiP' : fiF- SF ultimately. 

Also, if PF be the chord of curvature through S, 

PV:2P0:: SYiSP; 

.-. PVi 2SY:: SP ^ SP ; SY ^ SY' ultiujately. 

Ohservatt'ons ore the Lemma. 

87. In the proof of Lemma SI., AI is the limit of the 
third proportional to BS and AB^ hence it is the diameter of 
curvature of the curve at A, 

88. For an example of a law according to which, in Caae 3, 
the directions of the subtenses may be determined, we may 
suppose that they always pass through a point given in position 
at a finite distance from A, or that they always touch a given 
curve; but it must be observed that the caae a which they 
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toucb a cDFve wliict has the same tangent AD at A la exclH3efl,1 
Hince in this case the angles D\ d' do not in the limit remain | 
tiuite, 3 property required ia the name subteose. 

89. Dep. If a line be drawn from the middle point of an 
arc of a curve, making a finite angle with the chord, the part 
intercepted between the chord and the arc ia called the aagitta 
of the arc. 

90. The aagitta of an arc is ulttmatehj one quarter of the 
tuhlense drawn at the extreiniti/ of the arc parallel to the aagitta. 

Let the aagitta FE bisect the arc AB in E, and be pro- 
duced to the tangent at .4 in G, and let BD be a aubtensB j 
parallel to FE. 



Then -£0:50 !r.4E":^iJ' ultimately; .-. BD = lEaf I 

also BD : FQ :\ AD : A6 i: AB : AE ultimately ; 
.-. BD = iFQ = i.EO; hence Fi;= -EG = ^5/) ultimately. 

91. Cor. 5. The parabola mentioned in this corollary is a* 
parabola of curvature at that point ; for, since DB is taken in 
any given direction, the proportion BD i bd :: AD' : Ad' proves 
that the curve is ultimately in the form of a parabola, and that, 
therefore, the line through A drawn in the given direction is the 
corresponding diameter of the parabola of curvature. 

Hence the axis of the parabola may be taken in any as- 
signed direction. 

If the subtenses be perpendicular to the tangent, the parabola 
of curvature will be the parabola whose curvature at the vertex 
will determine the curvature of the curve, since the axis will be 
perpendicular to the tangent, and if iA U, in the figure page 104, 
be the third proportional to the subtense and arc, the limiting 
position of i7 will be the focus of the parabola. 

By means of this corollary tbe proposition alluded to und^ | 
Lemma IX., Art. 44, is established; viz. that the ratio of thsTj 



areas which takes place of the duplicate ratio, obtained in that 
Lemma, is the triplicate ratio of the same linea, when the line, 
AE, instead of cutting the tangent at a finite angle, coincides 
with the tangent. 

92. Scholium. Let ABy ji<7 be two curves, having a 
common tangent AD at A, and let aubtenaes DB, DBC of the 




angles of contact be drawn from D at any point in the tangent 
in the same direction, and let BD x AIT, CD oc AD" in the 
curves ABy AG respectively. Draw dbc a common ordinate 
from a fixed point d, parallel to DBG, Then 
Air-.Ad^-.-.BD-.hd, 
and Air : AcT :: CD : cd, 
and If TR be greater than n^=n-\-r euppose, 

AUf.ADT : Ad'.Ad' :: BD : bd- 
.*. CD. Air : cd .Ad' •.-.BD-.hd 

-.-.BD .AD' -.Id. AD", 
.: CD :BD::cd .Ad' :: hd .AD', 
and since J, c, d are fixed, and AD vanishes in the limit, there- 
fore CD is indefinitely gi-eater than BD ; also, since the angles 
of contact BAD, CAD are nitimately proportional to BD, CD, 
it follows that, if in two curves the subtenses vaiy according 
to different powers of the arcs or tangents, the angle of contact 
of that cmre in which the index of tho power is the least will 
be infinitely greater than the angle of contact of the other. 

Uluslrations. 
(I) Ttoo tangents AT, BT are drawn at the extremities of 
an arc AB, to prove that AT is ultimately equal to BT, when AB 
M indefinitely diminished. 
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Draw TGUV in any direction making a finite angle with the 
tangents, and meeting the circles of curvature at A and B mUV. 




Then since the circle of curvature at A is the limit of the circle 
which passes through G and has the tangent AT 9,i A^ and 
similarly for that at B^ we have ultimately 

TA^ : TB^ :: TG, TU\ TG. TV, 

and TU^ 77 ultimately ; /. TA = TB ultimately. 

Cob. If BD be any subtense of the arc AB, 

AT+TB=AB= AD ultimately ; 

therefore AD will be ultimately bisected by the tangent BT. 

(2) If BT be a tangent at B, AB, BG equal chords of a 
curve of finite curvature, drawn from J?, and AB be produced 
to Cy making Bc^AB, and Cc be joined meeting BT in T^cT 
will ultimately be equal to GT, when the arcs AB, GB are 
diminished indefinitely» 

Let -4 i7 be drawn parallel to GT, meeting the tangent at jB 
in Z7, and let two circles touch UBT at B and pass one through 




A and the other through C, and let BV, BV be chords of these 
circles drawn parallel to AU ox GT, then ATJ.BV^AB^, and 
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CT.BV' = SC*; bat BV=SV' ultimately, since the two circles 
are each ultimately the circle of curvature at B and AB=BC, 
therefore A U= Cr ultimately. 

Through B draw RBR parallel to AC, meeting AU \a E 
and Cc in R, then R'U=RT, therefore 2RT is the difference 
between AU and CT, hence RT ultimately vanishes compared 
with CT, and since CR = Rc, therefore CT^ Ta ultimately. 

(3) If, from the point of contact of a curve with its tangenn 
equal distances he measured along the curve and tangent, the line 
joining their extremities will ultimately ie parallel to the normal 
at the point of contact. 

In the last figare, let, BG, BT be equal diatancea, meaBured 
along the arc and the tangent ; join CT, let the tangent at G 
meet BTm D, produce BT to i>^ making DF=£>C, take BE= 
the chord BC, and join £C and FC. 

Since the arc BG ia intermediate in magnitude between 
BD + DG and BC, therefore, BT being equal to arc BC, the 
point T lies always between E and F. But the trianglea BCE, 
DCFhewR both isosceles, each of the angles BEG, BFC will 
alliniately be a right angle, therefore the angle BTG, which ia 
less than BEG and greater than BFC, will also ultimately be 
a right angle. 

Hence CT will ultimately be parallel to the normal at B, 

Note. In order to shew tho danger of falling into an error 
by a careless employment of the propositiona proved in the 
first section, the following fallacious proof may be noticed of 
the above proposition. 

In the figure page 102, join BG, then BT: CB will be 
ultimately a ratio of equality, by Lemma VII ; therefore GBT 
being an isosceles triangle ultimately, CTwill be perpendicular 
to the line bisecting the angle GBT, and therefore to the 
tangent BT, since ^Tand BG will ultimately coincide with the 
bisecting line. 

The fact is that Lemma VII. only allows ua to assert that 
fTand the chord BC differ by a quantity I't, which vaniahca 
compared with either of thera, and therefore Tt may ac BC\ 
but, by Lemma XI, CT <k BC; hence Tt: GT may possibly 
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be a finite ratio, oF OT may be ultimately inclmed at any finite 
angle to BT, at least as far as the reasoning given in the above 
proof is coDcemed. 

(4) To coTistruct /or the focua of the parabola of curvature I 
whose axis is in a given direction. 




Let AB be a curve of finite curvature, 5-0, Id subtensea 
parallel to AE the given direction. Draw A XJ perpendicular to 
^i7, and ^iS* making angle UA8 = UAE; then since AE'isa, 
diameter of the parabola by Art. 91, A8 is in the direction of 
the focua. 

Also, if ^AS be taken a third proportional to BD and AD^ 
the limiting position of 8 will be the focus of the parabola. 

(5) To find the locus of the focus of the parabola of curvatuTtf 
when its axis changes its direction. 

Let S(7 be perpendicular to ^O, and AUhe chosen so that 
AAXJ.BO = AC, then the limiting position of (7 is the focus of 
the parabola whose curvature at the vertex is the same as that 
of the curve at A ; also, if 8 be the focus of the parabola whose 
axis is parallel to DB, iAS.DB = AD' = AC, ultimately; 
therefore AU : AS :: BB : BC, and:; SAV-^lDBC; hence 
if we join SV, the triangles SAV^ CBD will be similar, and 
L ASU= L BCD =■ a right angle ; therefore the locus of S ia 
n circle on ^^^as diameter. 

(6) ABC is an arc of finite curvature, and is divided so that 
AB : BC i: m : n, a constant ratio i Join AB, AC, BC, and 
shew that, uUimatelt/, AABG i segment ABC : : bmn : [m -f n)\ 



For, by Cor. 5, Lemma XI. 

seg AB: seg ABC:: A^ : ABC ;: m':{m + «)' 

Beg BO : seg ABG :: n* : {m + n)' ; 

.'. Beg AB + Kg BG : aeg ABG :: m' +n': (m + n)', 

and A -dSC = seg ^5(7 - seg JLB - seg BG', 

.: i u45a : seg ABC :: 3 (m'n + mn") : {j» + «)' 

: : 3mn : (m + *i)*. 

(7) Tojind the chord of curvature, at any point of the cardiotd, 
through &efocua. 

It IB easily seen from p. 56 [3), that 8Y being perpendicnlar 
to PT, the triangles PSY,pBm, and GBp are similar; 




.'. BY: 8P:: Bm:Bp::Bp: BG; 

.-. SY'iSP'r.SF: BG, since Bm = 8P, 

.'. 8Y*BG= fiP, and (SF* - BY") B0= SP'-8P^; 

.-. «P-SF : SY^ST :: 2SY.BG: SSP* nltimately; 

.-. by Art. 86, chord of onrvature : 28Y:: 2SP: 38Y; 

therefore the chord of curvature through S = ^8P. 



rn. 

1. Prove that the focal distance of the point in the parabola at 
which the curratureis one-eighth of that at the vertex is equal to 
thelatns rectum. 
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2. Prove that the diameter of currature at the Tertex of tbe 
major axie of an ellipse is equal to tbe latus rectum : and ehew 
that the ratio of the curvature at the extfeuiities of the axee is that 
of the cubes of the axes. 

3. Shew that at no point of an ellipse «ill the circle of 
curvatuTo pass through the centre, if the eccentricity be leas 
than V^. 

4. Find for what point of an ellipse the circle of ourvatura^ 
passes through the other extremity of the diameter at that pou^l 
eUew that the distance of this point from tbe centre ia the side (dTfl 
the square of whicb AB is the diagonal. 

5. In a rectangular hyperbola, the diameter of curvature at any 
point, and the chords of curvature through tbe focus and centre a» 
in geometrical progression. 

6. Prove that at a point P in an ellipse for which the minor 
asis is a mean proportional between the radius of curvature and 
the normal, PC = AC - BC. Shew that this ia impossible unless 
ACt^BC. 

7. If the radina of curvature for an ellipse at ^be twice thsil 
normal, prove that CP = CS. 

Ifmoreover.dC= 2BC, prove that CP •= SPJf. 

8. If the circle of curvature at a point P of a. parabola pass 
through the other extremity of the focal chord through P, and tbe 
tangent at P meet the axis in T, prove that the triangle PST will ■ 
be equilateral. 

9. Prove that the distance of the centre of curvature, at aajr] 
point of a parabola, from the directrix is three times that of tJ 

10. If me circle of curvature at a point on a parabola tooc. 
the directrix, the focal distance of the point will be ?e of the latB 
rectum. 

11. PQ ifl a normal at a point ^ of a rectangular 
meeting the curve again in Q, prove that PQ is e< 
diameter of curvature at P. 

12. Prove that the portion of the normal intercepted betwee, 
the liae joining the extremities of the two chords of curvature thiougl 

the foci of an ellipse, and the point of contact P, is -p-„- . 



13. A Gxed hyperbola is touched by a concentric ellipse. If 
tlie curvatures at the point of contact be equal, the aiea of the 
ellipse will be confittint. 

14. Shew that the directrices of all parabolas tottching a curve 
of finile curvature at any given point, and having the same curvature 
at that point as the curve, paaa through a fixed point, 



1. Prove that the chord of curvature through the vertex A 
of a parabola : 2F¥ : : 2P7 : AP, Y being the intersection of the 
tangents at P and A, 

1. Apply the property that the radius of onrvature at any point 
of an ellipse is to the normal in the duplicate ratio of the normal to 
the semi-latus rcciiiTii, to Ebew that the radius of curvature at the 
extremity of the major ttxis is equal to the semi-latUEi-rectum. 

3. Assuming only that a curve has a Hubnormal of constant 
length, prove geometrically that its radius of curvature varies as 
the cube of its normal. 

4. If Pp be any chord of an ellipse, PT, pT tangents at P 
and p, shew that the curvatures at P and p are as the cubes of pT 
and PT. 

5. Shew that the sum of the chords of curvature through a 
focus of an ellipso at the extremities of conjugate diameters is 
constant. Also, if p, a be tho radii of curvature at those points, 
prove that p' + a' is constant. 

6. Prove that the chords of curvature through any two points 
on an ellipse in the direction of the line joining them are in the 
same ratio as the squares on the diameters parallel to the tangents 
at the points. 

7. Prove that the distances of the centre of curvature at any 
point of an ellipse and of that point from the minor axis are in tho 
duplicate ratio of the distanceB of the point and the directrix froni 
the same axis. 

8. An hyperbola touches an ellipse, hftving a pair of conjugate 
diameters of the ellipso for its asymptotes. Prove that the curves 
have the same curvature at the point of contact. 

9. Shew that, if D be the diameter of an ellipse parallel to the 
tangent at a point P, whose eccentric sugle is ^, (he length of the 
chord common to the ellipse and circle of curvature at P will be 



1 0. Deteraunfl a parabola of curratnre in iiiag:nitude and position 
for any point in a circle, vhen the eubteaBes are ineliaed at 45° to 
the tangent. 

11. If X, y be Ihe coordinfttes of a point i* of a eurre OP, 
passing through the origin 0, the diameter of curvature at viU 

be — r — — ultimately, a being the inclination of the tancrent 

a:sina-ycosa j< o a 

at to the line of abscissEO. Henoe shew that, if the equation of 
a curvo, referred to rectangular areas, be y' -^.2ay-2ax = % the 
tadius of curvature at the origin will be 2 V2 . a. 

12. A circle ia a circle of curvature, at a fixed poiot in the 
(nrcumference, to an ellipse, one focus of which lies on the circle, 
shew that the locus of the other focus is also a circle. 

13. Prove Ihat^the chord of curvature at any point P of an 
ellipse in any direction PQ ie ttitlf the harmonic mean between the 
two tangents drawn from P to the confocal conic that touches PQ, 
the tangents being reckoned poaitiTe when drawn towards tha 
interioi of the ollipae. 
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1. If ^^^ be the chord, -47J the tangent, and 57> the subtense,. I 
for an arc A CH of finite curvature at A, tind the limit of the ratio J 
area A C££ : area A CUD, as IS approaches A. 

2. An arc of continuous curvature PQS is bisected in Q, PT tA 4 
the tangent at P; prove that, ultiniately, as S approaches P, the: J 
angle JiPT is bisectod by PQ. 

3. If AD be an arc of finite curvature bisected in C, and 7 bk J 
a point in tbe tangent nt A, at a finite distance Irom A, prove that'l 
the angle £T0 will be ultimately three times iJie angle CTA, whflB-'l 
£ moves up to A. 

4. Two curves touch one another, and both are on the same 
dde of the common tangent. If in the plane of the curves this 
tangent revolve about tbe point of contact, or if it move parallel to 
itself, the prime ratio of the nascent chords in the former case will 
be the duplicate of their prime ratio in the latter case. 

5. ACS is a sniall arc of finite curvature; prove that the mean 
of the distances of every point of the arc from the chord AJi is 
equal to J- of the distance of the middle point of the arc from the 
chord, and that the mean of the distances of every point of the aio 
from the tangent at either extremity of the arc is equal to i of the 
Stance of the middle point of tbe am iiom the same tangent. 



6. When on an arc of continuous curraturB there is no point 
where the curvature ie a mnximum or minirauni, the cirdee of 
curratuie at the extremities of the arc cannot intersect. 

7- If S be any point in the plane of a curve, P any point on 
the curve, F the correapunding point on the pedal for which 8 ie 
llie pole, V the point where PS cuts the circle of curvature at P, 
F' the corresponding point for the pedal, then ASP.SV'=PV-YV'. 

8. The radius of curvature in a curve increases uniformly with 
its inclination to a fixed radius. Prove that the area between the 
curve, its evolute, and the two radii of curvature of lengths a, b, 
which contain an angle f, is J {a' + ai + i") <p. 

9. A curve is such that the radios vector makes half the angle 
with the normal that it does with a fixed line ; find the chord of 
curvature through the pole. 

10. In a segment of an arc of finite cnrvature a pentagon ia 
inscribed, one eide of which ia the chord of the arc, and the remaining 
sides are equal. Shew that the limiting ratio of the areas of the 
pentagon and segTnent, when the chord moves up towards the 
tangent at one extremity, is 15 : 16, 

11. APQ is a curve of continued and finite curvature, P and Q 
are two points in it, whose absciat^ce alung the normal at A are 
always in the ratio m : 1, and from B, C, two points in the normal, 
straight lines BPh, CPc, BQh\ CQc' are drawn to meet the tangent 
at A. Shew that, when P and Q move up to A, the areas ot 
the triangles bPc, VQe' are ultimately in the ratio m° : 1, 

12. AB is an arc of finite curvature at A, and a point P ia 
taken such that AP : PB ie in the constant ratio of m : m. Tangents 
at A and B intersect the tangent at P in T and E. and AB ie 
joined. Prove that the idtimate ratio of the area ATEB to the 
segment APB, as B moves up to A, ia 3{»i' + wi« + »'} : 2(i» + n)', 

13. The tangent to a curve at a point B meets the normal at 
a point A in T, C is the centre of cuiTatui'e at A, and a point 
on AC; prove that, in the limit, when B moves up to A, the 
difi'erence of 0^ and OJ? bears to ^T the ratio OC : OA. 

14. is a point within a closed oval curve, P any point on the 
curve, QPQ' a straight line drawn in a given direction, such that 
QP = PQ' = PO', prove that, as P moves round the curve, Q, Q' 
ti-nce out two closed loops, the sum of whose areas ifi twice the area 
of tlie original curve. 
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NOTE ON MAXIMA AND MINIMA. 

93. When a variable njagnltude changeB Its value in con- 
sequence of the cbange of some element of its conatruction, 
the law of its variation can be graphically represented by the 
form of a curve in which the ordinate and abscissa of every 
point represent respectively the corresponding values of the 
variable magnitude and of the element on which it depends. 

Examples of this mode of representation have been given 
in Arts, 55 and 57, in which the time or space ia the element 
upon which depends the velocity or kinetic energy, which are 
Ihe variable magnitudes respectively considered. 

94. This graphic representation enables as to obtain a 
property of any maximum or minimum value of a variable 
magnitude which is applicable to the solution of a variety 
«f problems. 

For, let Ox he the line of absclsasa and B a point in the 
auxiliary curve at which the tangent EB8 to the curve is 
parallel to Ox, and let the abscissa OA represent the corre- 
sponding value of the element, then the ordinate AB is a 
maximum or minimum according aa the portion of the curve 
PBQ in the neighbourhood of B is concave or convex to 
the line Ox. 

Let a chord PQ be drawn parallel to the tangent BBS, 
the two points P and Q one on each side of B have equal 
ordinatea MP, NQ, which, as PQ moves up to and continues 
parallel to the tangent, become nearer and nearer and are 
ultimately equal to the maximum or minimum value, while 
the difference between the corresponding abscissa ultimately 
vanishes. 

Hence is derived the following theorem: 

7/ a variable magnititde have a maximum or minimum value 
there will be two values of the element of construction, one greater 
and the other less than the critical value, which will giee equal 
values of the variable magnitude. 
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95. Stationary value of a magmtude. 

Let the equal ordinntes MP, NQ be produced to meet the 
tangent in R and 5, then by Lemma XL, PR and Q8 vanish 
compared with AM or AN, and the ratio of the rates of 
increase of the ordinate to that of the abscissa, which is gene- 
rally finite, vanishes for the critical case of a maximum or 
minimum; on this account the magnitude is said to have a 
atationary value. 

One or two examples are Bufficlcnt to shew the application 
of this method. 



96. To find at what point on the hank of an oval pond a 
person mast land in order to pass from a given point on the 
pond to a given point on the bank in the shortest passible lime, 
having given the ratio of his rates by land and hy water. 

Let A, B be the two given points, P the point at which he 
must land, and let nv, v be the velocities by water and along 
the bank. On opposite sides of P there are two points Q, B at 
which if he laud the time to B wJU be the same, in AR 
take AM= A Q, then ME in water and QR on land are 
described in the same time, therefore n.QR = MR, which is 
true, however near Q and R may be to P; therefore co30 =b, 
where <^ is the angle between AP and the tangent at Pj whence, 
when the exact form of the oval is given, the position of P 
can be found. 



97. To find the chord of an oval, which, dra 
given point, cuts off a maximum or tninim 

Through the Gxed point A it is possible to draw two chords 
PAQ and ^.4^, one on each side of the required chord, for 
which the areas cut off are exactly equal; take away the 
common part, and the remainders PAp, QAq are equal ; there- 
fore, ultimately, when the angle between them vanishes, 
PA.pA = QA.qA, and the chord which cuts olF a maximum 
or minimum area must be bisected by the £xed point. 

98. l/a triangle of constant shape he described about a given 
triangle, prove that when the area is a maximum the nonnati to 
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the sides ofihe cxreumseribed triangle at the angular paiats of the 
given triangle will meet in a point. 

Let ABG be the given triangle, oySy, a'^V two positions 
of the circumscribing triangle whose areas are equal, the 
triangle of mnikimum area being intermediate in position. 

Since the angles at a, ol are equal, the points a, a' lie in 
the same segment of a circle whose base in BC, and the angles 
oCa', g.Bo! are equal. Hence the triangles aGa\ /3(7^', ffA^, 
7^7', &c., are ultimately proportional to Oa", GS', ... . 

But the sum of the areas aCa', ffAff, yBy' are ultimately I 
equal to the sum of /3Cj3', yAy, aBa', 

.-. aG'-SG'-i-^A'-'YA' + yB'-aB' = 
Let the normab at A and C meet in ^; 

.-. aG''-^0* = oiN^ ~ffN% 
^A'-yA'^^N'-yN'; 
,-. aB'-yB' = aN'- yN' = aiJ" - yD% 
if NB be perpendicular to 0:7 ; 

.'. aB-yB=aD-yD; .: BD = 0, 
Tbich proves the proposition. 

XV. 

1. In an arc AB of oontinuoua curvatnre n points P,, P,, 
are taken so ttat the polygon AP^P^..B has a maximum ara 
prove that, when the arc AB is iudoEuitely diminished, tho arcs 1 
AP^, P^P^, . . aro aU equal. 

2. Find the greatest rectangle which can be inscribed in a 
triangle, one side of which is on a side of the triangle. 

3. Frove that the diagonals of the greatest rectangle which can 
be inscribed in an ellipse, having its sides parallel to the ases, are 
the equi-conjugate diameters. 

4. Prove that the parallelograms of smallest area which can be 
described about a given ellipse are those which have their sides 
piraUel to conjngate diameters. 

5. A point ia taken on the major axis AA' of an eUipaa 
produced, and a line is drawn through cutting the ellipse in the 
points P and P. Prove that when the area of the quadrilateral 
APPA' is a masimum the projection of PP upon AA' ia equal to 
the semi-axis-major. 
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6. Prove that the quadrilaterRl of maximum area that can he 
formed with four straight lines AD, BG, CD, DA, of given lengths 
is Buch that a circle can be deecribed abuut it. Hence prove that 
the curve of given length which on a given chord encloses a 
maximum area is an arc of a circle. 



7. From a point Ton the osterior of two oval curves tangents 
TIP, TQ are drawn to the inner ; shew that, when the are fQ is a 
minimum or masimum, the radii of curvature at P and Q are ia 
the ratio TP seca : TQ sec^, where a, (3 are the angles which TP, 
TQ reepectivelj make with the normal at T- 

8. Find the ultimate intersection of the chorda common to an 
ethpse and two consecutive circles of curvature, and shew that when 
the common chord attains its niasimum length for a given ellipse, 
it cuta the ellipse at angles whose tangents are as 1 : 3. 

9. A triangle inscribed in a closed oval curve moves so that two 
of its sides cut off constant areas. I'rove that when the area cut 
off by the third side is stationary the three lines formed by joining 
each angular point of the triangle to the intersection of tangents 
at the other two pointe are concurrent. 

10. Any two normal chords of an ellipse at right angles to each 
other cut off equal areas from the curve. Hence find the position 
of the normal diord which cute off the n ' 



11. An endless string just reaches round the circumference of 
nn oval, and when it is cut at any point it is unwrapped until it 
becomes a tangent at the point of section ; shew that the involute 
E» formed will hare a maximum or minimum length if the point 
of aeotion be chosen so that the length of the oval shall be equal 
to the ciioamference of the circle of curvature at that point. 



DIGRESSION 
ON TUE PROPERTIES OF CERTAIN CURVES. 



THE CYCLOID. 

99. Dep. If, in one plane, a circle roll along a straigbt ' 
line, any point on its circumferenco will describe a curve called 

a Cycloid. 

Let C, D be the points where the tracing point P mectB the 
straight line, on which it rolls ; A the point where it is furthest 
from CD, AB being the corresponding diameter of the circle. 

The rolling circle is called the generating circle, AB is called 
the axis, A the vertex, CD the base, and G, D the cusp, 

100. Let UBS be the generating circle in any position, then, fl 
since the points of the base and circle come Buccessively iaa 
contact without elipping, C5=arc PS, CB and BD are eadiJ 
half of the drcumference of the circle, and BS^atc BF. 

101. To draw n tangent to a cycloid. 

Let the generating circle he in the position RP8, then, con- 
sidering a circle as the limit of a regular polygon of a I 
number of sides, it will roll by turning about the point of cou'^l 
tact, which will be at rest for an inatant, being an angular poinn^ 
of the polygon; therefore for an instant P will move per-l 
pendicular to SP, or in the direction PR of the Bupplemental 
chord, which will therefore be the tangent to the cycloid at P. 

If AQB be the circle on AB aa diameter, PQM an ordtq 
nate perpendicular to AB, the tangent at P will be parallel toi 
the chord QA. 

102. To find the length of the are of a cydoid. 
Let BPS be the position of the generating circle corw 

spending to the point P in the cycloid, PB being the tangei 

o. P 
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When tho circle haa turned through any angle POp the 
centre will have moved through a distance equal to I^p, 
and the motion of the generating point will be the resultant 




of Pp due to the rotation, and pP^Pp parallel to the bn?o 
doo to tho translation of tho contro of tlio circto ; and PP 
will ultimately coincide with PR. Draw pn perpendicular to 
Pfl,then, since Pp = Fp, i'P' = 2P«i = 2(iJ/'--ff^) ultimately. 
Hence the ai-c of the cycloid measured from the vertex increases 
twice as fast as tho chord of the generating circle, which ia a 
tangent to the cycloid, and they vanisli simultaneously, therefore 
the arc of the cycloid is double of the chord of the generating 
circle, or referring to tho circle on the axis AB as diameter^ 
the arc AP is doublo of tho corresponding chord A Q. 

103. To find tfie relation betuKen the arc and nhitcissa. 
Let AM bo tho abscissa of the point P, then 

AM:AQ::AQ:An; 
.-. AF' = iAQ' = iAIt.AM. 

104. 7b eheio that the eaolate of a //iivn cychid ia an equal 
q/doiti, and that (/m radius of curuatwe of a ci/cloid is twice thn 
normal. 

Let APC bo half the given cycloid, AB the axis, A tho 
vertex, and DO the base. Produce AB to C\ making IIO' equal 
to AB, and complete the rectangle BCB'O', and let tho semi- 
cycloid C'P'C be goiicratcd by a circle, whose diameter is equal 
to that of the generating circle of the given cycloid, rolling on 
C'B' ; C being tho vertex, OB' the axia of this cycloid. 

Let iSPiJ, 8PR' be two positions of the respective gene- 
rating circles, having their diameters JIS, SR' in the same 
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Btraight rme, P, P being the corresponding points of the 
cycloids J join /SP, PB and 8F, FE. 




By the mode of generation, arc BP^SG^ and arc BPB=^BC] 

.% e^PB = £i8f = C'B' = arcFir ; 

/. lPSR^lPSR] and Pfl'P' is a straight line. 

Ako, arcP/g^ arcP5 ; .-. chd. F8^ chd.P5; 

/. F8P^2F8=FC the cycloidal arc; 

also F8P touches the cycloid CFG at F; 

therefore, a string fixed at G\ and wrapped over the arc of 
the semicycloid, will, when unwrapped, have its extremity in 
the arc of the given cycloid; hence, the evolute of a semi- 
cycloid is an equal semicycloid, and the radius of curvature at 
P is 2P8 or twice the normal. If another equal semicycloid be 
described by the circle rolling on B'G' produced, the extremity 
of the string wrapped on this curve will trace out the remainder 
of the given cycloid. 

Thus a pendulum may be made to oscillate in a given 
cycloid. 

105. To find the area of the cyeloid. 

Let P, F be two points very near each other In a cycloid, 
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Q, Q corrcaponding points in the f^enerating circle, ^, p' in the 
GYolute, R^ B! tlie intersections of the base with normals Fp^ 




Pp', T, 8 the interaectiona of B(^ and P'p' with PQ. Then 
pR = PS = BQ, and Ap'PS = 4:d,p-RB' ultimately =4:A BQT; 
therefore trapeziom PBJi'S=3fiBQT ultimately, and the same 
being true for all the inscribed triangles and trapeziums, whose 
sums are ultimately the areas of the semicircle and semicycloid, 
therefore, by Cor., Lemma IV., the area of the cycloid is three 
times that of the geueratiug circle. 

106. The following method of finding the area of a cycloid 
is independent of the properlicB of the evolute. 

In the figure of Art. 104 let P' be any point in the cycloid 
CFG\ F8 the chord of the generating circle which touches 
the cycloid, and let Q be a point in the cycloid near P", then 
the arc FQ ultimately coincides with P'8. Let Q'N', QN^ 
be the complements of the parallelogram whose diagonal ia 
FSj and sides parallel and perpendicular to the base, these an? 
equal ultimately ; therefore, by Lemma IV., the cycloidal area 
CNF = circular segment SFN'. 

The exterior portion CB'BC'is equal to the area of the 
scmicurcle, and tbo wLole parallelogram BCB'G' is the rectangle 
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under tlio diameter and aemi-circurofercnco of the generating* 
circle, aud is equal to four times the area of tbo semicircle; 
tberefore tlio cjcloidal area CG'B ia three timea tbo area of tli©_ 
semicircle. 

107. J\3X uifdoids arc similar. 
Let two cycloids APC, Ape be placed ao that tlicir vertices^ 
nro the same, and their axes coincident in direction, and describe 




circles OD tho iisc3AB,Ah as diameters. Draw AqQ cutting 
the circles in q, Q. Then, since the segments Aq, AQ arc 
similar, arc^^ ■ ^"'■^^ =• -^IZ ■ -^^i ^i"^) '^ '""IPi ^^QP l^o 
ordinatea to the cycloids, arc» Aq, AQ = qpj QP respectively; 
therefore qp: QP :: Aq : AQ^ and ApP ia a straight line. 
AIbo Ap : AP:: Aq: AQ :: Ah : AB^ a constant ratio; hence 
the cycloida satisfy the condition of similarity, and in this 
position of tho cycloids the point A la a centre of direct^ 
similitude. 

108. To conatmct a cychtd which shall have its vertex a( a 1 
given pointy its base parallel to a given straight line, and tchick I 
shall pass tlirough a given point. 

Let A be the given vertex, AB perpendicular to the given 
line, P the given point. In AB take any point i, and with 
the generating circle, whose diameter is Ab, describo a cycloid 
Ape, join AP intersecting this cycloid in p. 

Take AB a fom-tb proportional to Ap, AP, and Ab^ then 
AB will be the diameter of the generating circle of the required 
cycloid; for, since Ap : AP:: Ab : AB, and all cjKloids are j 
similar, Pis a point iu tho cycloid whose axis li'AB. 
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109. A particle slides dovm the smooth arc of a cycloid, 
whose axis is verlicalf and vertex downwards, to find the tima 
of an oscillation. 

Let AB be the vertical jixis of the cycloidal nrc APL, L the 
point from which the particle begins to move, PQ a email arc of 
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its path, i^j PM, QN perpendicular to AB; and take Al, Ap, 
Aq on the tangent at A respectively equal to AL, AP, AQ. 

Suppose a point to move from 2 to ^ in the earae time as 
the particle moves on the cycloid from L to A^ their velocities 
being always equal at equal distances from A. 

Let V be the velocity at P or p, and T the time of falling 
from B to A, so that v* = 2gEM and 2AB=gT'; therefore 
v"r' = U.B.BM^^B.AB-i.AB.AM=AL'-AP',&xi.\m, 
= AT'-Ap\ 

Describe a circle witli centre A and radlua Al, and draw the 
ordiuates pt, qu, then Al' — Ap'=pt^, and^( = v2'; and if t be 
the time from P to Q, PQ =pq = vt ultimately, hence 

tu:Al::pq:pt::r: T; 
therefore, if a point move in the circle from I with uniform 
velocity ,„ , the point moving in lA will always be lu the 

foot of the ordinate and the motion in !A or LA will therefore 
be a simple harmonic motion, by (5) page 78. 

The time from X to ^ is the time of describing the quadrant 

4 iiAl with vcloeity -™ , =^7rT=^ir .1 — — . 



The length of tho string which, by the contrivance of Art. 104, 
makes a particle oscillate In this cycloid Is 2AB = l suppose; 
therefore the time of the oscillation of a cycloiilal penduliu 

of length Ucom rest to rest ■='''./-• 

Note. The time from i to P ia . / xeos"' ;,* 

110. We can shew that the motion on the cycloid ia a 1 
simple harmonic motion by the first definition, (5) page 78 ; for, 1 
referring to the figure, page 115, since the tangent at P is 
parallel to AQ^ the acceleration along the cui-vo at P is 

g. 'TH~ff"5r3"n'"^''^^ varies aa AP^ and, by (4) page 77, the j 
time from X to ^ ia obtained. 

111. To find the time of a very small oscillation o/ a aimplg I 
pendulum suspended from a point. 

A simple pendulum is an imaginary pendulum consisting of 
a heavy particle called the hob, suspended from a, point by means 
of a rod or string without weight. 

In this case the pendulum describes the small arc of a circle 
which may be considered the same aa a cycloidal arc, the axis 
of which is half the length I of the pendulum, therefore the 

time of oscillation from rest to rest is tt , /-. 
V 3 

112. To count the number of oscillations made hy a give 
pendulum in any long time. 

In conaequence of the liability to error in counting a very 
great number of oscillations, since in the case of a seconds pen- 
dulum there would be 3600 oscillations for each hour, it becomes 
necessary to adopt some contrivance for diminishing the labour. 
For this purpose the pendulum is made to oscillate nearly in the 
same time as that of a clock; it is then placed in front of 
tliat of the clock, so that when they are simultaneously near 
their lowest positions the bob of the pendulum and a croaa 
marked on the pendulum of the clock may be in the field of 
view of a fixed telescope. 
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Suppose ttat after n oacUlatioQs of tfie given pendalam 
they arc again in coincidence close to the same position; if 
ttere be m anch coincidences in tlie whole time of observation, 
the number of oacillations in that time will bo nm; tbus fho 
only labour has been to count the n oscillations, and to estimate 
the number of the coincidences before the last one observed. 

113. To measure the accelerating effect of gravity hy means 
of a pendulum. 

Let ff be the measure of this effect or the velocity generated 
by the force of gravity in a second. 

I^et I be the length of a simple pendulum which makes n 

oscillatioua in m hours, then = number of seconds in one 

oscillation =w /-; therefore j= . ^ 7— ^ , in whatever unit 

of length I la estimated. 

This would be a very exact method of determining ff, if we 
could form a simple pendulum ; but it is impossible to do this, 
and it ia only by calculations of a nature too difficult to be 
explained here that it can be shewn how to deduce the length of 
the simple pendulum, which would oscillate in the same time as 
a pendulum of a more complicated structure. 

114. The seconds pendulum at any place is the simple pen- 
dulum which at the mean level of the sea at that place would 
oscillate in one second. 

If L bo tho length of the seconds pendulum, I the length 
of a pendulum making n oscillaltoua in m hours, 

/I 3600m , /// , - nH 

115. To determine the height of a mountain hy means of a 
seconds pendulum^ the force of gravity at any point being supposed 
to vary inversely as the square of the distance fr(/m, the centre of 
Ute earth. 

Let L be the length of a seconds pendulum, x the height 
of tlio mountain above the mean level of the boo, a the radius 
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of the earib, aU expressed in feet ; and let n bo tho nnmbcr of 
.■ecoodfl lost to 24 boors hj (he pendnlnm at tbc top of tbe 
moantuii. 

If 5 be tbe measure of tbo sccel^^trng effect of gravity at 



tbe mean lovel of t 



_9^ 



the top of tbe mountain, and the time of oscillation at the top 
will be IT . /\— I I !■ , or - — '- seconds, since w . /— = 1 : 



hence, writing N for 24x60x60, (iV- 



a N~ n N 



^= v" + 



N^'^N"- 



— =N, and 
', nearly, but 



a = 4000 X 1760 x 3 and N= 24 x GO x 60, theT«for« the height 
of tbo mountain will bo 214 in + -0027«" ; thus, ifn=10, tho 
height will be 2444-7 feet. 

Note. The attraction of the mountain woald make a sensible 
variation from the law of the inverse square, this law being true 
only if tbo earth conaiatcd of homogoneous spherical strata. 

116. To find the number of seconda U>st in a day, in con- 
sequence of a iUgkt error in the length of the seconds pendulum j 
and converse! t/. 

Let N bo tho number of seconds in a day, L the length of 
the seconda pendulum, L + \ that of the incorrect pendulum, 
Jf—n tho number of its oscillatious in a day; 
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nearly. 



THE EPICYCLOID AND IIYPOCYCLOID. 

117. Def. Tho curve traced out by a point on the < 
licnmfercnce of a circle, which rolls upon that of a fixed c 
f is called an Epicycloid if the concavities of the two circles 1 
I in opposite directions, a Uypocycloid if the concavities be i 
mo direction. 



THE EPICYCLOID AND HyPOCTCLOID. 



12a 



118. To sliev) that the evolute of <xa epicycloid is a similar 
epicycloid. 

Let FA be the fixed circle, APE the rolKDg circle in any 
position, P the generating point, CAE a line drawn through 




the point of contact, meeting the rolling circle in -4, E'^ and 
let OFF be the epicycloid, of which PA and PE will be a 
normal and tangent. 

Draw the chord EQ parallel to PA and join CQ meeting 
PA produced in 0* Since EQ is parallel to A Oy 

CO: CQ:: CAi CE; 

therefore and Q describe similar figures. But @, being the 
other extremity of the diameter through P, will describe an 
epicycloid similar and equal to GPF^ being at its cusp when 
P is at G^ the greatest distance from C. 

Draw Oa parallel to QA and therefore perpendicular to PO, 
meeting CA in a, then generates an epicycloid yiF by the 
rolling of a circle AOa^ whose diameter is Aa^ on a fixed 
circle of radius Ca. 
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Also PO the normal to OF is perpendieular to aO and is 
therefore a tangent to/F, hence /Jf^ is the evolute of .the given 
epicycloid and is a similar epicycloid. 

Let a, h be the radii of the fixed and rolling circles for the 
given epicycloid, then 

Aai CAi: OQ: CQ::AE: CE::2b: a-^^b; 

therefore Aa: AE :: a: a-{'2bj and if = 00, Aa^AE^ and 
AFj af become straight lines, whence the evolute of a cycloid 
* is an equal cycloid» 

119. Since AO : FA i: AO : EQ :: CA : CE^ therefore 
PO : P4 : : 2 (a + J) : a + 2 J, which gives FO the radius of 
curvature at F of the given epicycloid; this will be found 
independently of the evolute in Art. 121 below. 

120. To find the length of any arc of the qpicycloid. 

By the properties of the evolute, see the last figure, the 

arc OF of the evolute =OPs= 2^ P. ^— -r , and the arc of the 

a + 26^ 

epicycloid generated by Q^ measured from Q to the highest 
point, = OF ^-^^ = 2^P. ^i^ ; therefor© the arc GP from 

the highest point G of the epicycloid GFF^2EP. ^—. 

121. To find the radius of curvature at any point of an 
epicycloid. 
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Let ABj BO be consecutive sides of a fixed regular polygon 
of m sidea, AB, Be aides of another regular polygon of n sides 
equal to those of the former, on the outside of which it rolls, 
in a position in which two aides are coincident. 

Let P be any angular point of the rolling polygon ; Pwill 
generate a figure composed of a series of circular arcs such 
as PF\ P' being the position of P when Be coincides with BC. 
Produce PA, PB to meet in 0. 



Then lAPB=~, and iPBP'=LcBO= 



Stt Stt 






. POtPB:: 



When the number of sidea is indefinitely increased, the 
polygons ultimately become circles, the curve traced out by P 
becomes an epicycloid, and PO the radius of curvature at P. 

If a, h be the radii of the fixed and rolling circles mAB= 2,tra 
and n.AB= 2wJ, ultimately ; therefore mm:: a ; 6 ; 



.-. POiPA: 



^e-3 



: 2 (a + 6) : a + 2& ; 



therefore the radius of curvature is 2Pji . 



f'Ji 



where PA 



is the part of the normal intercepted between the generating 
point and the point of contact. 

If a = 00 , or the fixed circle become a straight line, the 
epicycloid will become a cycloid, and the radius of curvature 
will be twice the normal, as in Art, 104. 

122. To find the area of an epicycloid. 

In the last figure, area APP'B= t,PAB + sector PBP'; now 

BectQrPBP' = ^PB\2ir(- + -'\ and i^PAB^^PJ? am- ; 



.-. ateaAPP'B=APAB\l- 



2{m + r,]] 



ultimately ; 



hence, by Lemma IV. Cor., the area of the segment of the 
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epicycloid Included between two normals and the fixed circle 

is [3-1 j X the corresponding segment of the rolling circle. 

Compare Art. 105. 

123. The corresponding properties of the hypocjclold may 
be proved in a similar manner; and the results obtained will 
be the same as for the epicycloid^ If In the latter the sign 
of h be changed. 

Thus, If the diameter of the fixed be double that of the rolling 
circle, the hypocydold will become a straight line, which agrees 
with the result of Art. 121, since a + 2&=sO, and therefore the 
radius of curvature at every point will be infinite. 

THE EQUIANGULAR SPIRAL. 

124. Def. The equiangular spiral Is a curve which cuts 
all the radii drawn from a fixed point at a constant angle» 

125. If a series of radii SAj SB^ SO^ ... be drawn inclined 
at equal angles, and AB^ BGy CD^ ... make equal angles SABy 
SBGj ... with these radii respectively, the curvilinear limit 




of the polygon ABCD ..., when the equal angles A8B^ 
B8Cj ... are indefinitely diminished, will be an equiangular 
spiral. 

126. To find the length of an arc of an equiangular spiral 
contained between two radii. 

Let a be the constant angle SAB^ and let SL be the n^ 
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radius from 8A ; then, since the triangles ASB^ B8Cj ... are 
similar, SA: SB:: SB: 8G ... . 

Let SB=X . SAj then BC^\.AB^ CD^WAB. . .FL=\^\AB ; 

/• -45+50+...+ FL : 2I-B :: 1 + \ +...+ \*-* : 1 :: 1 - \": 1 - \ 

:: 8A^\\8A: 8A-8B:: SA-SL: 8A-8B^ 

but ABcosa^SA-- SB cos A8B=8A- SB ultimately, and 
AB+BG+... is ultimately the arc of the spiral j therefore 
2l£cAL =8 {SA — SL) seca. 

127. To find the area of an equiangular spiral bounded hy 
tw6 radii. 

Employing the same construction as above, 

lASB-^- aB8G-{-aC8D+... : i^A8B:il+\\..+V^ : 1 

but SB'^^ SA*- 28A . AB cosa ^Aff and AA8B=l8A.ABBma ; 

/. SA"" - 5J5» = 4 A ASB X cot a, ultimately j 

/• area ASL = J {SA* - SL*) tana, 

128. To find the radius and chord of curvature through the 
pole at any point of an equiangular spiral. 

Let SPj SQ be radii drawn to two points P and Q, near to 




one another, let PJS, QRj tangents to the spiral at P and Q, 
intersect in jB, and let the normals PO, QO intersect in (?; 
join OBj SB. 
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Then, since angles BQR, 8PR aro equal to two right angles, 
and eacb of the angles OQR^ OPR ia a right angle, the circle 
which pasaea through /", R^ and Q will also pass through 8 
and 0, and OR will be ita diameter ; therefore t OSR is a 
right angle. Hence, proceeding to the limit, is the centre 
of the circle of curvature at P, and OSP ia a right angle. 
Therefore if a be the angle of the epiral, 0P= SP coseca will i 
be the radius of curvature, and 2SP the chord of curvatur* | 
through the pole. 

129. The following Is an illaatration of Art. 86. 
If PV be the chord of curvature through S, 

SY'-SY: SP'~SP::2aY:PV; 
but in the equiangular Bpiral S7 : 8Y' : : SP: BP'; 

.: SY'-SY: SP'- SPi-.SY : SP; whence PF= 2fiP. 



THE CATENARY. 

130. Def, The Catenary ia the curve in which a uniforHI ] 
and perfectly Bexible string, of which the extremities are sub- ' 
ponded at two pointa, would hang under the action of gravity, 
supposed to be a constant force acting in parallel lines. 

The directrix ia a horizontal atraigbt line whose depth below 
the lowest point is equal to the length of string wboae weight i 
equal to the tension at the lowest point. 

The axis is the Tertical through the lowest poinL 

131. The tension at any point of the catenary is equal to the i 
weight of the string icAwjA, if auspeiided from that point, would I 
extend to the directrix. 

Let A be the lowest point of a uniform and perfectly flexible j 
string hanging from two points under the action of gravity, 
P any other point, AO the length of string whose weight ia 
equal to the tension of the string at A. Talte a point B in OA^ 
and let OM, BG drawn horizontally meet a vertical PM in 
M and C. 

If a atring pass round smooth pegs at APCS, it is evident i 
that there will bo a poaition of equilibrium whatever be the 
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length of* the string, or the position of jBC, and for some length 
and some position of BG the tangent at A will be horizontal. 




Also, since BDG will hang sjmmetrically, the tensions of 
the string at B and G will be equal, and BDG may be removed 
and replaced by equal lengths BO^ GM of the string, without 
disturbing the equilibrium of AP^ therefore the tension of the 
catenary at P is equal to the weight of a string of length PM. 

132. The proposition of the preceding article may be proved 
by considering the catenary as the limit of the polygon formed 
by a series of equal rods of the same substance jointed freely 
at the extremities and suspended from two fixed points, when 
the length of the rods is indefinitely diminished. 




The eqmlibrium will be undisturbed if each rod be replaced 
by two weights at the extremities, each equal to half that of 
the rod, connected by a rod without weight. 

Let AB^ BG be two consecutive positions of the rods, 

s 
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weights equal to tlioso of tlio rods being placed at A, B, C; let '\ 
AM be Terlical and BM horisoDtal| and produce C 
AM in D; draw Z*^ perpendicular to AB. 

The forces which keep B in equilibrium act In the directions 
of the aides of the friiinglo ABD, and are proportional to them. 

Therefore the difference of the tensions of AB and BO is 
to tho weight of the rod AB as AB-BD : AD, that ia, olti- 
inntely, as AN: AD or AM: AB; hence tho dilfereuce of the 
tcosions ia the weight of a rod of length AM. 

Therefore, proceeding to the limit, tho difference of tendons 
at any two points of the catenary is equal to the weight of 
string, which ia equal in length to the Terttcal depth of one 
point below the other, whence the truth of the proposition. 

133. P is a point in a catenary, PM perjyendiculoT to tie 
tJtrectriXf PT a tangent at P, MU perpendicular to PT ; to 
shew that PU is equal to the arc measured from the loioeat pointy 
and that MU is ci/nstant. 

Let PT, fig. for Art. 131, meet the directrix OM in T, and 
let AO be the axis, then since the arc AP supposed to become 
rigid is in equilibrium under the action of the tensions at 
A and P and tho weight, and these forces are in the directiona 
of the aides of the triangle TPM, 

.-. AP:AO:PM::PM:MT: TP :: PD : MU : PM^ 
by similar triangles TPM, MPU; 

.: PV=AP and MU=AO. 

134. To draw a tangent to a catenary at any point. 
With centre M and radius equal to AO describe a drcle, a 

draw PU touching this circle in U^ then, since MU, which i 
perpendicular to PU, is equal to AO, PU will be the t{ 
at P. 



135. If a rectanffular hyperbola he described, having c 
and semi-iransvfrse axis OA, the ordinate of tf*e hypeti 
will be equal to the arc of the catenary. 

For, let AR be the hyperbola, therefore 
£S* = OiV - OA' - PM' - UM' = PV : .-. BN= PU=' A 
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136. To find the radius and vertical chord of curvature of 
a catenary. 

Let PQ be a small arc of a catenary, RSPTj QS tangents at 
P and Qj PM^ QN ordinates, TOM the directrix, 




Since QR8 is a triangle of the forces acting upon PQ^ 

tension at P : weight of PQ :: US: QBy 

.-. PM : PQ ::BS: QR \ : \PQ : QRy ultimately ; 

therefore 2PM is the vertical chord of curvature, and PO^ the 
part of the normal intercepted between the point P and the 
directrix is equal to the radius of curvature at P. 

Also PGiPMi'.PT: TM:: tension at P : tension at A 
:: PM: AO^ therefore the radius of curvature is a third pro-* 
portional to AO and PM. 

THE LEMNISCATE. 

137. Dep. The Lemniscate is the locus of the feet of the 
perpendiculars drawn from the centre of «a rectangular hyperbola 
upon the tangent, 

138. To find the inclination to the tangent at any point of 
the radius from the centre of the lemniscate, 

3>* ^Y be perpendicular on PT the tangent at the p imX P 



.^•i 
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in the hyperbola, then CY. CP^ PF. CD^AC^ since A C= BG 
and (7P= CD in the rectangular hyperbola. 




MJS 



Draw the ordinate PM, then CT.CMrr^AC^CY.CP] 

.\ CYiCTiiCM: CP; 

and CMP, CFTare right angles; therefore lPGM^L TOY. 

Draw CZ perpendicular on the tangent at Fto the lenmiscate ; 
then ZGY and YGP are similar triangles, see page 55 ; 

/. L ZYG- L GPY^ complement of twice L YGA. 

139. To find the perpendicular on the tangent at any point 
of the lemniscate, 

CZ.GP^GY^, and GY.GP^AG"; 

.-. CZiGYiiGY^iAG"; 

.-. GZ.AG'^GY\ 

140. To find the chord of curvature through the centre^ and the 
radius of curvature at any point of the lemniscate. 

Let YV be the chord of curvature ; 

••. YVi^GZi: GY- GY' : GZ-GZ', ultimately, Art. 86, 

and {GZ-'GZ') AG'^GY^^GY'*, 

.-. GY-'GY' : CZ^CZ' iiACi 8CF« :: GY: BGZ; 

,\ rF=§Cy, or the chord of curvature through the centre 
is two-tlurds of the radius vector. 
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Also, the radius of curvature : ^YV 

::CY: CZ:: AC^ : CY'iiCP: CY, 

hence the radius of curvature is JCP, or J of the radius at 
the corresponding point of the hyperbola* 

141i, Poles of the lemniscate. 

Let 5, H be the foci of the hyperbola, «, h the middle points 
of CS and CH] «, h are called the poles of the lemniscate. 




Draw 5F', EZ perpendicular to the tangent to the hyper- 
bola at P, and let 8Y' meet the auxiliary circle again in Z\ 
and join «F', sZ\ sYj AF, and hZ. 

fflnce Cs = s8j the perpendicular from s on YY' bisects it; 
therefore » F' = « F, similarly h F= hZ= sZ\ 

Now BC.8s = ^8C' = AC'^8Y\8Z'; 

therefore a circle can be drawn circumscribing CsY'Z'] there- 
fore AY'sZ'r^AY'CZ'i also £.Y'sZ'^^lY'CZ\ since the 
altitude of Y'CZ' is double of that of Y'sZ'; 

.-. sY'.sZ'^iCY'.CZ'^^CA^; 

therefore sY.JiY=iCA\ which is the property of the poles of 
the lemniscate. 

For this proof I am indebted to Prof. Tait. 



XVI. 

1. If a line move parallel to the base of a cycloid, find the 
limit of the ratio of the segment of the cycloid to the corresponding 
segment of the generating circle, when the line becomes indefinitely 
near to the tangent at the vortex. 
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2. A balloon was found to be sailing steadily before tbe Vmi 
at an invariable elGvation above the earth. A seooads pendalnm 
eoBpended to the car was observed to make 2997 oscillations in 
50 minutea ; shew that the height of the balloon was 4 toiles and 
7 yardi) nearly, the radius of the earth being 40UU miles. 

3. If a particle bo made to oeoilUte in a cycloid on a smooth 
inclined plane, whose inclination to the horizon is 30", and the 
base of the cycloid be horizontal, find tlie radius of the generating 
cirole in order that the particlo may perform a complete oscillatioa 
in n seuondB. 

4. If P be a point in a cycloid, and the corresponding position 
of the centre of the jjeneratiug circle, shew that PO wiU touch 
another cycloid of half the dimeneiona, 

5. Shew that the limit of th^ whole len^h of an epicycloid 
or bypooycloid, corresponding to a complete revolution of the 
generating round the fised eirole, ia eight tiinos the radius of 
the latter, when that of the former is indehnitely diminished. 

6. Prove that the epicycloid of one cusp is the pedal of a circle 
referred to a point in its circumference. 

7. Shew that tho evolute of an equiangular spiral ia a simil&n 1 
spiral, and that the extremities of the diameters of curvature lie i| 
iu a similar spiral. 

8. An equiangular spiral rolls along a straight line, shew that. 1 
its pole describes a straight bne. 

9. prove that, if a catenary roll on a fised straight line, Itsl 
directrix will always pass through a hxed point. 

10. If Srbe drawnperpendiculartothetangaut toalemniffl 
at a point P, and SA be the greatest value of SP, prove thB^VJ 
fii" = SA'. sr; S being the centre. " 



xyii. 

1. From the consideration that the diameter of curvature is thej 
limit of the thu'd proportional to the subtense perpendicular to th(. 
tangent and the arc, prove that the raiiiua of curvature of a ojcloi4W 
at any point ia twice the normal cut off by the base. 

2, On the normal to a cycloid a constant length ia measuredt J 
both inwards and outwards ; find the area incjuded between thQ I 
luii oi' the points so obtained. 
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3. P, Q aro consecutive points on an epicjcloid of two nusps; 
from p, q, the correeponding points of contact of the rolling with. 
the fixed circle, pm, qn are drawn porpfindicular to tljo cusp-line; 
prove that the elementary area PQpq is twice the elementary area 
pinnq. Hence find the area of the epicycloid and of ite evolute. 

4. Prove that the diameter through the point of a rolling circle 
■which generates an epicycloid alwtiya touches another epicycloid 
generated by a circle of half the dimensions. 

5. A hypocycloid of n cnepa has at any point a tangent drawn, 
prove that the length of the tangent, intercepted between the gene- 
rating circle and the point of contact, is to the arc measured irota. 
the point to the vertex of the branch in which the point is taken, 
as»: 2(«-l). 

6. A bead alidea on a hypocycloid being acted on by a force 
which varisB as the distance from tho centre of the hypocycloid and 
t«nding to it ; prove that the time of oacillatioa will be independent 
of the arc of oscillation. 

7. If, along tho several normals to an epicycloid, a system of 
particles move ftxim the curve under the action of a force, tending 
to the centre of the fixed circle, and varying as the distance, prove 
that they will all arrive at the fixed circle at the aame instant, 

8. A plane curve rolls along a straight line, shew that the 
radius of citrvaturo of the path of any point, fixed with respect to 

tho curve, is ;— , r being the distance of the fixed point from 

the point of contact, ^ the angle between this line and tho fixed 
line, and p the ladiua of cuiratuie of the curve at the point of 
contact. 

9. In an equiangular spiral, which is ita own evolute, the area 
included between the curve and PQ, the radius of curvature at P 
touching the evolute in Q, is iPQ-tana, where a is the angle of 
the Epiral, and PQ is supposed not to out the ourre between P 



10. Prove, by the method of Lemma IV., tiiat the area indnded 
between a catenaiy, the axis, the directrix, and the ordinate at any 
point P IB twice the area of the triangle formed by the axis, the 
tangent at the vertex, and the straight fine drawn perpendicular to 
the tangent at P from the point of intereectioa of the axis and 
directrix. 



SECTION 11. 

CENTRIPETAL FORCES. 

PROP. I. THEOREM L 

Whm a hody revolves in an orbitj subject to the action of 
forces tending to a fixed pointy the areas which it de- 
scribes by radii drawn to the fixed centre of force^ are in 
one fixed planCy and are proportional to the times of 
describing them. 

Let the time be divided into equal paxts, and in the 
first interval let the body describe the straight line 




AB with uniform velocity, being acted on by no 
force. In the second interval it would, if no force 
acted, proceed to c in AB produced, describing Be 
equal to AB ; so that the equal areas ASB^ BSc do- 
scribed by radii AS^ BSj cS drawn to the centre S^ 
would be completed in equal intervals. 

But, when the body arrives at By let a centripetal 
force tending to S act upon it by a single instanta- 
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neous impulse, and cause the body to deviate from 
the direction Be, and to proceed in the direction BC. 

Let eCbe drawn parallel to BS, meeting BCia C, then, 
at the end of the second interval, the body will bo 
found at O, in the same plane with the triangle 
ASB, in which Be and cC are drawn. Join SC; 
and the triangle SBO, between parallels SB, Cc, 
will be equal to the triangle SBc, and therefore 
also to the triangle SAB. 

In like manner, if the centripetal force act upon the 
body successively at C, D, E, &c., causing the body 
to describe in the successive intervals of time the 
straight lines CD, DB, EF, &c., these will all Ho 
in the same plane ; and the triangle SCD will be 
equal to the triangle SBC, and SDE to 8CD, and 
8EF to SDE. 

Therefore equal areas are described in the same fixed 
plane in equal intervals; and, componendo, the 
sums of any number of areas SADS, SAES, are to 
each other as the times of describing them. 

Let now the number of these triangles be increased, 
and their breadth diminished indefinitely ; then their 
perimeter ADFw'M be ultimately a curved line ; and 
the instantaneous forces will become ultimately a 
centripetal force, by the action of which the body is 
continually deflected i'rom the tangent to this curve, 
and which will act continuously; and the areas 
SADS, SAFS, being always proportional to the times 
of describing them, will be so in this case. Q.E.D. 

CoK. 1. The velocity of a body attracted towards a 
fixed centre in a non-resisting medium is recipro- 
cally proportional to the perpendicular dropped 
from that centre upon the tangent to the orbit. 

For the velocities at the points A, B, C, D, E are as 
the bases AB, BG, CD, DE, EF of equal triangles, 
and, since the triangles are equal, these bases are 
reciprocally proportional to the perpendiculars from 
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S let fall upon them. [And the same is true in the 
limit, in which case the bases are in the direction 
of tangents to the curvilinear limit, therefore the 
velocity, &c.] 

Cor. 2. If on chords AB, BC of two arcs described in 
equal successive times in a non-reaistin^ medium by 
the eamo body the parallelogram ABCV be com- 
pleted, and tlio diagonal BV of this parallelogram 
be produced in both directions in that position which 
it assumes ultimately when those arcs are diminished 
indefinitely, it will pass through the centre of force. 

Cor. 3. If, on AB, BC and on DE, EF chords of area 
described in a non-resisting medium in eijual times, 
the parallelograms ABCV, DEFZ be completed, 
the forces at B and E will be to one another in the 
ultimate ratio of the diagonals B V, EZ^ when the I 
arcs are indefinitely diminished, * 

For the velocities of the body represented by BC, EF 
in the polygon are compounded of the velocities 
represented by Be, B V and F^, EZ; and those re- 
presented by B V, EZ, which are equal to cC, fF, in 
the demonstration of the proposition were generated 
by the impulses of the centripetal force at B and E^ 
and are thus proportional to those impulses. [And 
the same is true m the limit, in which case the ulti- 
mate ratio of tlie impulses at any' two points is the 
ratio of the continuous forces at those points]. 

Cor. 4. The forces by which any bodies moving in 
non-resisting media are deflected from rectilinear 
motion into curved orbits, are to one another as 
those sagittal of arcs described in equal times, which 
converge to the centre of force and bisect the chords, 
when those arcs are indefinitely diminished. 

For the diagonals of the parallelograms ABCV, DEFZ 
bisect each other, and these sagittffi are halves of the 
diagonals B V, EZ when the arcs are indefinitely 
diminished. [And tlie same will be true whether 
ABC ^xA DEFhfi parts of the same or of different 
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orbits described by bodies of equal mass, if tlie arcs 
be described in equal times]. 

Cor. 5. And tberefore the accelerating effects of the 
same forces are to that of the force of gravity aa 
those sagittse are to vertical sagittse of the parabolic 
arcs which projectiles describe in the same time. 

Cor. 6. All the same conclusions are true by the 
Second Law of Motion, when the planes, in which 
the bodies move together with tbo centres of force 
which are situated in those planes, are not at rest, 
but are moving uniformly and parallel to themselves. 

The statement of tbe proposition in the original Latin ia, 
" Areas, quas corpora in gyros acta radiis ad immobile 
centrum virium ductis dcscribunt, et in planis immo- 
bilibus consistere, et esse temporibus proportionalca." 

Observations on the Proposition. 

142. In all cases of motion of bodies it is of great importance 
for the student to distitiguiah between tUe forces themselves 
under the action of which tbe bodies may be moving, and the 
effects which these forces produce. 

It is only by an examination of the motion of a body that 
we are able to infer that it is, or is not, acted on by any force ; 
if we find that tbe body is moving with uniform velocity in a 
Btraigbt line, we infer that it is, during such motion, acted upon 
by no force, or that tbo forces which are acting upon it are in 
equilibrium ; if we find that there is any change of direction or 
velocity, gradual or abrupt, we infer that the body is moving 
under the action of some force or forces; if the change bo 
gradual, we infer that such forces are jinite, by which wo mean 
that tbo forces require a finite time to produce a finite change 
whether of direction or velocity ; if, on tbe contrary, tbe change 
be abrupt, we infer that the forces are what are called impulsive, 
that is, such as produce a finite change in an instant. 

Since then, In order to make any Inference with respect to 
the forces supposed to act, a clear conception of the motion of 
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B hoAy mnat be first attained, it becomea neeesaary for tba 
etudent to be able to describe the motion of a particle of matter 
as he would that of a point, iQdepeodeiitly of the cauaea of such 
motion. 

In doing this he must give a geometrical description of tfas J 
line traced by the point either in a plane or ia space, and then 1 
he must describe the rate, uniform or variable, with which lhis<| 
line is traversed. 

lie may then proceed to attribute any change of direction ( 
velocity to the action of forces upon the particle whose motioo I 
he has been eKamiuing. 

143. In accordance with thia method of separating the geo- 
metry of the motion from the causes of the deviations, the first 
proposition would be stated in such a manner as the following: 

" When a point moves in a curve, in such a manner that the 
flccelerations at every point are in the direction of a fixed point, 
the areas, which it describes by radii drawn to the fixed point to 
which the accelerations tend, are in one fixed plane, and are 
proportional to the times of describing them," 

And, generally, if the words force and bodi/, employed by 
Newton, be replaced by acceleration and point, tbe resnlting 
Btatements will be in accordance with this geometrical method 
of deflcriptlon. It will then be easy to use such terms in the 
proofs as will not imply, in tbe manner of expression, the action 
of force ; thus, instead of saying " let a centripetal force tending 
(0 8 act upon tbe body by a single instantaneous impulse," 
we may use the words " let a finite velocity be communicated _ 
to the point in the direction of S." 

144. It should bo carefully observed that, before proceeding 
to tbe limit, it is proved that ani/ polygonal areas 8ADS, 
SAFS, are proportional to the times of description of their 
perimeters; so that ultimately these areas become _^ni(e curvi-, 
linear areas, described in jfniVs times, 

145. In procecdin;^ to the ultimate state of the hypothesis, 
it is concluded readily from Lemmas II. aud III. that the 
curvilinear areas are the limits of the polygons j but a greater 
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difficnity arises in the transition from the discontinuous motion 
under the action of instantaneous impulsive forces to the con- 
tinuous motion under the action of a continuous force tending 
to S. For, in the curvilinear path of the body which is the 
limit of the perimeter of the polygon, the direction of the motion 
at the angular points of the polygon is different, and also the 
deflection from the direction of motion ia twice as great in the 
polygon as it is in the curve. 

Now, although we may assume that the curvilinear limit of 
the perimeter of the polygon may be described under the action 
of some force, is that force the same which is the limit of the 
series of impulses? 

The centripetal force supposed to act with a simple in- 
stantaneous impulse, " impulsu unico et magno," is supposed 
to generate a finite velocity at once, which effect a finite force 
cannot produce. 

If, instead of this imaginary impulse, we suppose a force 
finite, but very great, and acting for a very abort time, the 
effect upon the figure would be to round oflF the angular points 
of the polygon. 

The transition from the impulses to the continuous force, in 
the ultimate form of the hypothesis, must be considered aa 
axiomatic, like the ultimate equality* of the ratio of the finite 
arc to the perimeter of the inscribed polygon. 

146. We can, however, shew that if the curvilinear limit of 
the polygon be described under the action of some continuous 
force tending to S, the effect of ibis foi-ce, estimated by the 
quantity of motion generated In the interval between the im- 
pulses, wilt be ultimately the same as that generated })j the 
impulse. 

Consider first the geometrical properties of the limit of the 
polygonal perimeter. Let BT, CU be tangents at B, G to the 
curvilinear limit, and let Cc intersect BT'm T, fig. page 136. 

Now, since Cc ultimately vanishes compared with Be, BG 
and Be or AB and BG arc ultimately in a ratio of equality, 
and Cc is ultimately bisected by B2\ by {2) page 102; also, 
CU=BU^ UT ultimately, by (l) page 102. 
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Consider nest tlic effecta produced by the difFercnt kinds of 
force which act in the two cases. 

In the poljgonat path, the impulsive force at B generates 

a velocity with which the body describes Cc in the time t m 

which AB or BG \a described, the measure of the effect of the 

Cg 
impulse is therefore the velocity - , 

In the curvilinear path, the deflection from the direction BT 
at Bf in the same time (, is TC, by meanB of the continnons 
action of finite forces, and if we suppose the force ultimately j 
uniform in magnitude and direction, the measure of the so ' 

celerating effect of the fprce will be — -j- , and the velocity i 



Hence the effects of the finite and impulsive forces, measured , 
by the quantity of motion produced, are the same. 

147. We can also shew that a continuous force, which gene- 
rates the same quantity of motion as the impulse at B in the 
time from B to C, would cause the body on arriving at C to 
move in the direction of the tangent to the curvilinear limit of J 
the perimeter. 

For the velocity due to the action of the finite force at tbfl i 

end ( 



represent the velocities In those directions; therefore UO is the 
direction of motion at Cy that is, the body moves in the direction 
of the tangent at C 

148. Cob. 1. The corollary may be proved directly from 
the proposition, for the proporliouality of the areas to the times ( 
of describing them will be true if the force suddenly cease to act, i 
in which case the body will proceed in the direction of the tangent. 

Let V be the velocity at the point A, ASB the curvilinear 
area described in any time 2", AT=V.T the space described 
if the force cease to act. Join BT and draw SY perpendicular 
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also 



to AT, then area ^Sj? = tmngle 8AT=^y.Tv. Sy 
area ASBx T; therefore K varies inversely as 8Y. 

Again, if k be twice the area described la the unit of time 




employed in estimating the accelerating effect of the force tend- 
ing to S and the velocity of the body, 

2.iite&SAB = hT; .: h = V.8Y. 

By the use of this area the proportions employed in subse- 
quent propositions by Newton may be converted into equations, 
for the convenience of calculation. 

If bodies move in curves for which the areas, described in 

the same time, are not equal, Vol ay' 

149. Cor. 4, The statement in this corollary requires modi- 
fication, for, unless the forces be considered only with reference 
to their accelerating effects, or unless the bodies be supposed of 
equal mass, the forces will not be proportional to the aagittffl. 

150. Cob. 5. The object of this corollary ia to determine 
the numerical measure of the central force which governs the 
motion of a body, when tbe circumstaoceB of the motion are 
known ; for it supplies us with the ratio of this force to the force 
of gravity on the same body at any place, the measure of which, 
can be determined by experiment. 

Applications of the Proposition. 

151. Prop. When the forcf, instead of lending to a fxed 
pointj acts in parallel littesj the property of the motion enuncuited 



144 (JETTON. 

in the proposition may he replaced hy rte jjroperly that (,.„ 
resolved part of the space described perpendicular to the direc- 
tion of ike force is proportional to the times. 

This is immediately deducible from the second law of motion, 
since there is no force in the direction perpendicular to that of 
the forces, and the velocity in that direction is uniform. 

That this is the result of the properties in the proposition 
may be shewn by removing the centime of force to an infinite 
distance. 




Let S be the centre of force, AMN perpendicular to SB, the 
area ABCS is proportional to the time of describing A 0, and 
the areas AMN8 and ABCS are ultimately equal when S ia 
removed to an infinite distance in BM8, bence the triangle ASN 
is proportional to the time, and therefore the base AN, which 
varies aa the triangle ASN, ia also proportional to the time, 
and therefore, since CN ia ultimately perpendicular to AN, 
the proposition is proved. 

152. Prop. If a body describe a cwrvilinear orlnt about a- 
force tending constantly to a fixed point, the area described in et 
given time will be unaltered, if the force be suddenly increased 
or diminished^ or if the body be acted on at any moment by an 
impulsive force tending to that point. 

For, if in the polygon the impulse at any point B be in- 
creased or diminished by any force tending to or from S, the 
only effect will be to remove the vertex C of the triangle SBG to 
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some other point in the lipe cG parallel to BS, hence the area 
Vill be unaltered, iiad the argument which eatabliahea the 
equality of polygonal areas in a given time will proceed as 
hefore. Ilence in the limit the curvilinear areas deacribed in 
a given time will he unaltered. 

If the new force introduced at B he impulsive, the angle 
^BC will remain less than two right angles when we proceed 
to the limit, and the two parts of the curve will cut one another 
at a finite angle. 

Hence, in any calculation made upon supposition of such 
changes of force, the value of A, Art. U8, will be the same 
before and after the change of the force. 

153. Def. In any orbit deacribed under the action of a 
force tending to a fixed centre, a point at which the direction 
of the motion is perpendicular to the central distance is called 
an apse, the distance from the centre is called an apsidal 
distance, and the angle between consecutive apsidal distances 
b called an apsidal avgle. 

Thus, in the ellipso about the centre, the four extremities of 
the axes are apses; there are two different apsidal distances, 
and every apaldal angle is a right angle. 

In the ellipse about a focus, the apaes are at the greatest and 
least distances, and the apsidal angle is two right angles. 

154. In a central orbit described under the action of fanxa 
tending to a fieed point, each apuidal distance xoill divide the orbit 
Bymmetrically, if the forces he always equal at equal distances. 

It is easily shewn that, in any orbit described by a body 
under the action of forces tending to a fixed point, the forces 
depending only upon the distance, if a second body be projected 
at any point with the velocity of the first in the opposite direc- 
tion, it will proceed to describe the same orbit in the reverse 
direction, under the action of the same forces. 

For, let ABG be a portion of the polygon whose limit is 
the curvilinear path of the body, and produce AB to c, and 
CB to a, making Bc = AB, and Ba = CB. 
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The impulse at B ia measured by cG when the body de- 
scribes ^i^C^, and if the motion bo reversed, the same impulse 
at B would cause the body to move in BA^ with the velocity 
which it had in AB. since aA = cC. And the same ia true I 




throughout the polygonal path, hence the assertion is true ioem 
the whole path, described under the action of impulses which ' 
are always the same at the same points, and therefore, proceed- 
ing to the limit, the atatement made for any orbit Is proved. 

Hence, since the forces are equal at equal distances on 
both sides of the apse, the path of the body from an apse 
being similar and equal to the path which would be described 
if the velocity were reversed at the apse, ia similar to the path 
described in approaching the apse; whence the proposition i»J 
established. 

155. Tliere are only two different apsidal distances, and I 
all apsidal angles are equal. 

For, after passing a second apse, the curve being symme- 
trical on both sides, a third apse will ho in such a position that 
the apsidal distance is the same as for the first apse, and all the 
apsidal angles are shewn similarly to be equal. 

156. Cob. Hence a central orbit can never re-enter itself" 
unless the ratio of the apsidal angle to a right angle be com- 
mensurable, and if it be so, the curve will always re-enter. 



Illustrations, 
(1) If a hody describe an ellipse under the action of a force 
tending toone of the foci, the square oftlie velocity varies inversely ^ 
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aa ike distance from that focus, and direct!;/ as the distance from 
the other. 

For BC: ST'-.-.SZ: SYr.BP: SP; 

(2) The velocity is greatest when ike hody is at ike extremity 
of the major axis which is nearer to the focus to which the force 
tends, and least at the Other extremity. 

For 8Yh the least in the first and greatest in the second 
position. 

{3) The velocity at an extremity of the minor axis is a 
geometric mean between the greatest and least velocities. 

For at this point HZ=BC, and at the extremities of the 
major axis the values of ^^ are Sa and SA,a.Ti^BG* = BA.Sa. 

(4) In the equiangular spiral described under the action of a 
force tending to the focus, the velocity a op" 

For, BY-x SP. 

(5) If the force tend to the centre of the elliptic orbit described 
hy a hody, the time between the extremities of conjugate diameters 
will he constant. 

For the area PCD is constant. 

(6) The velocity at any point of an ellipse about a force fend- 
ing to a focus is compounded of two uniform velocities, one 
perpendicular to the radius vector, and the other perpendicular to the 
major axis. 

Let S be the centre of force, BT, MZ perpendiculars on the 
tangent at P, job BP, CZ. Then EZ, ZC parallel to P8, and 
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CH ore porpondicutar to the tliree directioaa; tberefore the 
velocity represented by HZ in magnitude is the resultant of 
the two represented by CZ and IIC\ but the velotity perpen- 
dicular to HZ^ vy= Ti MZ\ therefore the velocitiea perpen- 
dicuUr to HO and CZ are ^ ae and 7^ a. 



xvm. 

1. If different bodies be projected with the Bflme Telopit7 from- J 
a ^iven point, all being ntti-acted by forces tending to one fixed^ 
point, shew that the areas described by the lines drawn from the J 
fixed point to the bodies will be proportional to the aiuee of tha J 
angloa of projection. 

2. When a body describes a curvilinear orbit under the action 
of a force tending to a fixed point, will the direction of motion or 
the corvature of the orbit at any point be changed, if the force at 
the point receive a finite change ? 

8. A body moves in a parabola about a centre of force in the 
vertex, shew that the time of moving from any point to the vertex 
varies aa the cube of the distance of the point from the axifl of the 
parabola. 

4. In a parabolic orbit described round a force tending to the. fl 
focuB, shew that the velocity varies inversely as the normal at any 
point. Shew also that the sum of the squares of the velocities ta 
the extremities of a focal chord is constant. 

fi. If the velooify at any point of an ellipse described about 
the centre can be equal to the difference of the greatest and least 
velocitiea, the major axis cannot be less than double of the minor. 

6. If an ellipse be described under the action of a force tending 
to the centre, shew that the velocity will vary directly as the 
diameter conjugate to that which passes through the body; also 
that the sum of the squares of the velocitiea at the extiemities of 
ooujugate diameters will be constant. 

7. In an ellipse described round a fores tending to the focus, 
compare the intervals of time between the extremities of the same 
latus rectum, when ^,C= 2CS. 

8. In the ellipse described about the focus S, ASRA' being tl 
mc^oi axis, time in A£ i time in JiA' : : ir - 2« : n- -i- 2«. 
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9. If the Telocitlea nt three points in an ellipse described by 
B particle, the acceleration of which tends to either of the foci, bo 
in arithmetical progression, prove that the velocities at the opposite 
extremities of the diameters paaaing through these poiata will be 
in harmonical progression. 

10. If r,, c, bo the velocities at the extremitiea of a diameter 
of an ellipse described about the focus, and u the velocity at either 
of those points when it is described about the centre, prove that 
u (v, + c,) will be constant, 

11. In a central orbit, the velocity of the foot of the perpen- 
dicular from the centre of force on the tangent varies invereely as 
the length of the chord of curvature titrough the centre of force. 

12. A particle is describing a parabola about its focus S; if P 
and Q be two points of its path, shew that its velocity at Q will 
be compounded of the velocity at /" and a velocity whioli will be 
constant if the angle FSQ be constant. 



1. A body describaa a parabola about a centre of force in the 
focus ; shew that its velocity at any point may be resolved into 
two equal constant velocities, respectively perpendicular to the asia 
and to the focal distance of the point. 

2. A body describes an ellipse under the aetion of a central 
force tending to one of the foci ; shew that the sum of the velocities 
at the extremities of any chord parallel to the major axis varies 
inversely as the diameter parallel to the dii-ection of motion at 
those points. 

3. A body movos in an ellipse under the action of a force 
tending to the centre ; shew that the component of the velocity at 
any point perpendicular to either focal distance ia constant ; and 
that the sum of the squares of the velocities, at the extremities 
of any pair of semi-conjugate diameters, resolved in any given 
direction is constant. 

4. In an ellipse described about a focus, the time of moving 
from the greatest focal distance to the extremity of the minor axis 
is fn times that from the extremity of the minor axis to the least 
focal distance ; find the eccentricity, and shew that, if there be 
a small error in ni, the corresponding error im the eceeutiicil^ will 
vary inversely as (1 + m)'. 

5. If the velocity of a body in a given elliptic orbit be the same 
at a certain point, whether it describe the orbit in a time t about 



one focus, or in a time t' about the other, prove tliat, 2a being ti 
majoi axis, the focal distunceB will be - — j, a 

6. A body describeg a parabola about the focus; if the eeg- 
mentB PS, Sp of the focal chord PSp be in the ratio » : 1, prove 
that the time in pA : time ia AP : : 3»+ 1 : n°{n*3). 

7. If SFbe perpendicular to the tangent to a. curve at P, and g 
P and T both move as if under the action of a central force tending! 
to S, prove that the radius of curvature at P will vary as SK 

8. If P, Q be any two points in an ellipse described by a 
particle under the action of a force tending to the centre, prove 
that the velocity acquired in passing from P to Q will be in the 
direction QP', where i" is the other extremity of the diameter 
through P. 

9. Two points P, P' are moving in the same ellipse, in the 
same directions, with accelerations tending to the centre C; shew 
that the relative velocity of one with regard to the other is parallel 
and proportional to CT, where T is the point of interaectioo of the 
tangents at P and P'. If the points move in opposite diiectionB, 
what will bo their relative velocity ? 

10. Two particles revolve in the same direction in an oval 
orbit round a centre of force S, which divides the axis unequally, 
starting simultaneoUBly from the extremities of a chord PQ, drawn 
through S. Prove that, when they first arrive in positions Ji, T 
respectively, such that the angle ItST is a minimum, the time from 
S to the next apse will be an arithmetic mean between the timoB 
from P to the next apse and to Q from the last apse. 

11. Two equal particles are attached to the estremitiee of a 
string of length 2l, and lie in a smooth horizontal plane with the 
string stretched ; if the middle point of the string be drawn with 
uniform velocity e in a direction perpendicular to the nitial diroo- I 
tion of the string, shew that the path of each particle will be ^M 

cycloid, and that tha particles will meet after a time -^ . " 

12. If the velocity 
constant c 
the other 
a conic. 



1 central orbit can be resolved into two 
perpendicular to the radius vector, and 
£xed straight line, shew that the curve must be 



13, The velocity in a cardioid described about a force tending 
to the pole varies in the inverse eesquiplicate ratio of the distance. 

14, The velocity in the lemniscate varies inversely as the cub© 
of the central distance, when a paiticle moves in the curve round 
a force tending to the centre. 
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PROP. II. THEOREM II. 

Every hody, which inoves in any curve line described in a 
plane, and describes areas proportional to the times of- 
describing t/tem about a point either fixed or moving 
uniformly in a straight line, by radii drawn to that 
point, is acted on by a centripetal force tending to the 
same point. 

Case 1. Let the time be divided into equal intervals, 
and in the first interval let the body describe AB 
with uniform velocity, bein^ acted on by no force; 
in the second interval it would, if no force acted, pro- 
ceed to c in AB produced, describing Be equal to AB 
and the triangles ASB, BSc would be equal. But 




when the body .arrives at B, let a force, acting upon 
it by a single impulse, cause the body to describe 
5C in the second interval of time, so that the tri- 
angle BSC is equal to the triangle ASB, and there- 
fore also to the triangle BSc; therefore BSC and 
BSc are between the same parallels, hence BS is 



parallel to cC, and therefore BS was the direction of 
the impulse at B. 

Similarly, if at C, D, ... the body be acted on by im- 
pulses causing it to move in the sides CD, DE, ... of 
a polygon, in the succeasivo intervals, making the 
triangles C8D, DSE, ... equal to A8B and B80, the 
impulses can be shewn to have been in the directions 
CS, DS, ... . Hence, if any polygonal areas be de- 
scribed proportional to the times of describing them, 
the impulses at the angular points will all tend to S, 

The same will be true if the number of intervals be 
increased and their length diminished indefinitely, 
in which case the series of impulses will approximate 
to a continuous force tending to S, and the polygons 
to curvilinear areas, as their limits. Hence the pro- 
position is true for a. fixed centre. 

Case 2. The proposition will also be true \i S hB a 
point which moves uniformly in a straight line, for, 
by the second law of motion, the relative motion will 
he the same, whether we suppose the plane to be at 
rest, or that it moves together with the body which 
revolves and the point S, uniformly in one du-ectiou. 

Cob. 1. In non-resisting media, if the areas be not 
proportional to the times, the forces will not tend 
to the point to which the radii are drawn, but will 
deviate in consequentid, i.e. in that direction towards 
which the motion takes place, if the description of 
areas be accelerated ; but if it be retarded, the devi- 
ation will be in antecedentid. 

Cor. 2. And also in resisting media, if the description 
of areas be accelerated, the directions of the forces 
will deviate from tlie point to which the radii are 
drawn in that direction towards which the motion , 
takes place. 

SCHOLIUM. 

A body may be acted on by a centripetal force com- 
pounded of several forces. In this case, the meaning 
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of the proposition is, that that force, which is the 
resultant of all, tends to S. Moreover, if any force 
act continually in a line perpendicular to the plane 
of the areas described, this force will cause the body 
to deviate from the plane of its motion, but will 
neither increase nor diminish the amount of area 
described, and therefore must be neglected in the 
composition of the forces. 



Ohservations on the Proposition. 

157. The description of an area round a point in motion 
may be explained by the following coEstructlon for the relative 
orbit, in the case of motion about a point which is itself moving 
uniformly in a straight line. 

Let SS' be the line in which S moves uniformly, and let the 
body move from ^d to B in the same time that S moves from 8 
to S'f and let P, <r be simultaneous positions of the body and of S. 




1£ PP' be drawn equal and parallel to aS, and tbe same 
cooatruction be made for every point in the path of the body, 
the curve AP'B\ which is the locus of P', will be the orbit which 
the body would appear to describe to an observer at 8, who 
referred all tbe motion to the body ; for SF will be equal and 
parallel to txP, and therefore tbe distance of the body, and tbe 
direction in winch it is seen, will be tbe same in tbe two cases. 

If Q, Q' be corresponding points near P and P, and the force 
at a be Bupposed to act impulsively, tbe relative motion round a 
will be unaltered if we apply to both P and a velocities equal tu 
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that of a and in ft contrary direction, but m thia caee <r will 
be reduced to rest and the velocity of P will be the velocity 
relative to a. Take PQ and aa\ which are described in the 
same time, to represent the velocities of P and <tj and let Qq^ be 
equal and parallel to ffV, tlien Pq reprcHents the velocity of P 
relative to a\ and, Bince Q'q = Sa'~iT'a = P'P, P'Q' is equal 
and parallel to Pq, and therefore the velocity in the orbit AB^ 
about S at rest is equal to the relative velocity about S in 
motion. 



158. CoH. 1. Reverting to the polygonal 





angle SBC be greater than the triangle SAB, tlie impulse at 1 
will not be in the direction ES, but BU, parallel to cC\ that ii 
if the areas be not proportional to the times but, be in aa 
increasing ratio, the direction of the force will deviate towards 
the direction in which the description of areas is accelerated j 
and vtce versd, when the description is retai'ded. 

159. Cor. 2. The effect of a resisting medium is to retard : 
the motion, or, supposing it the limit of a series of impulses, wa 
must conceive an impulse at B, in the case of the polygon, in the 
direction BA ; if therefore the description of areas be accelerated, 
the impulse applied at B in the direction BU' must act still 
farthGT in Gonsequentid than tha.t in BU, in order that, with the 
impulse corresponding to the resistance of the medium, it may 
produce a resultant impulse in the direction of BU. The effect 
of the resistance alone is to retard the description of areas. 

If the force act in coiisi'2iii:nlidf the resultant of thia force 
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and tbe resistance of tbe medium may act in tte direction ^(?, 
and the pcopoi^tionaUty of the areas to the timea be preserved. 

160. Prop. Let ABODE he any p!atie curve, S any point 
in ike plane, to skew that, generally, the curve can be described 
under the action of a. farce tending to or from 8, with finite velo- 
city, the velocity at any given point being any given velocity. 

For area AB, BC, ... can be measured from any point A, 
along the curve, such that the areaa SAB, SBC,,., are all equal, 




and of any magnitude. Also a body can be made, by some force 
to move along the curve with finite velocity, so aa to describe the 
arcs AB, BC, ... in equal times, unless the tangent to one of 
tbe arcs, aa BE, pass through S, in which case, if the arcs be 
indefinitely diminished, DEiAB will not be finite ultimately. 

Hence by Prop. II. a body can move with finite velocity 
under the action of aome force tending to or from 8, generally. 

161. Note 1. Since in making the motion of the body Buch 
that it shall describe equal areaa in equal times we are only con- 
cerned with the ratio of the velocities, the veloaty at any point 
A may be any given velocity. 

162. Note 2. Or if we please we may auppoae tbe force at 
any point any given force ; for, in the case of the polygon, tbe 
velocity generated by the impulse at B is to the velocity in AB 
as cC to Be, hence the impulse at B may bo of any magnitado 
if we choose the velocity in AB properly. 

163. Note 3. The ratio of the velocities will be the eame 
at two given points, for all forces tending to a given centre, 
under tbe action of which the curve can be described. 
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164, Note 4. Hunce a. body can move tbrougliont any 
ellipse under the acUon of 8 centripetal force leuding to the 
centre or focus, the force depending only on the distance, since 
in these cases the cnrve is syni metrical on opposite sides of any 
apse ; or about any point within the ellipse, if the forces do not 
depend only on the distance, since no point within an ellipse lies 
on any tangent. 

165. Note 5. In the case of an oval, S being an external ' 
point, a body can move with finite velocity under the action of 

a force tending to the point S, in the portion which ia concave to 
S, and from S, in that which is convex to S, but not from one 
portion to the other. 

XX. 

1. If an ellipee he described eo that the anm of the areas 
swept out by radii drawn to the vertices Je proportional to the 
times of describing them, prove that the resultant acceleration 
will tend to the centre. 

2. A body is moving in & parabola, and the time horn, the 

VQTtes to any point varies as the cube of the ordinate ; shew that 
this motion could be caused by the action of a central force. 

8. A body was moving in a circle, and it was observed that the '1 
time of deECribing any arc from a fixed point varied as the sum of 
the arc and the perpeudicular distance from one extremity of the 
arc on the diameter through the other ; shew that the body was 
acted on by a central force. 

4. A heavy particle falls from the cusp to the vertex of a 
cydoid, whose axis is vertical ; shew that a particle could describe 
the cycloid in the same manner under the action of a constant force 
directed to a certain moving point. 

fi. From the centre of a planet a. perpendicular is let ioll upoa I 
the plane of the ecliptic ; prove that the foot of this perpendieular ■ 
will move as if it were a particle acted on by a force tending to th^S 
sun's centre. 
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PROP. TIT. THEOREM III. 

Every lody, which describes areas proportional io the times 
of describing them by radii drawn to the centre of another 
body which is moving in any manner whatever, is acted on 
by a force compounded of a centripetal force tending to 
that other body, and of the whole accelerating force which 
acts upon that other body. 

Let the first body be L, tlie second T, T moves under 
the action of some force P, L under the action of 
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another force F. At every instant apply to both 
bodies the force P in the contrary direction to that 
in which it acts, as represented by the dotted arrows. 

L will continue to describe about T, as before, areas 
proportional to the times of describing tlicm, and 
since there is now no force acting on T, T is at rest 
or moves uniformly in a straight line. 

Therefore, by Tlieorem II., the resultant of the force F 
and the force P applied to JJ tends to T. 

Hence F is compounded of a centripetal force tending to 
T, and of a force equal to that which acts on T. q.e.d. 

Cor 1. Hence, ifa body Z describe areas proportional 
to the times of describing them by radii drawn to 
another body T] and from the whole force which 
acts upon Z, whether a single force or compounded of 
several forces, be taken away the whole accelerating 
force which acta upon the other body 2'j the whole 



remainino; force, 
other body T as 



which acts upon X, will tend to thi 
a centre. 



CoH. 2. And If these areas be very nearly proportional 
to tho times of describing them, the remaining force 
will tend to tho other body very nearly. 

CoH. 3. And, conversely, if the remaining force tend 
very nearly to the other body 3", the areas will be 
very nearly proportional to tlie times. 

Cor. 4. If the body L describe areas which are very 
far from being proportional to the times of describing 
them, by radii drawn to another body T, and that 
other body T bo at rest, or move uniformly in a 
straight line, then either there will be no centripetal 
force tending to that other body T, or such centri- 
petal force will be compounded with the action of 
other very powerful forces, and the whole force com- 
pounded of all tho forces, if tliere be many, may be 
directed towards some other centre fixed or moving. 

The same will hold, when the other body moves in any 
manner whatever, if the centripetal tbrce spoken of 
be understood to be that which remains after taking 
away the whole force acting upon the other body T. 

SCHOLIUM. 

Since the equable description of areas is a guide to thel 
centre to which that force tends, by which a body is ' 
principally acted on, and by which it is deflected 
from rectilinear motion, and retained in its orbit, we 
may, in what follows, employ the equable description 
of areas as a guide to the centre, about which all 
curvilinear motion in tree spaco takes place. 

lUiisteation. 

166. As an lUustratloa of the Uet propositions and their* 
corollaries, we may state some of the observed facts In the 
niotioD of the Moon, Earth, and Sun, and make the deductioDS 
correapondiog to tUem. 
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Suppose the Moon's orbit relative to the Earlh to be nearly 
circular, and let ABCD be this orbit, E the Earth. 




(I) The areas deflcrlbed hj the radii drawn from the Moon 
to the Earth are nearly proportional to the times of describing; 
hence the reaultaut force on the Moon tends nearly to E. 

{2} \i ES the line joining the centres of the Earth and Sun 
meet the Moon's relative orbit about the Earth in A^ G, and. 
DEB be perpendicular to C8, the description of areas will be 
accelerated as the Moon movea from D \o A and from B to (7, 
and retarded from ^ to 5 and from GtoD; hence the direction 
of the resultant force on the Moon in the positions M^, M^, 
J/j, M^, will be in the directions of the arrows slightly inclined 
to the radii drawn to E. 

From these observed facts, we see that when the force, tinder 
the action of which E moves, is applied to the Moon iD the 
contrary direction, the remaining force tends in the directions 
of the arrows. 

By the supposition that the Earth and Moon are acted on 
by forces tending to the sun, whose distance compared with EM 
is very great, and that the differences of the forces on these 
bodies are not very great, the accelerating effect of the force on 
the Moon in DAB being greater than that on the Earth, and in 
BOD less, the circumstances of the description of areas in the 
motion of the Moon are accounted fon 
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The centripetal forces on equal bodies, which descnhe dif- 
ferent circles with uniform veloeiti/y tend to t/te centres of 
the circles, and are to each other as the squares of arcs 
described in the same time, divided by the radii of the 
circles. 

The bodies move uniformly, tlierefore tbe arcs described 
are proportional to the times of describing them ; and 
tlie sectors of circles are proportional to the arcs on 
which they stand, tliereforo the areas described by 
radii drawn to the centres are proportional to the 
times of describing them ; hence, by Prop. II., the 
forces tend to the centres of the circles. 

Again, let AB, ab be small arcs described in equal times, 




AD, ad tangents at ^, «; ACSG, 
through A, a. Join AB, oi- and diaw^ 
pendicular to A G, aff. -™ 
When the arcs AB, ab are i lii 

AO, ac are sagittffi i 
described in equal t 
Prop. I., Cor. J, ;is 

Bnt AC. AG = [d 
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.•. fol-ceat A : force at a :: AO: ac ultimately, 
(chdA^)' (chda^)' (axcAB) ^ (arcaft)' j. ^ 

AG ' ag " AG ' ag ' 

Take AE, ae two arcs described in any eqoal finite 
times, then AE: ae ;: AB : ab, since the bodies movo 
uniformly, and this is also true in the limit ^ 

AE' ae* 

Q.E.D. 

Cob. 1. Since these arcs are proportional to the velo- 
cities of the bodies, the centripetal forces will be in 
the ratio compounded of the duplicate ratio of the 
velocities directly, and the simple ratio of the radii 
inversely. 

That is, if F, v be the velocities in the two circles, B, r 
the radii, /"j/the centripetal forces, AE:ae::V:v'f 

J./-- ^ ^- 

CoB. 2. And since the circumferences of the ciltles axe 
described in tbeir periodic times, tbe vcIodtMsaRJi 
"orampounded of the ratio <^tbemfii£natff 
^^^^Y the periodic time» inretseljr; j 
^rce« are in the i ' 
p radii directly, e 

fl... sniTnriWi nf fhajjeriodic tiuitf^ 

ir ^W^ tiiu&K i 



IfP=/>, then F:v::R:r; 



:/:4-. 



R ' 



iR-.r. 



Cor. 4. Also if the periodic times be in the subduplicati 

ratio of the radii, the centripetal forces will be equal. ^ 
That is,iiP':p':: R:r, then F=/, by Cor. 2. 

CoR. 5. If the periodic times be as the radii, and 
therefore the velocities equal, the centripetal forces 
will be reciprocally as the radii j and conversely. 

CoE. 6. If the periodic times be in the sesquiplicate 
ratio of the radii, and therefore the velocities recipro- 
cally in the subduplicate ratio of the radii, the cen- 
tripetal forces will be reciprocally as the squares of 
the radii; and conversely. 

That is, ifP':/:: I^ : r% 

^ t" 1 1. 



then V 



^■■f-j; 



R 



CoR. 7. And, generally, if the periodic times vary as! 
any power R" of the radius R, and, therefore, the velo- 
city vary inversely aa the power .fi^', the centripetal 
force will vary inversely as R^"'^ ; and conversely. 

Cob. 8. All the same proportions can be proved con- 
cerning the times, velocities, and forces, by which 
bodies describe similar parts of any figures whatever, 
which are similar and have centres of force similarly 
situated, if the demonstrations be applied to those 
cases, unifonn description of areas being substituted for 
uniform velocity, and distances of the bodies from the 
centres of force for radii of the circles. 

Let A£, ae be similar arcs of similar curves described 
by bodies about forces tending to similarly situated 
points S, s; and let AB, ah be small arcs described 
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in equal times ; BD, Jif subtonsea parallel to SA-y s 
A Vf av chords of curvature at Ay a, so that 
AV: av :•■ AS : os. 




. force at A : force at a : 



<, ultimately, 
, idtimately ; 



, as Cor. 1. 



Then, force at A : force at a :: DB : c 

" AV'av ' 

and if V, v be the velocities at A, a since AB, ah are 
described in equal times, AB\ db:\V;v, ultimately; 

'SA ' 

Again, i?AB, ab be small similar arcs described in timea 
T, i, instead of being arcs described in equal times, 
and jP, p be the times of describing similar finite 
arcs AB, ae, 

T: P:: area ASB : area ASB:: areaasA r areaaae ::t:p; 

therefore, when AB, ab are indefinitely diminished, 
T:t::P:p. 

Air ab* ,,. , , 
= 5,^: ^.-ultimately, 



Hence, F:/: 



'sa'- 



SA 



-jij : -i , as Cor. 2. 



COE. 9. It follows also from the same proposition, that 
the arc which a body, moving with unitbrm velocity 
ina circle under the action of a given centripetal force, 
describes in any time, is a mean proportional be- 
tween the diameter of the circle, and tho space 
through which the body would fall from rest under 
the action of the same force and in the same time. 



For, let AL be the epace described from rest In the same 
time as the arc AE, then aince, if BD be perpendi- 
cular to the tangent at A, BD will be ultimately tliG 
spaoe described by tlie body, under the action of the 
force at A, in the time in which the body describes 
the are AB, and the times are proportional to the area ; . 
.'. AL-.BD:: AE'-.AB'; 
.'. AL.AG : BD.AG :: AB' : AB'; 
and BD. AG =(chd ABy = (arc AB)% ultimately; 
therefore AL.AG = AB', or AL : AB :: AB : AG. 

Q.E.D. 

SCHOLIUM. 

The case of the sixth CoroUary holds for the heavenly 
bodies, and on that account the motion of bodies acted 
upon by a centripetal force, which decreases in the 
duplicate ratio of the distance from the centre of force, 
is treated of more fully in the ibilowing section. 

Moreover, by the aid of the preceding proposition and 
its corollaries, the proportion of a centripetal force 
to any known force, such as gravity, can be obtained. 
For, if a body revolve in a circle concentric with 
the earth by the action of its own gravity, this 
gravity is its centripetal force. 

But, from the falling of heavy bodies, by Cor. 9, both 
the time of one revolution and the arcs described in 
any given time are determined. J 

And by propositions of this kind Huygens, in his ex- | 
cellent tract, De Horologio OsciUatorio, compared the 
force of gravity with the centrifugal force of re- 
volving bodies. 

The preceding results may be proved in this manner. 
In any circle let a regular polygon be supposed to 
be described of any number of sides. And if a body 
moving with a given velocity along the sides of the 
polygon be reflected by the circle at each of its 
angular points, the force with which it impinges on 
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the circle at each of the refleetiona will be propor- 
tional to the velocity ; and therefore the sum of the 
forces, in a given time, will vary aa the velocity and 
the number of the reflections conjointly. But if the 
number of sides of the polygon be given, the velo- 
city will vary as the space described in a given 
time, and the number of reflections in a given time 
will vary, in different circles, inversely as the radii of 
the circles, and, in the same circle, directly as the 
velocity. Hence, the sum of the forces exerted in a 
given time varies as tlie space described in that time 
increased or diminished in the ratio of that space to 
the radius of the circle ; that is, as the square of 
that space divided by the radius, and therefore, if 
the number of sides be diminished indefieitely so 
that the polygon coincides with the circle, the sum 
of the forces varies as the square of the arc described 
in the given time divided by the radius. 
This is the centrifugal force by which the body presses 
against the circle, and to this the opposite force is 
equal, by which the circle continually repels the 
body towards the centre. 

Symbolical representation of Areas, liines, &c. 

167. In the statement of the proposition tlie ■words " arcuTim 
qnadrata applicata ad radios," in the text of Newton, is rendered 
the squares of arcs divided b^ the radii. Such cxpreasiona as 

A1? 

—Tfi ™37 he regarded as representations of lines {&.g. this 

expression denotes A 0) whose lengths are determined by such 

coDstractions as the following: 

To A apply a rectangle wlioae area is that of the square on 

AB, and let AC be the aide adjacent to AO; AG ia thus 

obtained by applying the square on AB to A Q, The propriety 

AB' 
of the symbol -r-^ employed to represent a line A 0, assumed 

from algebra, is obvious, since the number of units of area in 
the square on AB and in the rectangle whose sides ore AG, 
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A C aro the Bams ; hence, if m, n, r be the number of ontts of 

length in these lines, m' = nxr and r= — . 



■ AG' 

manner aa a fraction, wo may either treat them nnmericallj, 
conaidering AB* to represent the number of units of area con- 
tained in the square on AB^ and AO aa the number of units of 
length in A G, and thus apply the rules of Arithmetical Algebra ; 
or we may look upon Al? as the absolute representation of an 
Al? 
AG ' 

no meaning except by interpretation. In this interpretation we 
are guided hy the principles upoa which Symbolical Algebra is 
applied to any science, the laws of operation by symbols being 
the same in Arithmetical and Symbolical Algebra, and the 
symbols being interpreted bo that these laws are not contra- 
dicted. Thus if, in tbe application to Geometry, the symbol A. 
be supposed to denote an area equal to that of a rectangle whoso 
aides are represented by a and b, the assumption that A = ah 
or 6a will imply that ab = ha, hence the laws remain the same 

as In Arithmetical Algebra, and — = J; so that the interpretation 

is legitimate, that, if a rectangle be applied to a, whose area is A^ 

~ will denote the other side of the rectangle. 

Ohservationa on the Proposition. 

1G9. In the statement of the proposition the word 'equal' 
has been inserted before ' bodies ' in order to make the theorem 
correct, whether we suppose the centripetal force to be estimated 
with reference to the momentum or the velocity generated. 

It would, perhaps, be better to state the pi-opoaltion as 
follows : " The resultant of the forces, under the action of which 
bodies describe different circles with uniform velocity, are centri- 
petal and tend to the centres of the circles, and their accelerating 
effect are to each other, &c.," for it ia not known, prior to the 
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170. Cons. 1 sDd 9. The first corollary asaerta that the 

centripetal forces on bodies moving in Jiffeient circles vary as 

V 

-^-, but the ninth shews that the accelerating effects of the 

" . . F' 

centripetal forces are in each circle equal to -^ . 

For, if F" be the velocity, F the accelerating effect of the 
force in any circle, 2" the time of describing any arc, VTw'sW be 
the length of the arc, ^FT' will be the apace through which 
the body would move under ihe action of the same force con- 
tinued constant, in the same time in which the arc Is described, 

.-. ^FT' : VTi: VT: 2S; .-. V* = FS. 

171. Scholium, In uniform circular motion the centripetal 
force is employed in counteracting the tendency of the body to 
move in a straight line, which it would do, according to the first 
law of motion, with the uniform velocity which it haa at any 
point of the circle, if the centripetal force were suddenly to cease 
to act. This tendency to recede is called a centrifugal force 
improperly; for the effect of a force being to accelerate or 
retard the motion of a body, or to alter its direction, if the 
tendency could properly be termed a force and the centripetal 
force which counteracts it were removed, it would accelerate or 
retard the motion of the body, or alter its direction, which it 
does not. 

The only sense in which the term centrifugal force can be 
used with propriety as a force may be obtained by the con- 
sideration of relative equilibrinm, in which case, if the same 
centripetal force acted on the body, the centrifugal force would 
keep it in equilibrium, supposing the body were at rest aa 
it would appear to be to an observer moving with it. 

Thus, if a body be supported on the surface of the earth, 
since the body describes a circle about the axis of the earth 
with uniform velocity, the pressure of the support and tho 
attraction of the earth must have a resultant, whose direction 
will pass through the centre of this circle, and whose magnitude 
will be such as would cause the body to describe it; this re- 
sultant and the centrifugal force will be in statical equilibrium. 



172. Id this case of circular motion the force Is eXerted 
not ia accelerating or retarding the motion, but in changing ita 
direction. 

ThuB, referring to the figure of Prop. I., if the direction of 
the impulse at B bisect the angle ABG, the triangle CBc will 
be iaosceles, and BG= Bc = AB) therefore the velocities iu BO 
and AB will bo equal, and the effect of the impulee has been to 
change the direction without altering the Telocity of the body. 

Hence, the regular polygon inscribed In a circle, centre 8, can 
be described with uniform velocity under the action of Impulsea 
tending to the centre; and, by similar triangles SBO, OBcf 

Cci BO i: BC : BS> 

And if V be the uniform velocity in the polygon, T-i 

time in a side BG, BG= V.T; therefore Cc= -^ . 

If now the number of sides be indefinitely increased, Co witf 
be ultimately twice the space through which the body will be 
drawn from the tangent by the continuous force, see Art. 14G ; 

Cc F' . 

therefore -— = po ^^ ^^ '^^ measure of the accelerating effect . 

of the centripetal force tending to the centre of the drcle. 



Illustrations of Gircular Motion. 

(I) A small body ta attached by an inelastic string to a 
point on a smooth horizontal table, to determine the tension of the 
string when the body describes a circle. 

If the body be set in motion by a blow perpendicular to the 
string, the string will remain constantly stretched, and the only 
force which acta on the body in the horizontal plane being in the 
direction of the fixed point, the areas described round this point 
will be proportional to the time, and the body will move in a 
circle with uniform velocity. 

Let V be the velocity of projection, apd I the length of the 
string, then the accelerating effect of the tension of the Htring 



' V 



that is, J is the velocity which would be generated in an 
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aiiit of time from rcBt by tlie action of this tcnalon continued 
constant, tberefore the tension of the string : the weight of tbe 

hoAy ;: ^ : ff. 

Ex; If a velocity of two feet a second be comnnmicated 
perpendicular to a Btriug whose leugth is a yard, 
«■ I ?5 :: 4 : 3x32 :: I ; 24, 

hence the tension is — th of tbe weight, and tlie time of 
revolution is evidently — seconda =— - = 9'4", nearly. 

(2) If a particle be attached iy a string of given length to a 
point in a rough horizontal plane, and a given velocity be communi- 
cated to ttf perpendicular to the string supposed tight, jlnd the 
tension of the string at any time, the time in which it will be 
reduced to rest, and the whole arc described. 

Let T'"be the velocity of projection, I the length of the string 
in feet, v the velocity at any time (. Since the particle describes 
a small arc ultimately with uniform velocity the accelerating 

effect of the tension at the time ( is -y . Again, if ^ be tbe 

coefficient of friction, the retarding effect of friction ia /ig, which 

is constant, hence tbe velocity destroyed in the time ( since 

Miction is the only force acting in the direction of the tangent 

is figt, and v = V— figt. 

ITierefore the particle cornea to rest in — seconds after 

. . F" ^^ 

describine the arc feet. 

The tension of tbe string at the time (: the weight of the 

particle : : -r :g.: '' - : g ; therefore the tension cc ( — — ' ) 

QC the square of the time which will elapse before the particle 
comes to rest. 

(3) Supposing that the Moon describes a circle with uniform 
velocity about the centre of Hie Earth as its centre, to find the ratio 
of the centripetal acceleration of t/ie Moon's motion to gravity at 
the Earth's surface. 
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Let 



= number of ecconda ir 
the radiuaof tlie Moon's orbit 



S 

of the Mood is 



the Mood'b periodic time, 



- and-; 



feci ; therefore the velocitj^ 

-n . I ) ia the measure of the acce- 

leratmg effect of the force exerted on the Moon, and the measure 
of the same for gravity at the Eaxth'a surface >= 32.2; hence, 
the ratio required is iir'R : 32.2n'. 

(i) A hody ia suspimded hy a string from afizedpoint, and 
being drawn oat of the vertical ia project^ horizontally ao as to 
describe a horizontal circle with uniform velocity. Find tka 
velocity and the tension of the string. 

Let A bo the point of anspension, BG the radiua of the circle 
described; therefore, the circle being described uniformly, the 
resultant force on the body tends to the centre B^ and the 



this resultant force is -: 




string and , 
parallel to Ah 



also, -^ : j7 :: CB : AB, Art. 171, /. I" = -^^, 



and, if CD be perpendicular to AG,BG'=AB.BD-,aaA. thtt^ 

velocity will be that due to falling through the space i^BD, 



1. If the cube of tho velocity, in circles uniformly described, be 
inversely proportional to the periodic time, shew that the law of 
Ibrce wUl vwy inversely as the squai o of the radii. 
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2. Oomparo tlie areas doscribed in the same time by the 
plnnets, supposed to move in circular orbits about the Sua ia the 
centre exerting a force which Toriea inTsrsely as the square of the 
distance. 

3. If the forCQH by which partiolea describe circles with uniform 
velocity vary as tiio distance, shew that the times of revolution will 
be the same for oil. 

4. If the velocity of the Earth'a motion were ao altered that 
bodies would have ao weight at the equator, find approximately the 
alteration in the length of a day, assuming that, before the altera- 
tion, the centrifugal force on a body at the equator was to ita 
weight : : 1 : 288. 

6. A particle moves uniformly on a smooth horizontal table, being 
attached to a fixed point by a atring, one yard lon^, and it mi^es 
three revolutions in a second. Compare the tension of the string 
with the weight of the particle. 

6. A body moves in a circular groove onder the action of a 
force ta the centre, and the pressure on the groove is double tha 
given force on the body to the centre, find the velocity of the body. 

7. If a locomotive be passing a curve at the rate of twenty-four 
miles an hour, and the radius of the curve be {^ of a mile, prove 
that the resultant of the forces which retain it on the line, viz. of 
the action of the rails on the flanges of the wheels, and the horizontal 
part of the forces which act perpendicular to the inclined road-way, 
will be ToJ of the weight of the locomotive, nearly. 

8. If a body be attached by an extensible string to a fixed 
point in a smootli horizontal table, find the velocity with which the 
body must move in order to keep the string constantly etretched, 
to double its length. 

If P'bethe weight of the body, and «JTbe the weight which if 
Buspcndedat the extremity of the string would just double its length, 
I the length of the string, shew that the square of the required 
velocity = 2b??. 

'9. A man stands at the North Pole and whirls 24Iba. troy 
weight on a smooth horizontal plane by a string a yard long at the 
rate of 100 turns a minute; he finds that the di^fference of the 
forces which he has to exert according as he whirls it one way or 
the opposite ia roughly 39 graina ; find the period of the rotation of 
the earth. 

10. Two equal bodies lie on a rough horizontal table, and are 
oonneotad by a string which passes through a small ring on the 
table ; if the string be stretched, find the greatest velocity with 
which one of the bodies can be projected in a direction perpendicular 
to its portion of the string without moving the other body. 
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Having given the velociti/ with which a body ts moving af^ 
any three points of a given orhit, described by it under 
the acHon of forces tending to a common centre, to find 
that centre. 

Let the three straight lines FT, TQV, VR, touch the 
given orbit in the points P, Q, R respectively, and 
let them meet in T and V. 




Draw Pj4, QB^ i2C perpendicular to the tangents, i 
inversely proportional to the velocities of the boay ■ 
at the points P, Q, R. Through A, B, CdiawAl?, 
DBE, C£atright angles to P^, QB, i?Cmeetingiu 
D and E. Join TD, VE; TD and reproduced, if 
necessary, shall meet in iS the required centre offeree. 

For, the perpendiculars SX, SY, let fall from S on the 
tangents PT, TQ V, are inversely proportional to the 
velocities at P, Q (Prop. i. Cor. 1), and are therefore 
directly as the perpendiculars AP, BQ, or as the 
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perpendiculars D^f, DNow the tangents. Join XY, 
MN, then, since SX -.SY:: DM: DN and the angles 
X8Y, MDN are equal, therefore the triangles BXY., 
MDN are similar; therefore SX:DM:: XY-.MN 
".XT-.MT, and the angles 8XT, DMT are right 
angles ; therefore, S, D, T are in the same straight 
line. Similarly S, E, V are in the same straight 
line, and therefore the centre S is the point of 
intersection of TD, VE. q. e. n. 



xxn. 

1. If AB, SO, CD, the three aides of a rectangle, be the 
directioiiB of the motiOQ of a body at three points of a ceatral orbit, 
and the velocities be proportional to these aides respectively, prove 
that the centre of force wiU be in the intereection of the diagonola 
of the rectangle. 

2. If the velocitieB at three points of a central orbit be respec- 
tively proportional to the opposite sidea of the triangle formed 
by joining the points, and have their directions parallel to the same 
fiidea, prove that the centre of force will be the centre of gravity of 
the triangle. 

3. Three tangents are drawn to a given orbit, described by a 
particle under the action of a central force, one of them being parallel 
to the external bisector of the angle between the other two. If the 
velocity at the point of contact of this tangent be a mean propor- 
tional between those at the points of contact of the other two, prove 
that the centre of the force will lie on the circumference of a 
certain circle. 

4. If the velocities be inversely proportional to the sides of the 
triangle formed by the tangents at the three points, the centre of 
force will be the point of concourse of the straight lines joining each 
an angular point of this triangle to the intersection of the tangents 
to its circnmscribing circle at the ends of the opposite side. 

5. If the velocity of a particle describing an ellipse under the 
action of a centre of force vary as the diameter parallel to the 
direction of its motion directly, and as its distance from one of 
the axes inversely, prove that the centre of furce will bo at an 
infinite distance. 
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If a hody revolve about a fixed centre of farce, in antj orbit 
whatever., in a non-resisting medium, and if, at the ez- 
tremiiy of a veri/ small arc, comniencinef from any potni 
in the orbit, a subtense of the angle of contact at that point 
be drawn parallel to the radius from that point to the 
centre of force, then the force at that point tendmg to the 
centre will be ultimately as the subtense directly and the 
square of the tifne of describing the arc inversely. 

Let PQ be tbe small arc, PS the radius drawn from P 
to S, the centre of force. RQ the subtense of the 





angle of contact at P, parallel to PS. T the time of 
describing PQ. F the aoueJerating effect of the 
force at P, 
Then, when the body leaves P, it would, if not acted on 
by the central force, move in the direction PR, and if 
the force F continued constant in magnitude and 
direction throughout the time T, QR would bo the 
space through which it would have been drawn by F 

in that time ; therefore ultimately, F= -„,,- x -=}■' 
Cor. 1. Draw Q?'pcrpcndicularto/S'i*,andletA=twicQ 
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the area described in an unit of time. Then area 
PSQ = IhT, Prop. I., also, since triangle PSQ 
= iSF. er, and areaP^Q = triangle PSQ, ultimately, 
Lemma VIII., therefore hT = SP.QT, ultimately; 

hence, ultimately, F=2 -jr,=gp- qj,. ■ 

COE.2. Drawer perpendicular on PA Then, i P^Q 
= I, PSR = ^SY.PR; 

.: *r=Sr.Pii = sr.Pe, ultimately; 
QR 

CoE. 3. If the orbit have finite curvature at P, and PF 
be the chord of the circle of curvature whose direction 
passes tlirough 8,PV.QR = PQ', ultimately; 
2A' 



hence, ultimately, i^=3 -,n7="6"TFi' 



' SY\PV' 



Cob. 4. If 7 be the velocity at P, then F^ 
„ 2QR 2QR fPQ\' .^. , , 






and 



'P<t' 



2F' 



PV 
, or r"=2P.^; 



PF'" ' 4 

that is, the velocity at any point of a central orbit 
at which the curvature is finite is that which would 
be acquired by a body moving from rest under the 
action of the central force at that point continued 
constant, after passing through a space equal to a 
quarter of the chord of curvature at that point drawn 
in the direction of the centre of force. 
Cor. 5. Hence, if the form of any curve be given, and 
the position of any point 8, towards which a centri- 
petal force is continually directed, the law of tlie 
centripetal force can be found, by which a body will 
be deflected from its direction of motion, so as to 
remain in the curve. Examples of this investiga- 
tion will be given in the following problems. 



Olaervaitons on iM Fi-opositton, 

173. In Newton's ennnciation of the proposilioE, the sagittii ' 
of the arc, which bisects the chord and ia drawn in the direction 
of the centre of force, is employed Instead of the subteaae nsed 
in the text, but these are ultimately proportional by Art. 90, 

The variations by which Newton expresses the rcsulta of the 
first three corollaries are replaced by equations, in order to 
facilitate the comparison of the motion of bodies in different ■ 
orbits and the forces acting upon them. 

174. The figure employed in proof of the proposition i9 ' 
drawn upon supposition that the force is attractive, the orbit 
being concave to the centre of force } the same proof will apply 
bIbo to the case of a repulsive force, if the corve be drawn in 
the direction of the dotted line FQ' and the same constructioi 
be made. 

The exception, however, should be made, that the method feila 
ki the particular positions in which the body ia at the points of 
contact of tangents drawn from the centre of force to the curve ; 
in such cases QR does not ultimately meet the tangent at a finite 
angle or is not a subtense ; the result of the proposition is there- 
fore not demonstrated for these particular positions. A further 
discussion of the case is given on the nest proposition. 

175. In the proof it ia assumed that the body moves ulti- 
mately in the same manner as if the force atPrcmained constant 
in magnitude and direction, in which case the body would 
describe a parabola, whose ajcis Is parallel to FS, and which is 
evidently the parabola which has at F the same curvature aa 
the curve. By this consideration the propoaition contained in 
Cor. 4 can he readily proved. For, since the body moves in 
a parabola under the action of a constant force in parallel lines, 
the velocity at F ia that acquired by falling from the directrix 
under the action of the force at F, continued constant, i.e. 
through a space equal to the distance of the focua of the 
parabola, which la equal to a quarter of the chord of curvature 
at /*, drawn through S. 



b 



PEOV, Vr, THEOBEM V, 177 

176. Tte sappOBition that the force nt Pcontinned constant 
in magnitude and direction, cauaea the body to move in a curve 
■which is uhimately coincident with the path of the hody, may be 
juatified by eonaidering that if PQ he the arc of the parabola 
described on this auppoaition in the same time as the arc PQ 
actually described, the error QQ k due to the change in the 
magnitude of the forces and the direction of their action in the 
two cases j now, the greatest difference of magnitude varies as the 
difference of SP and SQ ultimately, and the ratio of the error 
from this cause to QR vanishes ultimately ; also, since I. PBQ 
vanishes ultimately, the ratio of the error, arising from the change 
of direction, to QR vanishes; therefore, QQ : Q'R vanishesj and 
the curves may be considered ultimately coincident. 

177. It is evident that the results of the Proposition and of 
the fourth corollary are true of the resultant of any forces, under 
the action of which any plane orbit is described, for this resultant 
may be supposed ultimately eonstant in direction and magnitude, 
in which case the curve described is a parabola. Ilencc, aa in 
Art. 175, if i^ be the accelerating effect of the reaultant of the 
forces, QR the subtense parallel to the direction of the resultant, 

V=2F.^, and J?'=2 1imit-|?. 

Homogeneity. 

178. Cor. 1,2. In the expressions for F obtained in these 
corollaries, it is of great importance to observe the dimensions 
of the symbols. Thus hT represents an area and A is of two 
dimensions in linear space and of -1 in time; therefore A*. ^ii 
is of five in space, and of — 2 in time, and SP'.QT* of four 

dimensions in space; hence, t .tj-" ,,'j n "^ ^^ one dimension in 

space and of — 2 in time, and represents either twice the space 
through which a force would draw a body in an unit of time, or 
the velocity generated by the force in an unit of time, either of 
which may he taken as the measure of the accelerating effect of 
the force ; moreover, this unit is the same hy which the magni- 
tude of h a determined. 
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Hence, if the actual areas, linea, &c., be represented hj tlie 
symbols, and not the number of units, as mentioned in Art. 168, 
every terra of an equation or of a sum or difference muat bo 
homogeneous, or of the same number of dimensions, both in space 
and time; for example, /"(jJ + K. 2* representing & line, F muat 
be of — 1 dimensions in time. 



Tangential and Normal Force». 

179. To find the accelerating effect of the components of the 
forces, under the action of which a body describes any plane carve, 
taken in the directionB oftfie normal and tangent at any point. 

Let PQ be a small arc of the curve described under the 

action of any forces, T, N the measures of the accelerating effect 

of these forces, in the direction of the tangent and perpendicular 

to it. Then, if K be the velocity at P, ( the time of describing 

PQ, the forces may be supposed ultimately to remain constant j 

therefore, if QR be perpendicular to FB, we ah all have 

nltimately QM-^N.C, and PM= V.t+ ^T.t' = V.t since the 

ratio of T.t^ : Vt vanlsbea ultimately; hence, if p be the radlua 

PJ^ 2V V 

of curvature at P, 2p= „n = -rr ultimately: therefore — will 

be the measure of the normal acceleration estimated towards 
the centre of curvature. 

Again, if V be the velocity at §, V will be nltimately the 
component of the velocity in the direction PJt; therefore, by 
Ai"t. 53, we obtain two measures of the tangential acceleration, 

V-V" V -V _i 

the limits of —qp ' f i~ ^"^ — z — ■ fl 

180. 7b find the velocity at any point of an orbit described 
under the action of any forces in one plane. 

Let AB be any arc of an orbit, V, v the velocities at A and 
i?, and suppose the arc AB divided into a large number of small 
portions, of which PQ is one, v,, v,^, velocities at P and Q, T the 
accelerating effect of the tangential component of the forces at P, 

r^,,' - tv' = 2 T.PQ ultimately, 
and v'- 7' is obtained by taking the limit of the sum of the 



PEOP. VI. THEOREM V. 



179 
when 



magnitudes 2T.PQ corresponding to the different arcs ' 
their number is Indefinitely increased. 

That this is rigidly correct may be shewn by considering that 
v,^' — «," : 2 T. PQ is ultimately a ratio of equality ; therefore, by 
Cor., Lemma IV., or Art. 22, the limitiog ratio of the sums is 
also a ratio of equality. 

In the case of a central force, whose accelerating effect is F^ 
T=FcosEPSi 

.: v\„-v,' = 2F.PQc<3sRP8 = 2F{SP-SQ) ultimately, 
whence u" — F*, if i^" depend only on the distance. 



Radial and Transversal Forces. 

181. To find the accelerating effect of the components of 
force, under the action of which a hody describes any plane curve, 
taken in the direction of a radius recfor drawn from a fisced 
point, and perpendicular to it. 

Let PQ be a small arc described in the time T; QEU, 
PC/" parallel and perpendicular to SP; P, Q tho measures of the 
accelerating effects of the components in PS and PU; PR a 




tangent at -P. If V be the velotaty at P, make PT=^V.T^ 
draw TN perpendicular to BP, and let Q^ be the arc of a 
circle, centre 8. 

S'mce the forces may be considered ultimately constant la 
Qn' 



Let h be twice the area which would be described in an 
nnit of time by radii from S, if the transverse force Q ceased 

to act, ihea Qr,.SP=TN.SF=h.T; therefore ^^- = |S 

ultimately ; aud if F" be tfie measure of the accelerating effect 
of a force, under the action of which the body would move 
in P8, so that its distance from 8 would be always equal to _ 
that of the body iu PQ at the same time, ^F.T=Nq nit»! 

mately ; therefore P= P' + -Hpj ■ 

Again, if at Q h' correspond to h, h' — h, the increase of h, 
will be due to the increase of velocity in direction PC, which 
is equal to Q.T ultimately; therefore {ft - k) T= Q.T'.SPJ 

ultimately; heoce (?= Qp-7. ultimately. 



Angular Velocity. 

182. Def. j^n^M^ar «e7oC!(^ of a point moving about a fixed 
point is the rate at which angles arc described by radii drawn 
to the fixed point. 

Uniform angular velocity la measured by the angle described I 
in an unit of time. 

Variable angular velocity is measured by the angle which 
would be described by a radius in an unit of time, if moving with 
uniform angular velocity equal to the angular velocity at the 
time under consideration ; this is the limit of the angle, described . 
in a time T, divided by T, when T'\» indefinitely diminished. 

183. Tojind the angular velocity in a central orbit. 

Let PQ be a small arc described in the time T, draw QN 

perpendicular to ;SP, then A.!7'=twice the area FSQ= QN.8P 

iiltimately; and, if the angles be supposed estimated in circular 

ON ON 
measure, lPSQ^^ -^ = -^p ultimately; therefore the angular 

, . , . PSQ , . , h 

velocity, which is i. — „ - ultimately, = -^™ . 
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184. To find ike angular velocity of the perpendicular on the 
tangent from the centre of force. 

Draw SY perpendicular on the tangent PF, and let PV be 
thfl chord of curvature through 8. 

The angle described by 8Y m the time T is equal to the 
eagle between the tangents at P and Q, or to twice the angle 
PVQ^ therefore angular velocity of 8Y: angular velocity of 
SPi:2LPVQ:lPSQ::2SQ:QV ultimately; hence the 
2A 



angukr velocity of SY = 



PV.8P' 



Illustrations. 

(1) To find ike tension of a string hy which a hody is attached 
to ike centre of a vertical circle in which it revolves. 

Let P be the position of the body at any time, GP, CA 
radii drawn to P and the lowest point, and let v, u be the 
velocities at P and A. Draw PM perpendicular to GA. Then 

i^ — v' = 2g.AM and yti i^ tho accelerating effect of the forces 

in the direction PC, viz. the tension of the string and the com- 
ponent of the weight of the body. Let T be the tension of 
the string and m the mass of the body ; 

w' T OM 
■'• in = 7^-3- UP "^^ T:mgi:v' + g,CM:g.CA; 



1S3 
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therefore the tension of the string : the weight of the body 
:: a" - 2ff.GA + Zg.CM : g.CA. 

Note l. In order that the complete circle may be described, 
since the string muat be stretched at the highest point where 
~GA must be written for CM, u'= or >5ff.GA, and if the 
circle be just described, the tension at the lowest ptunt will be-^ 
six times the weight. 

Note 2. If the body oscillate, the extent of the oscillation ' 
will be given by the consideration that at the extremity P" of 
the arc of oacillation there will be no velocity, therefore 
u' = 2g.AM\ and AM' is less than AC, otherwise the string 
would not be stretched, so that the tension at A : the weight 
■.■.2AM' + A0:AG. 

(2) Find the force under the action of which a hody matf 
describe the equiangular spiral uniformly. 

The velocity being constant, there is only a normal force 
meaBored by (Tel.)' -;• radius of curvature = — „„ — , Art. 128. 

{3} Find the force lending to the pole of tlie cardioid, undi 

the action of which the curve ia described. 

Since PV= ^SP, and (vel.)' = -^ryi = - - ^y, - , see page 101 
therefore the accelerating eflfect of the force is -s^™" °^ "opi • 

{4} Two equal rings P, Q slide on a string which passes round 
two fixed pegs A, B in a smooth horizontal plane ; the rings are 
brought together, and then projected with equal velocities, so as to 
ke'sp the string stretched symmetricallg. Shew that the temiim of 
he string varies inversely as the distance AP. 
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The figure represents the position of the system at any time. 
Let GR bisect AB and PQ, and let DE be drawn parallel to 
CR, so tbat EP=PA, tben EPR = AP+PR is constant; 
therefore DE is fixed, and P moves in a parabola whose focua 
is A and directrix DE. 

Also, the tensions of the string in PA, PQ being equal and 

equally inclined to the tangent to P's path, the resultant of these 

tensions, which are the only forces acting in the plane of the 

curve, acts in the normal, hence the rings move with uniform 

velocity equal to the velocity of projection F, and if T bo the 

measure of the accelerating effect of the tension, PQ the normal, 

V 
a the radius of curvature, 'iT cqsAPQ= — , and 2p cosAPG 
p ^ ^ 

= chord of curvature through A = iPA ; therefore 

iPA PA- 
IS) A body revolves in a smooth circular tuhe under the action 
of a force tending to any point in the circumference, and varying 
at the distance from that paint. Find the pressure on the tube, and 
the point where there is no pressure, Hie motion commencing fro7n 
a given point. 

Take A the centre of force, G that of the circle ; let B be the 
point of starting, PQ a small arc, BD, PM, QN ordinates to the 




diameter through the centre of force, Am, Qn perpendicular on 
CP; let fi.PA he the measure of the accelerating effect of the 
force at P; therefore /i.mA, fi.Pm are those of the tangential 
and normal forces, =/4..PJf and /t.^il/ respectively. 
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(velO'at Q-{vel.y it P=2n.PM.PQ=2ii.CP.MN' aKm&tely^ 

see Art, 179, wheace, taking the limit of the eummation for all 

ae amall arcs in BP, (vel.)' at P=2ii.CP.I)M. 

'vel.l' at P 
Also, ^ — jip — =/i..AMTthe accelerating effect of the 

presaore of the tube, the upper or lower sign being taken 
according aa the pressure is from or towards Cj therefore t 
pressure on the tube has for the measure of its accelerating efTeoOl 

± At (AM- 2DM) = ± {3AM- 2 AD] ; 
hence the pressure is outwards from B until AM= ^AD, at 
which point there is no pressure, and inwards from that point to 
the corresponding one on the opposite side, having its greatest 
value at A, and the outward pressure at £ is half the inward 
pressure at A. 

(6) If in a smooth elliptic tube a particle he placed at any 
paint, and he acted on by two forces which tend to the foci and 
vary inversely as the square of the distances from those points^ 
shew that the pressure at any point will vary as the curvature. 

Let be the point of starting, PQ a small are deacribed byM 
the body, QT, §t/ perpendiculars on SP, BP, 



Take 



, R. as the measures i 



I ^p, , -j jpi , Ji) OS luc luciuiuica vi the acceleratmff J 

effects of the forces, and of the pressm-e of tube outwards. 

Then, employing the usual letters for the lines of the figure, I 
the accelerating effect of the tangential component of forcQ J 

to S 13 

M PT_fi{SP-8Q) 1^^ At ,,. ,, 

SP' ' PQ SP.SQ.PQ ~ PQ.SQ PQ.SP '^^"e'?! 




and similarly for the force tendhig to If; 
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«f eurvature .. P, .md V Cf. PI'- '-^ = ?5|#?l 
•^ PA AO AG ' 

■ '^ ^C.HP+^C.«P ap SP*W)'*W 



I 



lO"^ SO AG" AG°\HO "*" SO ^ ^C/' 
vhicli 19 constant; therefore £ varica as the curvature. 



2m' 
'HO'' 



1. A body is attached to apoint by a thread, and ia projected so 
as to describe a vertical circle, prove that, if J",, T, be the tonaions 
of the Btring at the extremities of auy diameter, the arithmetic mean 
between 7*,, T^ ia indepondeat of the position of the diameter, and 
that 7,-7*, is six times the component of the weight ax the direction 
of the diameter. 

2. A string of given length I is capable of auataining a weight W. 
One end is fixed, and a given weight P lesa than W, attached to the 
other end, oGclUatee in a vertical plane, £nd the greatest arc through 
■which the weight can osciUate without breaking the string. 

3. A ring elides on a etring hanging over two pegs in the same 
borixontal line, find the tension ot the string at the lowest point, if 
the ring begin to fall &om the point in the horizontal line through 
the pegs, the string being stretched. 

4. AS is the vertical axis of a cycloid, A the highest point, 
AX, AN are the abctasEe of points at which a body begina to elide 
down the arc of the cycloid, and at which it leaves the curve; prove 
that NU the middle point of MB. 

5. If in a central orbit the direction of motion change uniformly, 
prove that the normal force wiU vary as the radius of curvature. 



6. Given the Sun's motion in longitude at apogee and perigae 
to be 67' 10" and 61' 10" ; find the eccentricity of the Earth's orbit, 
suppoBed to be an ellipse about the Sun in one of the foci. 

7. Prove that the angulai 
focus of its path varies invereel 

S. A particle, conatrained to more on an equiaUKular spiral, ia 
attraoted to the pole by a force proportional to the distance, prove 
that, at whatever point the particle be placed at test, the timea of 
desoribing a given angle about the centre of force will be the eame. 

9. A body slides down a smooth oycloidal are, whose axis ia 
vertical and vertex downwards, find the pressure at any point of the 
cycloid, and shew that, if it fall from the higheet point, the pressme 
at the lowest point will be twice the weight of the body. 

10. Find the law of force, tending to the centre, under 
action of which a lemniacate can be described. 



1. Two straight linos AB and 5 Care united at B; ABisvolve» 
about J, and BC about B with the same uniform angular velocity; 
ehew that the acceleration on C tends to A and varies as CA. 

A particle describes an ellipse, the centre of force being 
led at any point within the hgure. Shew that at the point 
where the true angular velocity is equal to the mean angular 
velocity, the radius vector is a mean proportional between the 
eemiases. 

3. A particle begins to move from any point of a smooth 
parabolic tube, being attracted to the focus by a force which varies 
inversely as the square of the distance ; find the greatest pressure. 

4. If SY be the perpendicular on the tangeat at a point P of 
an orbit, described about a centre of force S, prove that the 
acceleration at P will be eijual to the product of the velocities of P 
and Zdivided by 8Y. 

5. A smooth cone is placed with ita axis vertical and vertex 
upwards, shew that there is a certain portion of the surfaoe apoa 
which a particle can describe a circle, if properly projected and 
acted on by gravity and by a force tending to the vertex and 
Tiirying as the distance. 



ves^^H 
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, Shew that the force required for the deecription of as ellipse 
about the vortex A varies as -j-„j , where PN'i& the perpendicular 



7. If a particle deBorihe an ellipse under the action of a force 

tending to any fixed point 0, the force will vary as „„, ^ pr, , where 

P is the position of the particle, PP the chord through 0, and 
T)B' the diameter parallel to this chord. 

8. Shew that in the elliptic orbit described «nilor the action of 
a force tending to a focus, the angular velocity round the other 
focus varies inversely as the square of the diameter parallel to the 
direction of motion. 

9. A particle movea in a circular tube, under the action of a 
force which tends to a point in the tube, and whose acceleratii^ 
effect varies as the distance, shew that, if the particle begin to mov» 
from a point at a distance from the centre of force equal to the 
radius, there will be uo pressure on the tube at an angular distance 
from the centre offeree equal to co8''f. 

10. A partide taoves in a smooth elliptic groove, under the 
action of two forces tending to the foci and varying inversely as the 
aquares of the distances, the forces being equal at equal diatancea. 
IVove that, if the velocity at the extremity of the axis major be to 
that at the extremity of the axis minor as AC to BC, tlien the 
velocity at any point will vary inversely as the normal ; find the 
pressure on the lube. 

1 1. Determine the relation between /i and X and the velocity of 
projection, in order that an ellipse may be described under the 

action of forces ^ , ii™ to the foci and X. CP to the centre, acting 
eimultaneously. 

12. A particle is attached to a point C by a string, and is 
attracted by a force which tends to a point S, and varies inversely aa 
the square of the distance from S. Find the least velocity with 
■which the particle can be projected from a point in CS, or C& pro- 
duced, so as to describe a complete circle. If CS be less than the 
length of the string, prove that the tension will be a maximum at 
a point A where &B is perpendicular to CS, and that if CS be half 
the length of the string, the two mininiiii" and the laaximnm 
tensioiu will be as 0, 4 and S ^3. 
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A body moves in the circumference of a circle, to find the laH^ 
of the centripetal force, tending to my given point in tk{ 
plane of the circle. 

Let ^PP^betlie circumference of the circle, Sthegivei 
point to which the centripetal force tenda, P V thd 




chord of the circle drawn through iS" from P, thrfl 

SoBition of the body at any time, and VOA the 
iameter through V. Join PA, and draw ST 
perpendicular to P Y, the tangent to the curve at P^. 
By Prop. VI. Cor 3, if P be the measure of the aceeli 
rating effect of the centripetal force, F = ■ ^^ ^ , ■ 

and, since the angles SPY, VAP are equal, and also 

the right angles PYS, APV, the triangles SPY, 

VAP are similar, and SY : SP :: PV : VA; 

. 2k\VA^ _ 

' SP\PV" > 

therefore, since h and VA are given, F Tarlei 
inversely as SP'.P V. 
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CoH. 1. Hence, if the given point S to which the 
centripetal force tends, be situated on the circum- 
ference of the circle, V will coincide with S, and J* 
vary inversely as *S'P°. 

CoE. 9. The force, under the action of which a body 
P revolves in a circle APTV, is to the force, under 
the action of which the same body P can revolve in 
the same circle in the same periodic time about any 
other centre of force B, as BF'.SP to SG", SG being 
a straight line drawn from the first centre S, parallel 
to the distance RP of the body from the second 
centre of forced, to meet FG, a tangent to the circle. 

For, by the construction of this proposition, since the 
periodic times are the same, the areas described iu 




a given time are the same ; therefore, h is the samo 
for both centres, hence, if Pi? 7* be the chord through 
n, the force to S : the force to Jt :: RP^.PT* 
:SP\PV'; but, by similar triangles TPV, GSP, 
PT:PV::SP:8G; therefore force to ;S^ : force to R 
: : RP\SP' : SP'.SG' : ; BP'SP : SG'. 

CoE. 3. The force, under the action of which a body 
P revolves in any orbit about a centre of force S, is 
to the force, under the action of which the same 
body P can revolve in the same orbit in the same 
periodic time about any other centre of force R, aa 



RP^SPto SC^, SG being the straight line drawn from 
the first centre of force S, parallel to Jil* the distance 
of P from the seoond centre of force li, to meet I*Cf 
the tangent to the orbit. 

For, in each case, the body may be supposed for a " 
short time to be moving in the circle of curvature, 
and the forces are the same aa those which would 
retain the body in the circular orbit ; therefore, 
Binee the areas described in a given time are equal, 
the ratio of the forcea is MP'.SP : SG\ 

Observations on tha Proposition. 

185. In the figure employed in the proposition, the force ia 
supposed to be attractive, but the investigation of the law 
of force applies also to the case in which the centre of force i 




B is exterior to tbe circle, in whicli case the force is repulaivej 
through the arc BC, which is convex to the centre of force, i 
contained between the tangents drawn from S to tbe circle. 

It ia impoiiant, however, to observe that this problem is ttkfl 
find what would be the law of force tending to 8, under thn 
.tctioD of which a body would be moving, supposing that r 
»uld move in the circle, or any portion of the circle, under tl 
iction of such a force, hut it does not assert the pOB^bility offl 
EUch a motion, which ia considered in Art. 165. 
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In fact, the complete description of a circle ABC, nnder the 
sole action of & central force tending to an external point 8, ia 
impossible, because, as the body approaches the point £, the 
component of the velocltj perpendicular to 8B remains finite 
however near the body approaches B, and since there ia no 
force to generate a velocity in the opposite direction, the body 
must proceed to describe an arc BUon the opposite side. SB 
would be a tangent to both curves, because the velocity m 
direction £5becomes larger than any finite quantity, as the body 
approaches B, and therefore the angle between £S and the 
direction of motion is indefinitely small at B. 

That a finite velocity in the direction perpendicular to SB 
could remain up to B, may be shewn by producing SB to T 
in the tangent FY at P; then the component of the velocity 
h 8Y k h , 

,when the 



SB' 



at P perpendicular to SB is -^ . ^m = -gy = 

body arrives at a point very near to B. 

186. The force at a point indefinitely near to B cannot be 
properly determined by the method of Prop, vi., because the 
lines parallel to the direction of the force from which the mea- 




«urea of the force are obtained are not subtenses, or sagitt», 
aince they are in this case not inclined at a finite angle to the 
tangent. 
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But it can be Been in another manner from the polygon of 
Prop. I, that the force is infinitely great, when the distance firom 
£ becomea infinitely Bmall. 

Thus, if CDEF be a portion of the polygon whose Umit 
toacbes the radius from 8 between D and E, the angle between 
DE and DS or E8 may be made as small as we please compared 
with the angle between CD and DE, hence the velocity 
generated by the impulse in the directions D8 and SE will 
become infinitely great compared with the velocities in CD 
and EF. In the figure, the impulaes at D and E, whose 
directions are denoted by the arrows, have corresponding to them 
in the limit the forces on opposite sides of the tangent, whidi _ 
are attractive and repulsive respectively. <4 

187. Cor. 1. For the reasons given above, a limitation 
should be made, viz., when P is at a finite distance from 8. In 

this case FV= 8F and ^=-b^} ^ ^^S ^^^ radiua of the 

(nrcle. 

We may also observe here that the poasibilih/ of a description 
of a circle is not asserted, but only the law of force required 
Mi case o/' description of any portion of the circle. The complete 
description of the single circle is, in fact, Imposaible, for, under 
the action of the force obtained, the body would pass to the other 
Bide of the tangent on arriving at 8, then proceed to describe 
another equal circle, and, on arriving again at 8, return into the 
original circle. 

188. Cor. 3. The orbit being the same, and also the 
periodic times about 8 and R being equal, the value of h, in 
the two cases, is the aame; also, the force tending to iS for 
the orbit being of the same magnitude at P as that under the 
action of which the circle of curvature would be described, and 
SY, PV being the aame in the orbit and the circle, A is also 
the aame, Prop. vi. Cor. 3 ; and, similarly, h ia the aame in the 
.circle and orbit described about E ; therefore it is the same ia 
jhe circle deacribed about 8 and R aa centres of force, and heuco 
Cor. 2 applies. 
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Absolute Force. 

189, If the force upon a body placed at any diBtftTice from 
the point 8 vary inversely aa the mth power of that distance, 
the magnitude of the force, or ita ratio to any given force, 
as that of gravity, will be determined when the distance SF is 
given. The measure of the accelerating effect of the force ia 

■written -^ , where fi the constant part of this measure b an 

algebraical symbol of n + 1 dimensions in linear space. If the 

tmit of apace = a, — „ is the measure of the accelerating effect of 

the force on a body at an unit of distance, and fi is called the 
Absolute Force, being the measure of the accelerating effect of 
the force at an unit of distance x the nth power of that unit. 
The absolute force la not the measure of the accelerating effect 
of any force, unless the Hymbols be treated numerically, in which 
case /i is twice the number of units of space through which a, 
constant force, equal to the force at ."i unit of distance, would 
draw a body from rest in an unit of time. 

Law of Force in a Circular Orbit. 

190, The law of force may be expressed in terms of the 
distance fiP, for SD, Sd being the greatest and least distances 
of the body from S, SD.Sd=SP.SV; see figure, page 188. 

.•.SP.FV=SP'±SD.Sd, 
+ or — according as iSia within or without the circle; 
2h\AV\SP_ 

'' (8F''±'si).sdy 

2h*. A S* 
It 8 he on the circumference Sd = 0, therefore F= — Hra— • 

If S be exterior to the circle, SD.Sd=SB'y and the lower 

Sign must be taken ; therefore r = -. cpi~SR"»i> " 

Vehdty in the Circular Orbit. 

191, To find the velocity in the circular orbit described 
tattler l^e action of a force tending to any point in the plane o/ 
the orbit. 



„ , .. ^ „ i h SB h VA 1 

Cue. If S be in tho circumference of the circle, and -^-p 
be tbe acceleratiDg effect of the force, /t = 2h'SA^ ; 
h.VA f^\i 1 



benco tho velocity at P = 



"SP* 



= ©• 



Sf 



Or, we m&y employ the result of Prop. VI., Cor. 4, 



SP 



.: V. 



■&^' 



Periodic Time. 

192. To find the periodic time in a drcuhr orbit descried 
under tM action qfa force tending to apoint in the circumjerence. 

Let P bo tho periodic time, S the radius of the circle, and 

let -PTni ^^ ^^^ measure of tho accelerating effect of tbe force at , 

Pj then A. P= twice the area of the circle = 27rS', 

B.niu^2h'A8'=8K-E'z .•.P=1^^!Z^. 

193. To compare the periodic times in the same circle whi 
described under the action of a force tending to a point in t 
cireumfirence, and a force tending to the centre^ of the samt\ 
magnitude as that of the first force at a distance equal to the radiuim 
of the circle. 

Let P" be tbe periodic time, and F'the uniform velocity InJ 



. V= 



andP'.r=27r^:.-.P = 



P 

2V2' 



Illustrations. 

(l) When the force in a circular orbit tends to a point withiftM 
the circle, to find the pointat which the true angular velocitt/ ia. 
equal to the mean angular velocity. 
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Thetrue angular velocity = ^™ , the mean = ~ = 2ir.— „,; 

therefore at the reqaired point SP= R, or the perpen<licular from 
the required point upon the line joining jff to the centre of the 

circle blsecta OS. 

(2) A hodff describes a circle under the action of a force 
tending to a point within it, the measure of whose accelerating 
effect at the greatest and least distances SD and Sd are the radius 
and twice the diameter respectively/, the unit of time ieing a second i 
fnd tlie number of seconds in passing from D to d. 



Sh'E' „ Sh*E' 



.'. SD = 2Sd,anA38d- 
anJ the number of seconds from D\ad=^ 



4Bi 
Dd = iR; .\h = 2B.Sd = 



i^i 



xsv. 

1. If p he the ahaolute force in a circular orbit described under 
the action of a force tending to a point in the circumference, prove 
that the time in a quadrant commeacing &om the eztremtt; of the 
diameter through the centre of force wiU be (ir + 2) ^ (4/")"'- 

In what unit of time is the result expressed ? 

2. ApointdsBcribes acirele, with an acceleration tending to any 
point witliin the circle. Prove that, if three points be taken at 
which its velocities are in harmonical progresaton, the velocities at 
the other extremities of the diameters, passing through those points, 
■will also be in harmonical progression, 

3. In the ease of a centre of force S within a circle, if two points 
Z, Jf be taken, such that ZS, MS make equal anglea with tho 
diameter through S, and on the same side of it, then the forces at 
Z and M will be to each other in the inverse ratio of the sijtiares on 
OL and OM. 

4. The sum of the reciprocals of the velocities at the extremities 
of any diameter is independent of the position of the centre of force, 
and varies as the periodic time. 



6, Prove that, when a circular orbit is described about an in- 
ternal point, the sum of the square roots of the accelerations at the 
extremities of any chord passing through that point varies inversely 
as the square root of the length of the chord. 
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6. Prove that, if the law of force tending to S,& point without a 
eirole, be the law of force under which part of the circle can be de- 
scribed, the body will move near H aaii acted on by a force tending 
to Ji and varying inversely as the cube of the distance from S. 

7. OJE IB a radius perpendicular to the diameter through S h _ 
drcular orbit about a central force tending to a point S within the 4 
circle, SB an ordinate, perpendicular to 08, shew that, if tlie forosn 
at £ be an arithmetic mean between the forces at the greatest tmSfl 
least distances, OE'-^SJi.SBK 



6. Prove that, if a circle he described about a force tending to a 
point iu the circumference, and PQ be a chord parallel to the dia- 
meter through that point, the times of describing equal aoiall arcs 
near P and Q will differ by a quantity which varies as FQ. 

9. When a particle is describing a circle under the action of a 
(Antral force, shew that at every instant the angular veloclliea J 
about all points in the circamferenoe are the same. 

10. The period in an orbit described under the action of a central 
force, whose accelerating effect is fxr" b given to be Xa" -i- ^, » be- 
ing a line and X a number, find ». 



11. Apply the propositioQ contained in Cor. 3, to prove that if 
in an elliptic orbit described under tho action of a force tending 
to the centre, the force vary as the distance from the centre, then 
the force tending to the focus will vary inversely as the square of 
the focal distance. 



12. Deduce, by Cor. 3, the law of force, when a parabola is 
described under the action of a force tending to the focus, from tho 
constant force parallel to the axis, under the action of which the 
same parabola may be described. 

13. Shew, by the method of projections, that tho centripetal 
force at any point P tending to a fixed point in the axis major 
of an ellipse under which the ellipse can be described, varies as 

(j^l . OP, POQ being the chord of the eUipae through 0. 
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PROP. VIII. PROBLEM III. 

A lody moves in a semicircle PQA under the action of a 
force tending to a point S so distant that the lines PS, QS 
drawn from the body to that point may be considered 
parallel; to find the law of force. 

Let CA be a semidiameter of the semicircle drawn from 
the centre perpendicular to the direction in -which the 
force acts, cutting PS, QS in M and N, and join CF. 




Let PMZhe the tangent at P, ZQT perpendicular to 
PMS, meeting FEZ in Z, and let SNQ meet FEZ 
inE. 

Then the force at P=-^SMfr. ultimately, if the arc 

PQ be indefinitely diminished, and SP may be con- 
sidered constant; also, by Euclid ili. ^6, 

QR.{RN+QN) = RP\ 
and, since RQ ia parallel to FT, and the triangles 
PZT, CFMaxe similar, 

RP : QT:: ZP : ZT :: CP : Pif; 

'■ QE-RP- QR-'CP*-^^^^^^^ 



2P3r .^. . , 

= -^pr- ultimately; 



bonce force at P = 



h'CP' 1 

SF.PM'"^ PM' 



Aliter. 

In fig. page 190 draw OE a semldiameter perpen- 
dicular to SD, and let the distance SP cut the 
circle in K, and OE in M, then, by the pre- 
ceding proposition, F = op. uirt j and, if S be 

very distant, the ratio PM : SM or SO will vanish ; 
therefore, SP = SO ultimately, and PV is ulti- 
mately perpendicular to OE and equal to 2PMi 
h'R' I 



. F= 



SCHOLIUM. 

A body moves in an ellipse, hyperbola or parabola, 
under the action of a force tending to a point sc 
situated and so distant that the lines drawn froiL 
the body to that point may be considered parallel 
and perpendicular to the major axis of the ellipse 
the axis of the parabola or the transverse axis old 
the liypcrbola. To shew that the force variesj 
inversely as the cube of the ordinates. 

Let AMG be the axis to which the direction of th&| 
forces may be considered perpendicular, PM, PQ f 




the ordinate and normal, PO the diameter of^ 
curvature, and iTthe chord of curvature in direo- i 
tion PS. 
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Then F= 



SY:PV~ Sf'.FV P3I" 
_PJ?_ Pff 
pm:pv°^ PJl'.PO"^ 
since POxPG', Art, 84. 



SP 
■ SY' 


"PM' 


1 




PM" 





» on the Proposition, 

194. It has been shewn In Art. l5l, that the equable dft* 
Bcription of areas may, in the caae of forces acting in parallel 
lines, be replaced by the uniformity of the resolved part of the 
velocity io the direction perpendicular to that of the forcea. In 
Iho proof given in the text, when S is removed to an Infinite dis- 
tance, A and S'Pare both infinite magnitudes, but the expreaaion 

-pp ia finite, for area SPQ described in the time T is ultimately 

eqnal to area SMN^, whose base is equal to uT, u being the com- 
ponent of the velocity perpendicular to the direction of the 

forcea; therefore A7'=kZ'.SP ultimately, and £7p-j=M', hence 

the acceleration due to the force, when a body describes the 

... . !<'if 

semicircle, is -prn • 

195. The accelerating effect of the force, acting in parallel 
lines, may be obtained directly from the proposition of Art. 151, 
as follows. 

Let M be the constant component of the velocity F", perpen- 
dicular to the direction of the force, and let .Fbe the accelerating; 



2F* 



V 



effect of the force, therefore F= -=7=7 = -„,,: 



PW 



Extension of Scholium. 
19G. When a tody describes any curve under the action of a 
force tending to a point S, so distant that the lines drawn from S 
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to the hody may he considered parallel ; to find the law of force 
and the velocity at any point. 

Let AP be any curve, AMQ the line to which the forces are 
perpendicular, PM^ PO the ordinate and normal at the point P^ 
PFthe chord of curvature in the direction of the force, PO the 
diameter of curvature. 

Let F be the accelerating effect of the force at P, u the 
component of the velocity Fin the direction AMO^ 

.-. ViuiiPQiPM^ 

also PViPOi: PMiPO; 

2F* 2u\PGF' PO 2u\P(P 
••• ^" PV'' PM\PO' PV" PO.PM^' 

and the velocity = w. -pi>. 

Illustrations. 

(1) ^ cycloid is described by a particle^ under the action of a 
force acting in a direction parallel to the axis ; find iJie accelera" 
tion and the velocity at any point. 

In the cycloid P0^4tPGj and PM.AB^PGP^ AB being 
the length of the axis ; 

^ 2u\PGP pa u\AB 1 



PJf * PO'^ 2PM^ POf''^ 
and the velocity at P^u. -^^ = w. -p^ oc -^^ . 

(2) A particle moves in a catenary under the action of forces 
acting in vertical lines; find the accelerating effect of the force 
and the velocity at any point. 

Let AM be the directrix, AB the ordinate at the lowest 
point. 

Then PG : PM;: PM: AB and P0=^2PG; 

„ 2u\PG^ \\PM ^,, ^^ 

PG PM 
and the velocity at P= w . -p^ = u. -j-^ ^ PM. 
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XXVI. 

1. A body ia moving in a Bemieircle under the action of a fore© 
tending to a point, so distant that the lines drawn from the body 
to that point may be considered parallel; if the centre offeree be 
transferred to the centre of the circle, when the direction of the 
body's motion ia perpendicular to that of the force, its magnitude 
at Oiat point being unaltered, prove that the body will continue to 
move in the circle. 

2. If a cycloid be degcrihed under the action of forces in the 
direction of the base, the force at any point will vary inversely aa 
AM. MQ ; AM, MQ being the abscissa and ordinate of the oor- 
reaponding point of the generating circle. 

8. A catenary ia described under the action of a horizontal 
force, prove that the force varies as the distance from the directrix 
directly, and the cube of the arc from the lowest point inversely. 

4. If the Bame parabola be described by particles when the 
force tends to the focus, and when it is parallel to the axis, the 
velocities will be equal at the points at whioii the forces are equal. 

5. A parabola having its vertex at A and its axis coincident 
with AB the diameter of a semicircle, is described so as to cut the 
aemicirclo in F ; prove that, if a body move in the semicircle imder 
the action of a force perpendicular to AB, the time of moving from 
AUt F will vary as the difEereace between JBand thelatus rectum. 
Prove also, that if a second body move from jj to i" in the parabola 
in the same time under the action of a force perpendicular to its 
axis, and the velocities ia the two cniyes at P be equal, the latus 
rectum of the parahola will be \AB, 



PROP. IX. PROBLEM IV. 

If a hodif revolve in an equiangular spiral, required the 
law of centripetal force tending to the pole of the spiral. 

Draw SYirom S, the pole of the spiral, perpendicular 
to the tangent PF, and let PK be the chord of 
curvaturo at P, whose direction passes through S ; 
then F\ the measure of the accelerating effect of 

the force tending to the pole, is Wy-rp p-; but, if 

a be the angle of the spiral, jS'1'=iS'P stna and 
PV=2SP,Ait. 128; 



sin'a^P^ Si^ 



•JSP" 



197. To find the velocity of a body describing an «gmangtdar^ 
spiral under the action of a force tending to thepole. 

If -ppa bo the acceleratiDg effect of the force tending to iS", 

198. To find the time of describing aiiy arc of the equi- 
angular spiral. 

Let AL be any arc, 8A, 8L bouncling radii, P tbe ttme of 
describing the arc. TheiiareaS^i=Jl5'^'-5i')tana, Art.127 ; 



x&reASAL SA' ~ 8L\ 



2h 



- tana= — „— , 






199. In any orbit^ described under the action of a force tending 
to any point 8, when the angle between the tangent FY and the 
radius SP is a maanmum or minimum, the velocity is equal to 
the velocity in a circle at the same distance about the same force 
in the centre. 

For, the curve, near this point, may be considered an eqni- 
sngular spiral altimatcly, Bince the angle is constant for a short 
time J therefore the chord of curvature is = 2SP, and }''*=P.SP 
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XXYH. 

1. la different equiangular spirala, deacrihed untlar tlie action 
of forces tending to the poles which arc equal at equal diatanceB. 
etieff that the aagular velocity varies at any point oa the focoe and 
the perpendioular oa the tangent conjointly. 

2. The angular velocity of the perpendicular on the tangent is 
equal to that of the radius. 

3. The velocity of approach towards the focus, called the para- 
centric velocity, varies inversely as the distance. 

4. A body is describing' a circle, whose radius is a, with uniform 
velocity, under the action of a force, whose accelerating effect at 

any distance r is -3 . Prove that, if Uie direction of its motion bo 

deflected inwards through any angle /3 without altMing the velocityi 

the body will arrive at the centre of force after a time „ \ ■ a . 
■' 2(1' amp 

5. Deduce &om the time in an equiangular spiral the time of 
passing from one point to another, when a body moves along a 
Btraight line with a velocity which voriea inversely as the distance- 
fcom a fixed point in that Use. 

6. A body deaoribes an equiangular spiral in a resisting 
medium with uniform angular velocity under the action of a 
force tending to the pole ; prove that the force to the pole varies 
as the distance and the resistance as the velocity. 

7. Two particles of equal mass m, and at a distance 2a apart) 
are projected simultaneoualy with velocity V in the same direction 
perpendicular to the line joining them, the only force acting ia a 
mutual force of attraction varying inversely as the cube of tlie 
distance between the particles, and equal at the distance 2a to tn/'. 

Prove that, if after a time \j\'f ■ -yi r) oao of the particles be 

stopped and kept at rest, the other will proceed to deaoribe an 
equiangular spiral about it as pole. 

8. Three particles A, B, C start from rest and move with 
uniform velocities, A always directing its course towards B, 
S towards C, and C towards A- Prove that if their velocities 
be proportional to Ve, c'a, a'i, where a, b, e are the initial diatancea 
of Ji from C, C ham A, and A from S respectively, they will 
describe similar equiangular spirals with a common pole. 



204 



NEWTOM. 



PROP. X. PROBLEM V. 

Jf a "body he revolving in an ellipse, to find the law of 
centripetal force tending to the centre of the ellipse. 

Let OA, CB be the semiaxes of the ellipse, P the 
position of the body at any time, PC (3-, DCD 
conjugate diameters, Q a pomt near P, ^T^ PF 
perpendiculars from Q and P on PC, DD] draw. 
QU &n ordinate to PCG, QR a subtense parallel 
to CP. 




Then P= ^fm' Qmi ultimately. 



But, by similar triangles QTIT, PFC, 

^ , and 



CD* 

QU*~ CP*~' *^^ PU.Ua~ CP'' 

QT* _ PF\C iy _ AC\BC* 

•'• pu.ua~ CP" ~ CP* ' 

UG=2CP ultimately, and PU=QE; 
QT* AC\BC* 



«• • 



2QR 



CP" 



Tiltimately ; 



„,..,„ 2h\QR h\CP 

.-. P=limitof^P^^«=^j^,-^x CP; 

therefore the force is proportional to the distance 
from the centre. 



PKOP. S. PROBLEM V. 



Aiiter. 



Let CT be perpendicular on the tanj^ont at P, and 
PV he the chord of curvature at F which passes 

through the centre = -^Tp-j Art. 79. 

h\CP 



Then F= 



2A* 



i.CF=^L.CP. 



Cor. 



C'Y\F V'~ FF\ Cn" AG\ BC 
1. And conversely, if the force be as the 



distance, a body will revolve in an ellipse having 

its centre in trie centre of force, or in a circle, 

which is a particular kind of ellipse. 
Cor. 2. And the periodic times will be the same in 

all ellipses deacrlbed by bodies about the same 

centre of force. 
For the periodic time in any ellipse 

S X area of ellipse _ 2TrAC.BC 
h ~ A ' 

and the forces, at different distances in the same 

or different ellipses, vary as the distance ; therefore 

- . ^. ^^ 1 = 1* is the same in different ellipses, 
AC .BO ^ ' 

therefore the periodic times in different ellipses 
is the same, and = -. - . 

SCHOLIUM. 
If the centre of an ellipse be supposed at an infinite 
distance, the ellipse will become a parabola, and 
the body will move in this parabola; and the force, 
now tending to a centre at an infinite distance, 
■will be constant and act in parallel lines. Thia 
theorem is due to Galileo. And, if the parabola 
be changed into an hyperbola, by the change of 
inclination of the plane cutting the cone, the body 
will move in this hyperbola under the action of a 
repulsive force tending from the centre. 
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200. Jb find the vdoeity in the elliptic orbit imder the a 
ofajbrce tending to the centre, the vxeaaure of whose accelerating 
effect is fiX diataJiiX. 

The velocity at P= ^= ^^r^ = ACrBO'^^'''^^- \ 



■ CP' 



^^//i.CIX. 



201. Jjf a hyperholic orbit he described under tlie action o/^ 
a repulsive force tending from the centre, tie force will vary a 
distance, and the velocity at any point as ike diameter of U 
conjugate hyperbola parallel to the tangent at the point. 

This may be proved exactly aa \a. the case of the ellipaej 
employing the proper figure. 

202. To find the time in any arc of an elliptic orbit about 6 
force tending to the centre. 

If Pbe any point of the orbit, Q the corresponding point In th** 
auxiliary circle, time in ^Poo area AOP<x xt&AACQrj: LACQy 
therefore time iu AP : periodic time :: ^ : 27r, if ^ be the 

circular measure of i ^ C 



203. If, at a given point, the velocity of a iod^ he hiownM 
and the direction of its motion; to determine the curve xohitA 
the body will describe under the action of a given centripe 
force, which varies as the distance Jrom the point to which i 
tends. 

Let Pt be the direction of motion at P, V the velocity at F^ 
fi . CP the measure of the accelerating effect of the force tending 
to G. On PC produced, if necessary, take PV equal to four 
times the space through which a body must move from rest, 
nnder the action of the force at P continued constant, in order 
to acc^uire the given velocity F; so that V^ = 2/iCP.^PV. 
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Draw CD parallel to Ft, a mean proportional to CP and 
\PV, and let an ellipse be cotistracted with CP, CD as semi- 
conjugate diameters, then PV is the chord of curvature at P 
through C. 




In this ellipse let a body revolve under the action of a 
force tending to 0, whose magnitude at P is that of the given 
force, see Arts. 160, 162, then, when it arrives at the point P, 
it will be moving in the direction Pt, also the square of the 
velocity at P= ,i..GD' = fi.CP.\PV=V\ or the velocity at P, 
in the constructed ellipse, is V. Hence the body revolving 
in this ellipse is under the same circumstances as the proposed 
body, in all respects which can influence the motion of a body; 
therefore the proposed body will describe the ellipse constructed 
as above. 

A direct solution of the problem, which is solved syntheti- 
cally in this Article, is given in pages 78 and 79. 



204. Geometrical construction for the position and n 
of the axes of the elliptic orMt, described iy a body about ike centre, 
when the velocity at a given point is known, and also the direction 
of motion. 

Produce CP to R, making PR a third proportional to CP and 

CD; bisect CR in V, and draw UC perpendicular to CH, 

meeting the tangent at P in 0, and with centre describe a 

circle passing through C, R, and cutting the tangent in T and ( j 

.-. PT.Pt = CP.PR=CD'; 
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Let TO intcrBeet the cUipBe in A^ A', and draw PJf parallel 
to the diameter conjugate to ACA'; 

then PJ" -.Ciy-.-.TA.TA': GA* 

::Cr-CA':CA^; 
.-. P2" : PT.Pt :: CT'-CT.CM: CT.CM; 
.: PT:Pt::MT:CM; 
hence Ct is parallel to PM, and CT, Ct are in the directions o 
conjugate diameters; but TCt is a right angle, therefore 02 
Ct heing in the direction of perpendicular conjugate diametet 
are the directions of the axes of the ellipse, and if PM, Pm 1 
perpendiculars from P upon those directions, the semiazes e 
mean proportionals between CM, CT, and Cm, Gt. Q.e.p. 

203. Equations for determining the position and dimen 
of tite orbit. 

Let /i.R be the measare of the accelerating effect of the fore 
at the distance GP=S, Fthe Telocity, a the angle between CP™ 
and the direction of motion at the given point P. Let a, b be 
the semiascs of the ellipse, «r the angle which CP makes with 
the major axis. 

Then V = ti..GD^ and OT' + CP" = a' + £' ; 

/. o* + &"= ^+^ (1). ' 

Also V.Mfaaa. = h = %ffi.ab; 

V.R sina ,„, 

■■■'^-^fjr- (^)-' 

and, by the properties of the ellipse, 

^cosV+:^8inV = l (3). ' 

The equations (1), (2), and (3) determine a, h, and ■or, whence ' 
the magnitude and position of the ellipse is determined. 

We can obtain an equation for cr. Immediately in terms of 
the data, as follows: 

(f-l).bV = (l-f)cosV, by (3), 
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■^ + ^ = cosec'a ^1 + ^) , by (I) and (2), 
•^,=cosec'a.^,by(2), 

•••(f-0(^-f ) = '"*'"' 
cosV sin'o sin-cj cos^ 



a' 



y ' * -« 



cosV — sinV 

cosec*a f 1 + %7t) - 2 

••. cot 2«r = - tan a f cot*a — 1 + cosec'a. ^-j, j 

= cot2a + co8ec2a.^~7- (4); ' 

whence «r is known Immediately from the initial circumstances of 
the motion. 

« 

206. If the force be repulsive, the equations for determining 
a, i,^ will be 

a'-i"=:i?-— (1), 

, VR sin g , . 

«^^ — v^i- (2)^ 

and -^ cosV — -TT sin V = 1 (3). 

a 

The direction and magnitude of the axes of the hyperbola 
may be determined geometrically, by observing that the 
asymptotes are the diagonals of the parallelograms of which the 
conjugate semi-diameters are sides, and that the axes bisect the 
angles between the asymptotes. 

207. When a particle is acted on ly any number of forces^ 
which tend to different centres^ and vary as the distances from those 
centres^ to find the resultant attraction. 

£E 
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Let n. R, /*', R be tlie ma^itudcs of two of tte forces at i 
distance R, A, B the centres to which thoy tend, F the poaltinafl 
of a particle acted oa by the forcea. 




Let Q be the centre of gravity of two particles at A and 1 
whose masses are in the ratio of /i to fi.\ join PA, PB, PG. 

The components of the force ft. PA, in the directions -Pffd 
OA, are /i. PG and /i. GA, and those of the force /t'.PB, in thi 
directions PG, GB, are n'PG, and f^'.GB, but ti.GA = i»,'. GB 
therefore the resultant of the forces tending to A and B iq 
(/* + /*') PG, which is a single force of magnitude (/* + /i*) ^, i 
the distance B, tending to the centre of gravity of masses /t, /( 
placed at A and B. 

Let fi"R be the magnitude of a force at the distance j 
tending to C, the resultant attraction is that of a force tend! 
to the centre of gravity H of particles at C and G, whose ma£ 
are in the ratio li' : ft + fi', which varies as the distance from J 
and whose magnitude at the diEtance £h {ft + fi +1*") S. 

And generally, the resultant of any number of forces i 
single force, tending to the centre of gravity of a system < 
particles, placed at the different centres, whose mi 
proportional to the magnitudes of the forces at the unit distaacd 
and whose magnitude at any distance is the sum of those of t 
forcea at the same distance. 



253. Cor. 1. If every particle of a solid of any form atb 
with a force which varies as the mass of the particle and t 
distance conjointly, the resultant attraction of the solid opi 
aaj body will be the same as that of the whole mass of the a 
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collected into its centre of gravity and atlracting according to the 
same law. 

209. COE. 2. If any of the forces be repulsive, as that 
'whoBC centre is B, G will lie in AB or BA produced, according 
as fi' is greater or less than /i, and the resultant of the forces, 
tending to A and from £, will be (/i'— /*) PO from G, or 
{/t - fi) FG towards Q, 



lUuslrattans. 

[l) A hodt/ revolver in a circular orhit ahout a firce tohicR 
varies as the distance^ and tends to the centre of the circle^ and tha 
centre of force is suddenly transferred to a point in the radiua 
which at the moment of change passes through the body; to find 
the subsequent motion of the body. 

Since the force varies as the distance, and is attractive, the 
orbit will be an ellipse. And, since the force is a finite force, 
the body will move in the same dirccti»n as before, at the 
moment of the change. Also, the velocity will, for the same 
reason, be unaltered at that moment. 

Let CA be the radius passing through the body at the 
moment of change, CB perpendicular to CA, n.VA the force 
at distance CA, V the voloctty in the circle. 




I V^=fi.CA.CA = /i.CA*; and if S, the new point t» 
which the force tends, he in GA, let AB' be the ellipse described, 
SA will be one of the eemi-axea of the ellipse, unca ^ ia an 
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apse, and, Bff being the other, if a body revolved in this ellipl 



round 8, fi.. SB^ would be the 



..SB"- 



.CA\ 



Q of the velocity at A^ thai 



square o 
therefore 8B=CA= CB: hence t 



magnitude and position of the two aeini-axes 5^ and SB" are 
known, and the ellipse is completely determined. 

The ellipse lies without the circle at A^ because, the velocity 
being unaltered, the force has been diminished ic the ratio of 
SA I OA, and therefore the curvature diminished in that ratio. 

If 5 had been in ^0 produced, as at S", the force would 
have been increased, and the orbit AB" would be within the 
circle near A. 

The greatest distance from CA which the body reaches is in 
all cases the same for this law of force, because the component of 
the force perpendicular to GA is the same at the same diatance 
from GA iu whatever curve the body moves; therefore, in each 
orbit, the velocity being the same at A, the velocity perpen- 
dicular to AG h destroyed by the force at the same distance 
from ^(7. 

(2) A hody is describing n circle about a force vihick varies as 
the distance and tends to the centre/ if the centre to which the 
force tends he suddenly transferred to a point in the drcumference, 
at an angular distance of 60° from the position of the particle at 
any time, to determine the orbit described. 

The orbit is an ellipse, since the force is attractive» 




Let Pbe the position of the body at the instant the centra | 
force is transferred from G, the centre of the circle, to 8, whei 
SCF ia an equilateral triangle. 
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The velocity at P is >/fi.GP= \//j..SP; and, since it ia un- 
altered by the change of the centre of force, the aeml-dlameter 
conjugate to SP ia equal to 8P. 

Draw DSD' perpendicular to CP, meetiDg it in F, and take 
SD=SD'=SP. Construct an ellipse having Si*, SZ» aa equal 
conjugate semi-diameters ; BA^ SB the semi-axe8 bisect the angles 
FSD', PSD. The ellipse so described will be the orbit required. 

Prove the following construction : 

On CP as diameter describe a circle cutting SD' in B", A' 
BA\ SB' are the lengths of the eemi-axes. 

Explain why the orbit Is exterior to the circle. 

(3) 7\no bodies whose masses are m, m' revolve in an ellipse 
under the action cf a force tending to the centre; shew that, if 
they he at one time at the extremities of two conjugate diameters 
they vrill always be bo, and tttthia case find the hcua of their 
centre of gravity. 

Let P, D be their positions at any time, CP, CD being 
Bemi-conjugate diameters. Let the ordinates MP, ND, meet 
the auxiliary circle in Q and R. 

Since the angles ACQ, ACM are always proportional to the 
times, RCQ will always be a right angle ; therefore the bodies 
wUl always be at the extremities of conjugate diameters. 




Let 6H be the ordinate of their centre of gravity. 
Join EQ and produce HG to meet PQ In E^ 

.: KE: GH= QM : PM, a constant ratio, 

also, BK:KQ = DO'. QP^ ; 

hence CK is constant, or the locus of £* is a drde, and the 
locus of G is an ellipse, whose axes are proportional to those 
of APD. 

Shew that the aemi-major axU : CA : : (m' + m"")* : m + ot'. 
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(4) A body is composed of matter which attraets vntK a 
force varying as the distance ; skew that, however a particle he 
projected, unless it strike l/te Body, it will describe its orbit i 
(Ae same periodic time. 

This ia obvious immediately from Art. 208, relatbg to i 
resultant of altractmg forces. 

(5) A body moves in an ellipse under the action of a j 
varying as the di^ance ; if the velocity at any point be slv 
increased in the ratio 1 + n : 1, find the consequent changes in t 
axes of the ellipse. 

If, when the change talces place, the body he at the end of o 
ef the equal conjugate diameters, skew tJiat the eccentricity loiU be 
vnalteredy and that the apse line will regrede through a small angle^ 

whose circular measure is -^ — n • 
a -0 

When V is changed to (1 +n) V, CD ia changea te 

(1 + n) CD ; let the corresponding changes of a, 6 and vi be 

on, ^k and y; a, ^, y, and n being ro small that we may neglect 

their squares. Then by the equations of Art. 205, 

(H-a)V + (H-^)'6'=(l4«rCI>" + iJ' = a' + J» + 2nC2>'; 

.-. aa^ + ^b' = n.CD'. 

Again (1 + a)a. (1 + /3)6 = (1 + s) CD. fl sina = (I + n)ah ; .| 

.-. a+^ = «,anda(a'-CU')=/3((;i>'-6'), 

1 _ _ n 

In the particular case 2if = a* + J', .'. a = ff = ^ny hex 
a and b being altered in the same proportion, the eccentritu 
wilt be unaltered. 



and — i COB w + Ti SI 






sin (20 + y) sin 7 



am «r j = n ; 
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f and, since the axes bisect the angles between equal conjugate 
I diameters, ah = ^ sin 2w, therefore 7, being expressed in circular 
nah 



(6) In arty position of a particle deserihing an ellipse, under 
the action of a force tending to the centre, the centre of force is 
suddenly transferred to ike focus. Find the axes of the new orbit 
and shew that its major-axis hinects the angle hetioeen the focal 
distance and the major^axis of the given ellipse. 

Employing the equations of Art. 205, if a, be the semt- 
axea of the new orbit, P the position of particle when the centre 
transferred to S, since the semi-diameter conjugate to 8P m 
the new orbit will be equal to CO, 

a' + ^=GJy-i'SF' = SP.RP+8F' = 2a.SP, 

Koi Sy-.BCi-.SP-.EP:: 8P' : CD"; 

.•.a^=CJ}.8Y=b.SPi 

/. {a*-j8T = 4 {a' -J') SF', and a'~0' = 5aeSP, 

.: a' = a[l + e) SP, and /3' = o (1 - e) SP. 



Abo 



SP* 



SP' . 



st = l, 



.-. - gp = (1 - e) cosV + (1 4 e) sin'w = 1 - e cos 2w ; 

therefore 2w = i PSA, or the major-axis of the new orbit 
bisects the angle between PS and the major-axis of the 
original orbit. 

Note. By the construction of Art. 201, since PB is a third 
proportional to SP and CD, and therefore is equal to HP, the 
circle which determines 2" and ( passes through M, and the arcs 
BT, TE are equal, that is, ST bisects the angle PSA, 



. Shew that the Telocity in an ellipse about the centre is the 
B at the points whose conjugate diameters axe equal as that ia 
a circle at the same distance. 
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2. A bo3y ii revolving in a cirele under ths action of a force- 
tending to the centre, the law of force at different diatanoes being 
that the force varies aa the distance ; find the orbits desoiibed when 
the oiicumstanceB are changed at any point as followa ; 

L The force is increased in the ratio of 1 : n. 

ii. The velocity is increased in the ratio 1 : ». 

iii. The force becomes ropulaive, remaining of the same mag^ 
situde. 

iv. The direction is changed by an impulse in the direction of 
the centre, measured by the velocity equal to that in the circle. 

3. If a body be projected from an apse, with a velocity double of 
that in a circle at the same distance, find the position and magnitude 
of the axes of its orbit. 

4. A particle ia revolving in a circle acted on by a force which 
varies as the distance ; the centre of force is suddenly transferred 
to the opposite extremity of the diameter through the particle 
and becomes repulsive ; shew that the eccentricity of the hyperboUo 
orbit =iV5- 

5. A body ia moving under the action of a force tending to a 
fixed centre, and varying aa the distance. The force suddenly 
ceases, and after on interval commences to act again. Prove that 
the radii of curvature of the orbit at the points where the body 
ceases and recommences to be attracted are equal. 

6. A body moves ia an ellipse about a centre of force in the 
centre, and its velocity is observed when it arrives at its greatest 
distance, and again after a lapse of one-third of its periodic time. 
If these velocities be in the ratio of 2 : 3, prove that the eccentricity 
of the ellipse will be -/i. 

7. The particles of which a rectangular parallelepiped is com- 
posed attract with a force which varies as the distance, and a body is 
projected so aa to describe a curve on one of the faces supposed 
emooth ; find the periodic time. 

8. An elastic ball, moving in an ellipse about the centre, on 
arriving at the extremity of the minor axis strikes directly another 
ball at rest ; find the orbits described by both bodies. 

9. A body is projected in a direction making an angle cos'' -- 

with the distance from a point to which a force tends, varying aa 
the distance &om it, and the velocity = Vi >^ velocity in the circle at 
the same distance ; prove that one axis is double of the other and 
that the inclination of the major axis to the distance is ^ coa''}. 
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10. From points in a line CA between C and A particles are 

t rejected at right angles to GA witli velocities proportional to their 
istances from A, C being a centre to which the force tends, and 
the force varjing as the distance ; find the ellipse of greatest area 
which is described. 

11. Two particles are projected in parallel directions from two 
points in a straight line passing through a centre of force, the 
acceleration towards which varies as the distance, with velocitiea 
proportional to their distances how. that centre. Prove that all 
tangents to the path of the inner cut oS, £;om that of the outer, 
arcs described in equal times. 

12. An hyperbola and its conjugate are described by particles 
round a force ia the centre. They are at an apse at the same 
instant; shew that they will always be at the extremities of con- 
jugate diameters. Also if «, v' be their velocities, o' — o'' = ^(a'-i'), 

13. An eUipse and an hyperbola havo the same centre and foci. 
They are described by partiulea, under the action of forces in the 
centre of equal intensity. If a, a' be their semi- transverse axes, 
the square of the velocity of each body at a point where the curves 



cut will be fx 



•'")■ 



14. If any number of particles be moving ii 
I force in the centie, and the force suddenly ceas 

after the lapse of ^ of the p^od of a complete reTolution, 

all the particles will be in a similar, concentric, and similaily 



15. A particle is describing an ellipse under the action of a 
force tending to the centre. Prove that its angular velocity about 
a focus is inversely proportional to its distance from that focua. 



XXVIII. 

1. CX, CTeae straight lines inclined at any angle, and a force 
tends to 0, and varies as the distance from C, If from various 
points in CF different particles are projected parallel to CX at the 
same moment, and with the same velocity, they will all arrive at 
CX at the same time and place; and they will also do so, if the 
force cease to act for any interval of time. 

2. A number of particles move in hyperbolas, under the action 
of the same repulsive force from their common centre. Shew that, 
if Hie transverse axes coincide, and the particles start from the 
vertex at the some instant, they will always lie ia a straight line 



perpendicntar to the mnjor-Eixia. If the hyperbolas hare all ths 

eame aaymptotea, shew that the particles will at every instaat be in 
a straight Ime passing through the ceutie, if they be so at aay givea 

3. A body is revolving in an ellipse under the action of a force 
tending to the oentr^ and vhen it arrives at the extremity of the 
major-axis, the force ceases to act until the body haa moved through 
a distance equal to the Bemi-minor asia, it thea acts for a quarter 
of the periodic time in the ellipse ; prove that, if it again cease to 
act for the satae time as before, lie bod;^ will have arrived at the 
other extremity of the major axis. 

4. A small bead slides on a smooth wire in the form of an arc 
of a circle, under the action of a force tending to the other end of 
the diameter through its middle point and varying as the distance. 
If the bead be initially situated at the middle of the arc and juet 
displaced, prove that, whatever be the length of the arc, the sum of 
the squares on the axes of the elliptic orbit, which the bead will 
describe after leaving the wire, will be eyual to the square on the 
diameter of the circle. 

5. A point is moving in an equiangular spiral, its acceleration 
always tending to the pole S. When it arrives at a point P, the 
law of acceleration is changed to that of the direct distance, the 
actual acceleration being unaltered. Prove that the point will then 
move in an ellipse, whose axes make equal angles with SP and the 
tangent to the spiral at P, and that the ratio of the axes istan ja: 1, 
where a is the angle of the spiraL 

6. A particle is attached by an elastic string io a centre of 
attractive force of constant intensity, and of such magnitude that 
it would exactly double the length of the elastic string. The string 
is now stretched and the particle projected at right angles to it. 
Shew that the particle will begin to move in an ellipse ; but if the 
velocity of projection be less than the velocity in a circle at the 
same distance, the ellipse will be deserted after a certain interval of 
time. In the latter case find the velocity and direction of motion at 
the moment of leaving the eUipse. 

7. A particle is projected from a point P, in a given ellipse, 
perpendicular to the major-axis, and is acted on by a force which 
tends to the centre C, and varies as the distance from it ; and the 
velocity is that in a circle whose radius is CS ; prove that the major- 
axis of the orbit is equal to that of the given ellipse, and that 
CP'- the sum of the squares of the semi-minor axes of the orbit 
and of the given ellipse ; also that the tangents of the inclinations 
of OP to the major-axes of tho elliptic orbit and of the given 
ellipse are in the duplicate ratio of the minoi-oxes. 
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8. A body describes an ellipse about a centre of force in the 
centre; prove tbat if r, r' bo two radii vectorea and a the angle 
between them, the time of describing the intercepted arc 



I 



What is this time when rr' sin a? ^ab, and the periodio time in, 
the ellipse ia 12 days? 

9. If two particles describe the same ellipse, in oppoaito 
rotatory directions with accelerations tending to the centre, prove 
that the line joining thenL will move parallel to Itself with a velocity 
proportional to its length. 

10. A triangular plate ia made of material, each particle of 
which attracts with a force which varies as its mass x distance. A 
particle is projected so as to pass through its angular points ; prova 
that its velocity at each of the angles is proportional to the side 
opposite, the time between any two angles being the same ; also 
that the mean of the squares of these three velocitiea ia also the 
mean of the squares of the greatest and least velocities in th& 
orbit- 

11. Two ellipses aredeaeribed by two particles about a common 
centre, the axes of the two are in the same directions, and the sum 
of the axes of one is equal to the ditference of those of the other; 
prove that, if the particles be at correeponding esti'emities of the 
major- axes at the same moment, and be moving in oppoaite 
directions, the line joining them will be of constant length during 
the motion, and will revolve with uniform angular velocity. 

12. The angle ^ of a triangle ABC is a centre of force which 
is fiR at any distance R. A particle is projected in any direction 
bttm. 5 80 as to pass through C, shew that the time of passage 
from Bio Ci& /I'i Ein~*(27rnt), where m is the ratio of the area of l£& 
triangle to that of the orbit. 

13. A number of bodies which describe ellipses abont the centra 
of force aa centre in the same periodic time, are projected &on a 
given point with a given velocity in different directions in a plane. 
Prove that their paths will aU touch a fixed ellipse with the given 
point as focus. 



ON IHE MOTION OP BODIES IN CONIC SECTIONS, UNDER 
I'HE ACTION OF FOBCES TENDING TO A FOCUS. 

PKOP. XI. PKOBLEM VI. 

A lody 13 revolving in an eUipae, to find the law of Jbrce 
tending to a focus of the ellipse. 




Let S be the focus to which the force tends, P the 
position of the body at any time, PCGy DCK 
conjugate diameters, Q a point near P, QT, PF 
perpendiculars on 8P, D CK, from Q, P respectively, 
PR a tangent at P, QR parallel to SP^ Qom parallel 
to PR, meeting SP in «, and PC in p, and let 8P, 
iJCfi" intersect in E. 

Then F = -opt-^m; ultimately, when PQ is inde- 
finitely diminished. 
But, by similar triangles QTx, PPB, 






FF' PF'BC 

' PE'~ AC*~ Clf' 



^ow, -p — ^ = jj^ , by the properties of the ellipse, 
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, Pv Pv CP , . ., ., , 

and 7\n = ^- = -ppj oy similar triangles; 

Qv- eg 

•'• QR.tO~ CF.AO' 

and iiO=iOP, Qx=Qii, ultimately; 

qr UBe- . ,,. , , 

if i bo the latus rectum of the ellipse ; 

Since tte force tending to the centre of an ellipse, 
under the action of which the ellipse can be 
described, varies directly as the distance OP from 
the centre C; let CE be drawn parallel to the 
tangent PQ to the ellipse ; then if 5 be any point 
within the ellipse, and SP, CE intersect in E, force 
tending to C: force tending to S 

: : GP.SP': PE' (Prop. ra. Cor. 3) ; 

,■. force tending to jSx "^p*'^ "V^' 
since FE is constant. 



PROP. XII. PROBLEM TU. 

A body is revolving in a hyperlola, to find the law of force 

tending to a focus of the figure. 
The investigation is exactly the same as in the last 

proposition, employing the subjoined figure. 
Also, repulsive force from C oc CP, and by Prop. vn. 

Cor. 3, force from C : force to iS :: 0P.8P* : PE', 

whence force io Sx -^™, since P^is constant. 
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In the same manner as in these propositions, it can be 
shewn that the repulsiye force tending from a focus^^ 




under the action of which the body describes the 
opposite branch of the hyperbola, varies inversely 
as the square of the distance. 



PROP Xin. PROBLEM VIll. 

A body is moving in a pardbolaj to find the law of force 
tending to the focus. 

Let ^S' be the focus of the parabola, P the position o 
the body at any time, Q a point near P, PRY a 
tangent at P, QR parallel to SP^ Ca:i? parallel to 
PjB, meeting SP in x^ and the diameter through 
P in y, QT, ST perpendicular to ^P, PY 
respectively. 

Then P= -^= . ^^ , ultimately , when QP is indefi- 
nitely diminished. 
Since SP^ Pv make equal angles with the tangent^ 
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Txv 13 an isosceles triangle, therefore Pv = Px= QE, 
and by similar triangles 

QT ' _Sr_ AS.SP _ AS 

Qx'~SF'~ SI'^ ~SP^ 

and Qv' = iSF.Fv = 4:SP. QE; 




QT' 



also, Qx= Qv, ultimately, 

4:AS=L, ultimately; 

2h' 



_AS QT' 

iSF.QE SP'°' QE 



.F=- 



1 

•SF'' 



1 

SF" 



CoE. 1. It follows from the last three propositions, 
that if any body move from the point F in any 
direction PE, with any velocity, and be at the 
same time acted on by a centripetal force, which is 
inversely proportional to the square of the distance, 
the body will move in some one of the conic 
sections, having a focus in the centre of force, and 
conversely. 

For when the focus, the point of contact, and the 
position of the tangent are given, a conic section 
can be described which will have a given curvature 
at that point. But when the force is given and the 
velocity of the body, the curvature is known ; and 
two orbits touching one another cannot be described 
with the same centripetal force, and the same 
velocity at the point of contact. 

Coa. 2. If the velocity, with which a body leaves its 
position P, be such that the body would describe 



the small apace PM In some very small time, and m 
the same time the centripetal force were able to move 
the same body through the space R Q, this body will 
move in some conic section whose latus rectum is the 

limit of -Tj3 when the lines PR, QR are indefinitely 
diminished. 

In these corollaries the circle is included as a particulaj 
case of an ellipse ; and the ease ia excluded in whicT 
the body moves in a straight line to the centre i 
force. 



Observations on the preceding Propositvms. 
210. If /t be the absolute force, in any conic section, whoeel 
latua rectum ia L, described under the action of a force tending 

to the focus, /i = -y ; and (l Is given, «ither when the force at 

any point ia given, or when the velocity at any point in a given 
conic section is given, for, ia the latter case, L and V, SY or h 
are given. 

211^ If we assume the chord of curvature through the focna 
for any point in an ellipse or hyperbola, we may obtain the law of 

force from the expression F = 



For, PV. AC' 
and Sr* : BC 



SY'.PV 
2CD'' = 28P.ffP-j 



: 8P:HP; 
h\AG 



'• 8r.HP.8P~BC.SP'' 

Siniilarly for the parabola, 

8moxiPV=iSP, and 8T' = A8. SP, 
2k* A' 

'AS7SP.PV 2A8.8P'' 



F=- 



COK. I. It ia assumed in this corollary that a conic aectioi 
can be described under the action of a force tending to 1 
focus: see Art. 164. 
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PROP. XIV. THEOREM TL 

If any number of bodies revolve about a common centre, 
and the centripetal force vary inversely as the square of 
the distance, the latera recta of the orbits described 
will be in the duplieate ratio of the areas, which the 
bodies will describe in the same time by radii drawn to 
the centre of force. 

For in eacli orbit the latus rectum is equal to the limit 
of-^^(by Cor. 2, Prop, xni.) when the arc PQ 
is made indefinitely small. 

But QR in a given time is ultimately in the different 
orbits as the centripetal force, that is, reciprocally 
aa the square of the distance SP. 

the latua 



w" «^•*''' 



Hence, ultimately, 

rectum is in the duplicate ratio of QT.SP or of 
twice the area PSQ described in the given small 
time, wliichj since the area in each orbit is po- 
portional to the time, varies as the area described 
in any given time. 

CoE. Hence the whole area of the ellipse, and the 
rectangle under the axes, which ia proportional to 
it, vary in a ratio compounded of the subduplicate 
ratio of the latera recta and the ratio of the periodic 
times. 

For the whole area is as QTx ^S^/* described in a given 
small time, multiplied by the periodic time. 



PROP. XV. THEOREM VII. 

On the same supposition, the squares of the periodic limes 
in ellipses are proportional to the cubes of the major 



For, by Prop. xi7. and the Corollary, since QT.SP, in 



each ellipse, described in a given small time varies 
BC 



' AC^ 



and the area 'X. AC. BCf the periodic time, 



which varies as the area divided by QT.SP, qc AC*. 

Con, Hence the periodic times in ellipses are the same 

as in circles wltose diametera are equal to the majot 

axes of the ellipses. 



Observations on the preceding Froposilians. 

212, Prop. XIV. and Cor. may be alao proved as follows. 

Let A, k' be the doable areas deacribed io tbe unit of time io 
BDj two of the orbits, L, U tbe latera recta ; ibeu, since tbe 
absolute forces are tbe same in the different orbits, 

hence the latera recta are in the duplicate ratio of the areas 
deacribeii in a given time. 

CoE. Let P, P be the periodic times in any two of the I 
orbits. Then the areas are as hP : KP : Z*. P : i'. P: 



213. To find the periodic time in an ellipse described ii 
the action of a given force tendtntj to the focus. 
Let Pbe the periodic time, ^ the absolute force, 
then iA . P= the area of the ellipse =TrAG. BC, 
AC.h' 

2-rrACi 



md/* = 



Therefore, in different cllipsea described about the same 
centre of force, the squares of the periodic time vary as the cubes 
of the major asea. 

214. To find the time from an apse to any point of an elliptto 
orbit described under the action of a force tending to the focus. 
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Let ASa be the apaidal line, A being the further apse, AQa 
the circle on the major axis aa diameter, P aoy point in the orbit, 
Q the correspofldiDg point in the circle. Join 8P, SQ, CQ. 




TimQ in AP I periodic time :: ar6a-4Si'; irAC.BG 

i-.s^KnASQ-.TrAC, 

and area ASQ = sector ACQ + i^ SGQ = ^AG.AQ + ^SG. QM; 

therefore, if w be the circular measure of lAGQ, and e the 

ecceutricity of the ellipse, area A8Q = ^AG'[u + eanu) 



AC^ 
i.e. the time from the further apse to P is — ^- [u + e ain «). 

Similarly, if u be the circular measure of aCQ, the time from 
the nearer apse will be — .— (w — esmw). 



215. Def, CaGQ, from the nearer apse, is called tho 
eccentric anomnJy, I aSPths true anomaly, and the mean anomaly 
is the angle which would be described in the same time as L aSP 
by a body moving with uniform angular velocity equal to the 
mean angular velocity in the ellipse. 

216. Tojinil the relations between the mean, the true, and the 
eccentric anomalies. 

Let m, V, and u he the three angles. 

Since the mean angular velocity in the ellipse is Stt divided 



by the periodic time, o 



;t , m = w-e8inM, Art. 214; 



and, if a be tlie semi-major axie, 

iS'i'co8tJ=acoau 



1+ecoso 
1 — cofi«_l— e 1— coBii_ 
l + coau ~ l■^e' l+coau' 

^ U 11-6 V 

AUo SP=^C+fl. CM = a{l-econu). 

217. To find the time of describing any anghfr<rm the v 
in a parabolic orbit 

Lot T be the time of describing the angle ASP in : 
parabolic orbit, wbose focus in 8 and vertex A ; draw FMf SM 
perpendicular to tbe axis ASM, and the tangent FY, and li 
PS be the normal at P. 

Then PM= MKt&aPKM= 2A8tanlA8Pi 

therefore AM= ^Stan'i^SP; 
.-. hT=2An!iASP=^AM. MP- SM. MP 
= MP(A8+^AM) = 2AS'{tAa^A8P^it&a'^ASP)t 
wherB, if /* be tbe absolute force, h^ = fL. 2 A S. 

Kepler's Laws. 

218. The three laws discovered by Kepler are: 

I. That planets move in ellipses having the suu's centre i 
one focBS. 

II. That the areas swept out by the radii drawn from thi 
planet to the sun's centre are, in the same orbit, proportional i 
the time of describing tbem. 

III. That the squares of the periodic times are proportioni 
to the cubes of the major axes, 

219. Kepler's laws, although not rigidly true, are aafficieatlf) 
near to. tbe truth to have led to the discovery of the law c 



p 
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attraction of the bodies of the Bolar system. Tbe deviation 
from complete accuracy is due to the facts, that the planets are 
not of inappreciable mass, that, in consequence, they disturb 
each other's orbitii about the sun, and, by their action on tbe 
sun itself, cause the periodic time of each to be shorter than 
if the BUD were a fixed body, in the subdiiplicate ratio of the 
mass of the sun to the sum of the masses of the sun and planet; 
these errors are appreciable but very Bniall, since tbe mass 
of the largest of the planets, Jupiter, is less than ijVu''^ "^ ^^*® 
guu'b mass. 



Deductions from Etphr's Laws. 

220^ From the law of the equable description of areas, 
stated as the second law, it is deduced, by Prop. Ii., that the 
forces acting on tbe planets are centiipetal forces tending to tbe 
sun's centre. But this law gives no information regarding the 
nature or intensity of tbe forces. 

From the elliptic motion of the planets, as asserted in the 
^gt taw it is deduced, by Prop, xi., that the force which acts 
upon each planet varies inversely as the square of the distance 
irou the centre of the sun. 

From the relation between the periodic times and lengths of 
the major axes, stated in the tki't-d law, it is Inferred, by Prop, xv., 
that the planets are acted on by the same centripetal force ; and 
that the attraction, being the same for all bodies, independently 
of their form and Bubstance, is not of the nature of tbe elective 
action of chemical or magnetic forces, 

221. The same laws hold for the motion of the satellites of 
Jupiter, Saturn, and Uranus, and the first two for our moon, 
their respective primaries taking the place of the sun in the 
statement of tbe laws. Hence it is inferred that forces tend to 
the centre of tbe planets, varying according to the same law as 
the forces tending to the sua. 

222. By such deductions the law of gravitation is rendered 
probable, that ever'i nartiols attracts every other particle with a 
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foftt which acta in the line Joining the particles, and varies 
inversely as the square of the distance. 

The law thus suggested is assumed to be unioer sally true, 
nnd calculations are made of tbe effects of tbe action of the 
bodies of the solar syBtem upon one another in disturbing their 
elliptic motion ; and nho of the diaturbances of the motion of tbe 
Batellitea due to a want of exact aphericity in the primaries ; and 
these calculations have been found to agree with the results 
of most minute astronomical observations. 

Predictions of the return of comets have been fulfilled, 
founded on the supposition of the truth of the law, and the 
existence and position of a planet have been recognized, before 
in discovery by actual observation, from its assumed action 
according to this law upon another planet. 

Thus tbe law of gravitation haa satisfied every teat which 
has hitherto been applied to it, and it is ao far proved to be true 
where our system ia concerned. 
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On the same supposition, the velocities of the bodies are in 
the ratio compounded of the inverse ratio of t/ie per- 
pendiculars Jrom the focus on the tangent and t/ta 
subduplicate ratio of the latera recta. 

For, in any two orbits, 

A K X* X* 



Cor. 1. The latera recta of the orbits are in thii 
ratio compounded of tho duplicate ratio of tha 
perpendiculars and the duplicate ratio of thd 
velocities. 

For Z : i' :: A- : r :: r. 8Y' : F'. SY^. 

Cob. 2. The velocities of the bodiea, at their greatest ' 
and least distances from their common focus, are in 
the ratio compounded of the ratio of the distances 
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inversely, anil the subdupHcate ratio of the latera 
recta directly. 

For the perpendiculars on the tangents are these very 
distances. 

Cos. 3. And therefore the velocity in a conic section, 
at the greatest or least distance from the focus, is to 
the velocity in a circle at the same distance from the 
centre in the subduplicate ratio of the latus rectum 
to twice that distance. 

For the latus rectum of a circle is the diameter, 
therefore if >S'^ be the greatest or least distance, 
velocity in the conic section ; velocity in the circle 



|1:(^...:(...,. 



" SA ■ SA 

Cor. 4. The velocities of bodies revolving in ellipses 
are, at their mean dlstaueea from the common 
focus, the same as the velocities of bodies revolving 
in circles at the same distances ; that is (by Cor. 6, 
Prop. IV.), in the inverse subduplicate ratio of the 
distances. 

For the peip'-ndieulars are now the semiasea minor, 
that is Sy=BC, and the distance .55 = ^C, therefore 
velocity in the ellipse at the mean distance ; velocity 
in the circle at the same distance 

'■'■ BC' AC '■'■^ '•[ AC)' 

Cob. 5. In the same figure, or in different figures 
having their latera recta equal, the velocity varies 
inversely as the perpendicular from the focus on the 

tangent. 

CoE. 6. In the parabola, the velocity varies in the 
inverse subduplicate ratio of the distance of the body 
from the focus, in the ellipse it varies in a greater, 
and in the hyperbola In a less inverse ratio. 



For (vel.)' oc -^y, x -jtb in tbo parabola, 
HP 2AC-SP. ^, „. 



oc -„— X - — op in file hyperbola. 

Cos. 7. In the parabola, tlie velocify of the body at 
any distance from the focus is to the velocity of a 
body revolving in a circle at the same distance 
from the centre, in the subduplicate ratio of 2 : 1 ; 
in the ellipse it is less, in the hyperbola greater than 
in this ratio. 

For, velocity in the conic section : velocity in the 
circle at the same distance 



;: V2; 






( BC'.SP ^i 
' \AC.iiY) ■ 



(2SP)i 

/SP 
1 in the parabola, 

: : ( -j-v,) ; 1 in the ellipse or hyper- 
2AC in the ellipse, and>2il(?in 



.1 



the velocity is every- 
■ ■ ■ ' 'Mhe 



bola, and HP 
the hyperbola. 

Hence also, in the 

wliere equal to the velocity in a circle at half 
distance, in the ellipse less, and in the hyperbola 
greater. 

CoE. 8, The velocity of a body revolving in any 
conic section is to the velocity in a circle at the 
distance of half the latus rectum, as that distance 
is to the peprendicular from the focus on the tangent. 

For, the velocity in the conic section : the velocity in 



the circle at distance |£ : 



sr- ^£- 



^L ; ST. 



CoH. 9. Hence, since (Cor. 6, Prop, iv.) the velocity 
of a body revolving in a circle is to the velocity in 
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any other circle in the inverse subduplicate ratio of 
the distances, the velocity of a body ia a conic sec- 
tion will be to the velocity in a circle at the same 
distance as a mean proportional between that 
common distance and half the latua rectum to the 
perpendicular from the focus on the tangent. 
For velocity in a circle at distance iZ : velocity in a 
circle at distance <SP :: SP: (|-£)*, therefore velocity 
in conic section : velocity in circle at distance SP 

■.■.(iL.spfisr. 

Notes. 
223, To find the velocity in a conic section described under 
ike action of a force tending to t!ie focus. 
Ia the central conic sections 

.BC _ ^.EP 






AO.SY'' 



or else, y -^-i^^ - SF" AO SF.AV 

but EP= 2A0- SP in the ellipse, 

and, HP= SP— 2 AG, in the hypcrhola, force repnhive, 

= SP+ 2A C, in the hyperhola, force attractive j 

, SP\ 



Id the parabola, 



^ - SFV^ AO)- 



_ A^ _ f i.2SA 
~SY'^ SA.SP'' 



2^ 

8F' 



else, V = F.iFV = 



22-t. The expression 'cp{^~~rr) ^°^ ^^^ square of the 
velocity in the ellipse reduces itself to that for the hyperbola 
under an attractive force by changing the sign of CA, which 
corresponds to the opposite direction in which AC ia measured 
in the hyperbola; it is reduced to that for the hyperbola undei 



234 NEWTOK. 

a repulsive force by changing tbe sign of ;*, wbich corresponds 
to changing the direction of the force; and to that for the 
parabola by making A C infinite. 

225. To compare the velocity in the ellipse or hyperbola with 
that in the circle at the same distance. 



Let U be the velocity in the circle, 



r'-77- ..2-^.1 



The Bodogroph. 

226. Def, If from any point lines be drawn representing 
in direction and magnitude the velocity of a particle describln 
an orbit under the action of a force tending to a fixed centi 
the locua of the estrcmitics of these lines ia the Hodograph, 

This name ia given to the curve by Sir William Hamilto 
in his work on Qaatemions. 

227. Since the velocity in i 
taken in SFequal to -^, the locua of Q will be the polar r 

procal of the orbit with respect to a circle, tbe square of wlux 
radius is A ; and if it bo turned about S through a right a 
will be the hodograph of the orbit. 

228. If a conic section he described under the action of a 
/oroe fending to afocus^ tJie hodograph will he a circle. 

For, in the case of an ellipse or hyperbola, the velociH 
varies inversely as SY, and therefore directly as BZ, to whia 
its direction is perpendicular, and the locus of ^ is a circ 
And, in the case of a parabola, A Y being the tangent at t 
vertex, ^i/ perpendicular to SY, 

SY:A8".ASiSU, 
therefore SU varies as the velocity, and the locus of i7 Is a cip 
which passes through S. 



THE nODOQHAPH. 



235 



229. General properlu3 o/the hodograph of a central orbit. 

In the figure of Prop. I., AB or Be and BG are propor- 
tional to the velocities with which the body moves along AB 
and BC\ therefore, if Oa, 0^ represent these velocities ia 
magnitude and direction, (i) cy3 will be parallel to Ca or SB, 
and will represent the velocity generated by the impulae at 
B; and if O7, OB, Oe... represent the velocities in GD^ DE^ 
JEF...J ^y, 78, Se ... will represent the velocitiea generated by 
the impulses at C, P, E...; (ii) henco the perimeter of any 
portion of the polygon aBySi. will represent the sum of the 
velocities generated by all the impulses tendingtofiin the cor- 
responding perimeter of the polygon ABGDE; (iii) alao the 
chord as will represent the resultant of these velocitiea ia 
magnitude and direction. 

Proceeding to the limit, aySyEs... becomes the hodograph 
of the central orbit which ia the curvilinear limit of the polygon 
ABGDE. 

Hence we arrive at the following properties of the hodo- 
graph of a central orbit. 

(i) The t.angcnt to the bodograph at any point la parallel to 
the radius drawn to the corresponding point of the orbit. 

(ii) Any finite arc of the bodograph repreaenta the sum of 
the velocitiea generated by the central force in the correspond- 
ing arc of the orbit. 

(iii) The chord of the arc represents in magnitude and 
direction the resultant of the whole action of the central force in. 
the passage through the corresponding arc. 

From Art. 227, it follows that 

(iv) If r, p and r\ p' be the radius and perpendicular on the 
tangent at corresponding points in the orbit and bodograph 
r'p = k = rp\ and the angles between r, p and r', p' will be equal. 

KoTE. In this article and in Art. 227, k represents an area 
and not a rate of description of areas. 

Rlustrationa. 
(I) The hodograpk for an ellipse, described under tJie action 
of a force tending to the centre^ w a similar ellipse. 
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For CD is parallel to the direction of motion and [H^>poF< 

tional to the velocity. 

(2) The Jioihgeaphfor an hyperbola, desrrilied under the action 
of a farce repelling from ike centre^ is a fiT/perbola similar to t 
conjugate hyperbola. 

(3) The hodograph for a parabola, described under the a 
of a constant force parallel to the axis, is a straight llneparaUi 
to the- axis. 

For the square of the Telocity oc 8P<x. 8Y', and the locua e 
y ia a horizontal line, therefore, since SFia perpendicular 1 
the direction of motion, and proportional to the velocity, turnii^ 
the locus of Y through a right angle, the hodograph is : 
vertical line. 

(4) Ifp, p' be the radH of curvature at corresponding point 
of a central orbit and its hodograph, r, r' corresponding radic 
p, p the perpendiculars on the tangents, then willpp'pp' = r'r". 

Let PQ, PI be corresponding small arcs, then lPSQ : 
equal to the anglo between the tangents at p, 5, and p8^ I 
to the angle between the tangeuts at P, Q\ 

and, if rbe the time in PQ, we Lave ultimately 
J, PSQ _ h 
r.Py T ~r" 
, r.F.PVy FV rV , , 

•■•'■''- — w Tr-^7:fp' ■■•-P"p = 

(5) If IF be the accelerating effect of the force in a central 01 
and F' that of a force tending to the pole of the hodograph I 
which it can be described as a central orbit, FF" « » 



T ■ 



T ~^' 2'~-^' 



Note. The motion in the hodograph considered as a centr 
orbit, la not generally the game as that of the point whielip 
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guided by the motion of tbe correaponding point io the original 
central orbit, so as to generate the hodograph, 

(6) The only central orbits, whose hodographa are alio central 
orbits, with accelerations tending io their poles, the motions being 
the same as in the descrijition of the hodograph^ are those in 
which the acceleration varies as the distance.* 

Let 8 be the centre of force taken aa tbe pole of tbe 
hodograph, P, P\ P" corresponding points in tlie orbit, the 
hodograph, and tbe hodograph of tbe hodograph. Tben tbe 
hodograph being a central orbit, the tangent at P" is in tbe 
direction of the acceleration of P', hence it ia parallel to SP', 
and therefore to the tangent at P. Also SP" represents P 'a 
velocity, and therefore P'a acceleration in magnitude and direc- 
tionj hence P"SPi'i a straight line, and the tangents at PP' 
arc parallel, therefore P"'b orbit is similar to the central orbit- 
Hence SPcc SP" X acceleration of P. 
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Given thai the centripetal force is inverseli/ proportional to 
the square of the distance from the centre, and that tlie 
absolute force of the centre w known; it is required to 
find the curve which will be described by a body which ia 
projected from a given point with a given velocity in a 
given direction. 

Let Fbe the velocity, PFthe direction of projection 
from P, S the point to which the force tends, and let 
PU\)e measured on PS, produced, if necessary, equal 
to twice the space through which the body must be 
drawn from rest by the action of the force at P con- 
tinued constant, in order that the velocity V may be 
generated ; therefore since the absolute force is given, 
jPZ7is given. Draw PG perpendicular to P¥, and 
Pn so that HP, or UP produced, and SP make 
equal angles with PG. Draw UG perpendicular to 
Pff and join ^ff. 
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Here throG distinct cases arise : 

I. 1!PU bo equal to 2SP, S will be the centre of a 
circle described about PGIT, and i8GP=lSPG 
= lHPG; therefore SG, produced either way, will 
not meet PH. 




In thia ease, draw GL perpendicular to PS, and wif| 

8 as focus and 2PL as latus rectum, describe i 

parabola whose axis is in the direction SG. 

Then PU'is half the chord of curvature at P through & 

II. liPUhe less than 2SP, iSGPis greater than^SP^ 

or iSPG, therefore SG produced meets PSia i 




I In this case, with S and B as foci, and SP+PMtt 
major axis, describe an ellipse, then PC is half ti' 
chord of curvature at P through S. 

[III. If Pp- be greater than HSP ^SGP is loss th 
iSPG, and angles SGP, MPG are together less f 
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two right angles, therefore G&' produced meets PIT 
in M. 




In this case, -with S and If as foci, and ffP - SP as 
transverse axis, describe an hyperbola, then Pi!/ is 
Jialf the chord of curvature at P through S. 

In all these cases, a body may be supposed to revolve 
in the conic section described, under the action of the 
force ten ding to S, Art. 1 64, and the velocity at -P is 
that due to falling through one-fourth of the chord 
of curvature through S, or half P V, under the action 
of the force at P supposed constant, and is therefore 
equal to V, the velocity of the projected body ; also, 
since SP and IIP, or HP produced, make equal 
angles -with PG, PY is a tangent, therefore the 
direction of motion is that of the projected body. 

Therefore, the circumstances of the two bodies are the 
same in all respects which can influence the motion 
at the point P, and they ■will therefore describe the 
same orbits ; that is, the projected body will describe 
a conic section of that kind which corresponds to 
the velocity. 

The orbit, therefore, will be an ellipse, parabola, or 
hyperbola, accordingas P (7 is less, equal to, or greater 
than 25P, that is, since T' = P. PJ7, accordingas V 
is less, equal to, or greater than 2P. SP, or twice the 
square of the velocity in a circle whose radius is SP. 
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Cob. 3. Hence if a body move in any conic section, and 
be disturbed from its orbit by any impulse, the orbit 
in which it will proceed to move may be discovered. 
For, by compounding the motion of the body with 
that motion which the impulse alone would generate, 
the motion and direction of motion will be found, 
with which the body will proceed from the point at 
which the disturbance took place. 

Cor. 4. And if the body be disturbed by any con- 
tinuous extraneous force, its course can bo deter- 
mined, approximately, by calculating the changes 
which too force produces at certain points, and 
estimating from analogy the changes which take 
place at the intermediate points. 



If a body P move in the perimeter of any conic section, 
whose centre is C, under the action of a centripetal 
force tending to any given point E^ and the law of 
force be required, draw CG parallel to EP and 
meeting in G the tangent PG to the conic section. 

Then, by Prop. vn. Cor. 3, the force tending to S: 
the force tending to C::CG' : CP.RP', but the force 
tending to C varies as C/*, therefore the force ten.d*j 
. . „ CG 
mgto J2oc j^. 

Observations on the Propostiwn. 
230. In the solution of Prob. ix. it i9 assumed that if, iq 
I any conic section, G be the intersection of the axis and noni 
Lat P, and GC, parallel to the tangent, meet SP in U, PU w^ 
e half the chord of curvature al P drawn through the focoB^ 
Klthia property may be proved as follows. 

1. In the ellipse and hj-perbola, let PG meet the conjugate 
tdiameter in f; then CD.I>F=AC.£C,&ni PG.PF=BG'; 
. PUPE CD 
"'■ PQ PF BO'^ 
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pv _po_Bo_cn 

•■' CD~ BG PF~ AO 

.-. PU= -J /7 = talf the chord of curvatnre at F throngh B. 

Also, if QL be perpendicular to SP, PL will be equal to 
the Bemi-latus-reeturn, 



For 



PG PE' 



. PL = - 



j =:h&lf the latos rectum. 



2. In the parabola, 

PTT fiP 

.-. PU= 2SP= half the chord of curvatore at P through 8. 
, , PL BY 



I 



SP 

231. To shew that if the central force vary inversely 08 
the square of the distance, a body, pry'ected Jrom an^ point in any 
direction, will describe a conic section. 

Let S be the centre of force, P any point of the orbit 
described, PP' an arc described in a small tJrae. Draw 8Y, BY' 
perpendicular to the tangents PY, P'Y at P and P", and 
produce them if necessary to Q, Q',so1ihsit SY.SQ=SY'.Sg=hf 
then SQ, 8Q' represent the velocities at P, P' in magnitude, 
and are perpendicular to their directions; hence QQ' represents 
the velocity generated by the force PS, and is perpendicular 
to PiS; that is, the tangent to the locus oi Q &t Q is perpen- 
dicular to SP. Now the angle PSP' described in a given sraall 
time varies inversely as SP', so also does the velocity generated 
in the same time ; therefore QQ^cc L PSP\ and, by Lemma IV., 
if PP^ be any finite arc of the orbit described, QQ,, the cor- 
responding arc of the locus of Q, will vary as the angle PSP,, 
and therefore will vary as the angle between the tangents at 
Q and Q^, which ia a property peculiar to a circle. Hence, thr 
locus of Q being a circle, that of ^ Is either a circle or i 
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straight line, being the inverse of tLe locaa of Q. Itence, 1 
feet of the perpendiculars from the centre of force on a tangei 
to the hody'a path lie In a circle or straight line, which is t 
property of a conic Bcction only, since straight lines draw 
according to a fixed law can only have one e 

Therefore, the path wUl be an ellipse, parabola, or hyperbola 
according aa 8 lies within, upon, or without the perimeter of the 
locuB of Q, 

NOT£. The radius of the circular locus of Q is 
FSF r* r" h' 

232. Geometrical conslruelion /or the come described hy a 
"body projected with a givffn velocity in a given direction. 

Let Fbe the given velocity, PY the given direction. Draw 
8Y perpendicular to Pi', and produce if necessary to §, so 
that 8Q=V, then SQ.SY=k is given. Draw QO parallel 

to P8 and equal to j , and, since the tangent to the circular 

locus of Q is perpendicular to SP, is its centre and is, by 
Hymmetry, on the axis of the conic described. Draw 8Z per- 
pendicular to SP, meeting PY in Z, then ZD perpendicular 
to SO is the directrix of the conic 

Note. Let 8Z^ QO intersect in Jf, since the angles at 
U, M, Tare right angles, 8D.S0 = SZ.SM=8Y.SQ = k, and 

e.iS'i)=8enii-latu8-rectum = — , therefore 50= -=-, therefore V 
^ h ' 

is compounded of y and -^- perpendicular respectively to OQ or 

SPandSO. 

233, Equations for determining the elements of the orbit 
described Jy a body projected from a given ^oint with a given. 
velocity in a given direction. " 

Let V he the velocity of projection, a the angle betv 
SP and PY the direction of projection, ft. the absolute fon 
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the orbit will be an ellipse, hyperbola, or parabola, according as 

I. For the elliptic and hyperbolic orbits, let a, h, X, e be the 
semi-aiea, ^emi-latua-rectura, and eccentricity, and let 8P=Ii, 
and ^ be the angle PTS between PX and the transverse axis 
in the figures on pages 238, 239 j 

■■■^=^-s(»3 (')■ 

Also, fi.L = h'= VIC sin'a ; 

h' ,, ,. PS* 8in*a .... 

•■■ ^ = «(1'"') ^ ■ (")- 

Draw 51', //2 perpendicular to the tangent, and HKio ST", 
then 8H coa SHK^ HK= YZ= (aP± SP) cos SPY; 
.', 2ae cos^ = 2a cosa; 

.•. e co3i/r = coaa (iii). 

Also, SHAaSnK=SK=8Y^HZ; 
.: 2ae &mr}r = {SP+HP) sin a 

= {R^{2a^S)] sin a; 

.-. osin.^=gfl)8iiia; 
.'. tanf=f-Tl] tana 

= [_1 - — J tf"i°= H- 

The equations (i) and (ii) determine <i, b, and e, and (iv) de- 
termines ^ immediately from the given circumstances of pro- 
jection, (ill) is also a convenient equation for determining the 
position of the axes when e has been previously £3iind. 

Instead of (iii) or (iv) we might employ the equation 

L , .„„ PiS sin'a 
^ = l4ecos^5P= ^^ 

to detennine the angle ^5^, which also gives the direction of 
the axea. 
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11. For the parabolic orbit, fig. 1, page 238, SY'=8P.AB 
and the tangent makes equal angles with the axis and 8P% 
therefore AS= R siQ^a, and ^ = a, which determine the posltiol 
and dimensions of the orbit. 

234. To find the elements of the orbit described under tMl 
action of a repulsive force varying inveraelT/ as ike square of the 
distance from the point frOTn which the force tends. 

Let i7be the point &om which the force tends, HP=S, 

' EP.AC SF AO ~B\a "j "-'H 

The other equations are similar to those in Art. 233. 



lUustrationa. 

(l) A body is revolving in a circle under the action of a fan 
which tends to the centre and varies inversely as the square of ti 
distance from iL When the hody arrives at any point, if thefon 
b^in to tend to the point of bisection of the radius through t 
body, to determine the orbit described by the body. 

Let CA be the radius, 8 the new centre of force. Thei 
,6ince the force is finite, the velocity at A is unaltered, and j! 

an apse of the new orbit. Also (veL)" in the circle = ^-j < -„-^ * 
hence the body moves in an ellipse ; 



&=&(-^)'^« 



and ft — =^* = 



CA-" 



'by{ii); 



. a-^^SA^^CA, 
. -, = J ande=5. 



Instead of equation (ii) we might determine c from the coi 

sideration that A is one extremity of the major axis ; 

.-. SA=a{l±c); .: l±e = 3, and e = J, 

bIhcc the upper sign must be taken, and therefore A ia I 

greatest focnl distance. 

The orbit lies entirely within the circle, since the force at 4 
is increased, and therefore the curvature ia greater tban t 
in the circle. 
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(2) If the new centre of force be in the hhection of the 
radius which, if ^roduced^ passes through ike body, to dutermine 
the orbit. 

8 A 
The orbit must te elliptic since —r- = § < 2 ; 



CA 



hence - 



:(-?) 



a=30A; 



' CA~ 8A 
aho SA = a{\±e)\ .: e = {, 
and A, in tlie new orbit, is the nearest point to S. 

In this case the force, find therefore the curvarture, is dimi- 
nished, which accounts for the orbit being exterior to the circle. 

(3) A particle, acted on iy a force which varies inversely as 
the square of the distance, is projected from a fixed point, with a 
velocity which is to the velociti/ in a circle at ike same distance aa 
v'S : 2, making an angle fan~^2 with the line joining the point of 
projection to ike Jixed point; shew that the eccentricity of the 
orbit is ^, and that ike mijor axis is perpendicular to the distance 
of projection, 

,.o(l-eT=r.ff.4-/"Sby(ii); 
therefore a = |iJ, e = J, and R being the Betni-latus-rectnm, ie 
perpendicular to the major axis. 

Or, since e cos ^ = cos a by (iii); .'. cosi/r=— -=sin(i; hence, 

the angle between the direction of projection and major axis is 
the complement of a, that is, the major axis ia perpendicular 
to the distance of the point of projection. 

(4) A body revolves in a circle under the action of a Jbrce 
tending to the centre and varying inversely as the square of the 
distance. Find the orbit described, if the force suddenly tend to 
apoint 8 in the circumference of the circle, at an angular dis- 
tance 60° from the body. 

Since the velocity is unaltered at A by the change, 
/._/./ SA\_ ^ „, 
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that is, A is the extremity of the minor axia of the new ortit ; 
hence the mnjor axis is parallel to the tangent at A, or perpen- 
dicular to GA, and the centre is in the bisection of CA. 

The curvature ia leaa than that of the circle, because ( 
normal force is diminished by the change. 

(5) A bofli/f revolving in an ellipse, under tJte action o^m 
Jbrce (ending to a focus B, has the direction of its Tnolton altei 
at a given point of its path, the velocity remaining unaltet 
to dtstermine the corresponding change in Hie position of the 
major axis. 

Since the velocity, as well as the distance SP, in the new 
orbit la the same as in the old, the length of the major axis is 
the same ; therefore P3 is the same in the two orbits ; that is, 
the other focua lies in a circle whose centre ia P, and SP, PH 
make equal anglea with the new direction. 

(6) To find at what point of an elliptic orbit a slight alteration 
may he made in Hie direction of Tnotion, the velocity remainm§*t 
unaltered, so that the direction of the major axis may be the so» 

as before. 

The direction of the major axia being unaltered, SH mot 
bo a tangent to the locua of U, hence /' must bo at one of tiA 
extremitiea of that latua rectum which does not contain 1 
centre of force. 

(7) Prove that if, when a body is at the extremity of i 
latua rectum which does not contain the centre of force, 1 
direction of motion be defected through a small angh^ « 
altering the velocity, the alteration of the eccentricity will heto^ 
circular measure of the angle of defection as BC i AG^. 




For, let P be the position of the body, 7ZZ7' the small arcfl 
the cii-clo described by II, v/hidi ncai'ly coincides with 
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direction of the major axis, HPIT a double the angle of de- 

„ ,. , H'S B8 EH' . . . , 

flection, and ^-jYi ~ ^Tap^ or --.y,, is the change oteccentnaty} 

■•■ change of eccentricity : deflection of direction 

(8) If a body, moving in an ellipse about theficus, he acted on 
hy an impulse towards the focus when it arrives at the extremity 
oflJie tatus recimn, the axis major will he unaltered in direction. 

For, the force being central, A is unaltered ; therefore, if SL 
be the semi-Iatus-rectnm, ^i..8L is unaltered, or 8L ia the 
Bemi-latus-rectum of the new orbit, and the axia major b per- 
pendicular to SL. 

(9) A particle moving in an ellipse under the action of a 
force tending lo the focus has a very small velocity —p impressed 

upon it in the direction of the focus j find the corresponding 
changes of the eccentricity and position of the apse. 

By (6), page 147, the Telocity at F is the resultant of the 



- respectively perpendicular to SP 




and ASA', And, since the impressed velocity is towards 8,htt 
unaltered ; hence the components of the velocity in the new orbit 

are ^ perpendicular to SP and -y- to the new axis SM' \ 

therefore -I- in direction PM' is the resultant of -r in PM 
A A 
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and -y- in P8. Let I MSM' = w in circular raeaaore, tlien 

e' sinw =n C08P5J1/", and e' coscj- = e + n slnPiSJf, 
or, neglecting squares of small quantities, 

ea = ncaiPSM, e' — e = nfaBPBM. 



1. The Telocity in en ellipse &t the (greatest distance is half tl 
vith \vhich a body would move in a parabola at tlie some diata 
zequited the eccentricity of the ellipeo, 

2. A body, moving in a parabola abont a centre of force u 
focus, meets at the vertex with an obstacle which diminishes the 
equare of the velocity by one-fourth, without altering the direction 
of the motion ; shew that the body will afterwarda move in aa 
ellipse whose axis major is equal to the latus rectum of ths 
parabola. 

3. A body revolves in an elb'pse about a centre of force in the 

focus S. Shew that there is always some determicate point at 
■which the absolute force may be supposed to change suddenly 
&OEa fi to R/i, BO that the subsequent path of the body may be 
a parabola about iS' in the focus, provided » is not situated beyond 
thi! hmits j (1 + b) and ^ (1 — e). Frovo also that the latua rectum 
of the ellipse : that of the parabola :: n : 1. 

4. A particle, describing an ellipse about a force in the focus, 
comes to the point nearest to the centre of force ; find in what ratio 
the absolute force must then be diminished in order that the 
particle may proceed to describe a hyperbola, whose eccentricity is 
the reciproool of that of the eUipse. 

5. The ratio of the ases of the Earth's and Venus's orbits 
is 18 : 13 i find the periodic time of Venus. 

6. A body is projected, with a velocity of 100 feet per minute, 
from a point whose distance from a centre of force, which varies 
inversely as the Equare of the distance, is 32 feet, the velocity in a 
circle at that distance being 80 leet per minute ; find the periodic 

7. If at any point of an eUipse, which is the orbit of a particle 
moving under the action of a force tending to the focus, the 
direction of motion be turned through a right angle, the velocity 
remaining unchanged, prove that the sum of the squares on the 
minor axis of the new and old orbits will be equal to the square on 
the diameter parallel to the tangent in either the old or new orbit, 
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8. If a body be projected with, a given Telocity about a centre 
of force which varisB inversely as the square of the distance, ehew 
that the minor axis of the orbit doacribed wiU vary aB the perpea- 
dicular from the centre of force upon the direction of projection; 
and determine the locua of the centre of the orbit described. 

9. A body is moving in a given hyperbola under the action of 
a force tending to the focus S ; when it arrives at the point P, the 
force becomea suddenly repulsive, find the position and magnitude 
of the ales of the new orbit ; shew that the difference of the squares 
of the eccentricities of the new and old orbits Tariea inversely 

BflSP. 

JO. A comet moves ia a parabola about the 8un and apta-net 
in a circle of which the radius is half the latus rectum of the para- 
bola; shew that the planet will move through about 76° 22' of 
longitude, while the comet passes &oni one extremity of the latoa 
rectum to the other. 



11. The perihelion distance of a comet moving in a parabolio 
orbit is half the radius of the Earth's orbit, supposed circular. 
The plsnes of the orbits coinciding, find the time in days from 
perihelion to the point of intersection of the orbits. 

12. A body is moving in a given parabola under the action 
of a force in the focus ; and, when it comes to a distance from the 
focus equal to the latus rectum, the force suddenly becomes re- 
pulsive j determine the nature, position, and dimensions of the new 

13. A particle is describing an ellipse under the action of a 
force tending to the focus; if, on arriving at the extremity of the 
minor axis, the ibrce has its law changed, so that it varies as the 
distance, the magnitude at that point remaining unchanged, prove 
that the periodic time will be unaltered, and that the sum of the 
new axes will be to their difference as the sum of the old axes to 
the distance between the foci. 

14. PO is perpendicular on the directrix from any point of 
an elliptic orbit described by a particle about the focus S, and 
when the particle is at i* the force suddenly tends to instead 
of 3, prove that the new orbit may be a parabola if « > J, and that, 
in this case, SP passes through the intersection of the two circles, 
one described on Sffas diameter, and the other with centre S and 
radius SA, the shortest focal distance. 



1 an ellipse about the focus S, 



15. A particle P is n _ 
and has a normal impulse which generatea a velocity equal to the 
velocity at the end ol the minor axis. Prove that the particle will 
now describe a parabola, and that the angle through which the 

SP 
direction of motion ia deflected is tan' ^ . 
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16. A particle is projected from a given point with a giTwn 
velocity V, and nioves under the action of a force fiR'', prove that 
there maj; be two directions of projection for which the direcUoa 
of the major axis iviU be the saiue, and if a be the angle betwoea ■ 
these directions, «, «' the eccentricities of the two otbtts, 
ft {»' ± e) = V'R dna. 

17- A bod; moree in an ellipse abont a focus, and ia at the ex- 

lAramity of the minor axis nhen its velocity is doubled. Find the 

orbit, and shew that the body trill coma to an apse after 

ribing a right angle, if the ratio of the axea of the girea ellipse 

b3: 1. 

1 9. A body is Terotvin^ in an ellipse under the action of a force 

nding to the focus ^, and, vhen it arrirea at the point P, the 

Keentre of foroe is suddenly transposed to the point S" in PS pro- 

jd so that PS is equal to the major axis of the ellipse, and the 

__ e becomes repulsive; shew that il SP be product to S' and 

I fit m Pff, the length of the transverse axis of the hyperbola 

dsKribed vill be SP, and IT will be die ofiier focua. * 

XXX. 
1. Pnym that th« periodic time of two bodin nwsd e«d 

is -r, ^ t vben ^ » their maiinnnn distance, and m, ■ 



3. Of all eoEaets Boving in Qi» v^Gftia m parmboBe ( 
at vbieli haa the latas lectotn ot its orbit equal to the dum 
a Bailh's «ibit will nmaiB widiia thalaovfiirtke lin^nkp 
• Eaith's «rint heiag eonadend cixcalar. 



3. A paitiida ia BBoni^ IB aaelli|)ea abeataceBim «f Aaoa 

» fbesa, aad Uw nat» of tan» h transfemd to oaa okI rf H 

l^ss nctam as tli« paitida parowa thnagfa the other. Vk 

*. «', ^e eooeatrmlias of lb* old a^d wow oAiia, ara aomx 



• an» pambolk oAit » ifaaenbgii bj two putMea aeli 
itTety by ionaa, oaa «■iilaai. ami the othor *— fHg | 
If Ib^ start fioaitiha ma» pool. Avf vrffl laaAtt 
X H «^«al tiMM if Ae difflenaoa Wma ttMir iaittal ToliMi' * 
Eto tlMt of the putkie acted c« by the «BaMast fi«e as ST:^ : a 
' » r is the pgut ia «bkfc tba ia^ail dtnetioa aC woC 



Mi BRMVlbtf ttcacuaraxiaafl^ «rbit » a t 
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6. Prove that the rate, ut wliich areas are ^caorited a'oout the 
centre of a hyperbolic orbit described by a particle under the action 
of a force tending to a focus, is inversely proportianal to the 
distance of the particle from the ceatre of force. 

7. Two ellipaea are described by two particles about the some 
centre of force in the focus; the eccentrioities are i and ^ \/3 
respectively, and the major axes are coincident in direction and 
equal ia length. Compare the times which each body spends 
within the orbit of the other. 

8. A particle is attracted to a centre of force varying inversely 
as the square of the distance, and is projected from a fixed point so 
as to describe a parabola ; prove that the tangent to the path at 
the other extremity of the focal chord through the fixed point 
envelopes a parabola of which that point is the focus. 

9. If a number of equal particles be projected from the same 
point with equal velocities so as to describe ellipses in one plane 
under a force tending to the common focus, these ellipses will all 
touch a fixed ellipse which has one focus at the centre of force and, 
the other at the point of projection. 

10. A body revolves in a parabola under the action of a force 
tending to the focus, and when it amves at a point whose distance 
from the axis is equal to the latus rectum, the force is suddenly 
transferred to the opposite extremity of the focal chord passing 
through the body. Shew that the new orbit will be a hyperbola 
whose axes are as 2 : 1, and that the conjugate axis and the direc- 
tion of motion at the point make equal angles with the focal chord. 

11. A particle is describing an ellipse about a centre offeree in 
the focus, and the absolute force is suddenly diminished one half; 
shew that the chance of the particle's new orbit being a hyperbola 
is T - 2s : 2ir, all instants of time being supposed equally probable 
for the change. 

12. Two particles are revolving in the same direction in an 
ellipse under the action of a force tending to the focus ; prove that 
the direction of the motion of one as it appears to the other is 
parallel to the line bisecting the angle between their distances from 
the focus. 

13. A force tends to the centre of a given circle, and varies in- 
versely as the square of the distance ; prove tliat all elliptic orbits 
which can be inscribed in any triangle inscribed in the circle will be 
described by a particle, under the action of the force, in the soma 
periodic time. 



ISS 

H. Two equal partiolea nre revolving ia the same direction j 
the flame olIipM, under ihe imtioii of a furce tending to a focas^ 
■how thnt if iliey beoomo rigiidly ooanected when thoy c 
oxlremitiui of n fiiciil chord, thoy will atterwards move about thti 
oeutre of gfravity with au angular velocity which varies iiiverBe| 
M tho length of the ohortl, and that, wherever this takes place, f 
iiiitiul volocity of the centre of gravity will be the same. 

IS. A body revolves in an ellipse about the focas &om i 
to farther apse, and ihe angle which its direction maies with t 
focal <Uatiuioo is ooDstantly being increased without altering t 
volodty ; aUow tliat the motion of the apse line will change fin 
progremion to regre^on, when the true anomaly of the inBtantauec 
orbil ia i> + 2 tuu''«, « being the eccentricity. 

IC. A particle is describing an ellipse about the focus ; vhen Jj 
comM to the extremity of the minor axis the absolute force T 
diniinialied by gue-tlitrd. Determine the position and dimen» 
of the new orbit, and prove that the distance between its focue aw 
Ita centre bisuuts and is biaected by the semi-minor » ■• - 

original orbit. 

17. When the earth is at on end of the ndnor axia of i 
«lliptio orbit, a small meteor falls iuto the gun, whose ma: 
ti K suu'tt mass, prove that the year is dimiuished by 2n of ii 
pn>ve also that tho ojise line turns through the angle i» toaU 
where coe \ is the exL-euLridly of the earth's orbic 

IB. A botly is defioribing an ellipso about a centre of force in 
tb» fucu«, and «hen its radius vector is half the latus rectum it 
rooeives a blow which causes it to move towards the other foeaa 
vitb a momentum eijual to that of the blow. Shew that, a the 
angle between the tangent and rsdius vector beij^ -^ fr, the 
«M'wutricily of the now dhplio orbit will be ~ col 3b, ratio of the 
old and itew manor use > cw^Sa- I loot'a- 1, and that these axes 
M» w tho aama lua. 

19. If a antall v«loeilj be> communicated when a body moving 
Ib *b «Utpaa «boat the fccna ia at the extremity of tbe lams rectum, 
w a diiwtioa pwatlel to tit» axis, shew that the change of tha 

«eoaatnolT will be ~ 

««ttb«tiuB«d* — 

!». iralaayfoialafCba«i%twatfattofaboay,a 

Iba aMioa at a &wm iMlmK to A» toea», tbe fam ■ 

ftr a gii«« Mi7 slnrt tiaka^ saA tk» aa^ t&ioag^ whick 1 _ 
of apMe «41 kava twnad aaA tte «ftaag» of acnalndty, ami ■ 
that A*y vJX taiy aa th» «h - - - - - 
yanUalaalf 



, «ad that tka aagfe tknngh ^udi tfao axis 
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SECTION VIL 
ON RECTILINEAR MOTION. 

PROP. XXXII. AND PROP. XXXVI. 

To find {he time of motion and the velocity acquired, when a 
hody falls through a given space from rest, under the 
action of a force which varies inversely as the square of 
the distance from a fixed point. 

Let 8 be the centre of force, A the point from which 
the body begins to fall. 




Let APA! be a semi-ellipse, whose focus is S, and axis 
major ASA', A QA' the circle upon AA' as diameter, 
MPQ a common ordinate; let be the common 
centre, and join CP, CQ, 8P, SQ. 

If a body revolve in the ellipse under the action of the 
force tending to 8, the measure of whose accelerating 

effect at a distance SP is -«p-iJ 

time mAP : time in APA' : : area^liS'^ : semi-cirdeAQA' 
:: SQctoiACQ + ixiaagl&SCQ : ^mi-circle A Q A'} 



tliorofore time in AP = 



IT AC' AC.n.rzAQ Jt8C.QM 
p.' ' wA C" 



Tliia ia true wliatever be the magnitude of the minora: 

BC, and tUeret'ore when it is indefinitely diminishec 

2BC^ 

in which case thedlaraeterofciirvatureatj4,= — . - >, ■ 

AG 

and therefore the body has no velocity at A ; that I 

the elliptic motion ultimately degenerates to a recM 

linear motion in which the body starts from rest at JT 

Also, since AS.SA' = BO\ SA' ultimately = 0; 

.%SC^ISA; .'. timein^^=Q ).(arcJ<2 + G-^ 

Aga,„.theveloo!tyiatheenipseatpI{'^(M^|1 

and, when the minor axis is indefinitely diminished, 
the velocity at Jf, in the rectiUnearmotionof the body, 

~ \ AS.S.V \ " \AS.Sm} ' 
Cor. If a body be projected directly towards or fronil 
centre, to which a force tends which variea inverael? 
as the square of the distance, the time and velocifrj 
acquired in a given space may be determined 1 
means of an ellipse, parabola, or h^'perbola, whq 
latus rectum is indefinitely diminished, so < 
fitructed that at the point of projection the veto* 
is properly represented. 

235. It mail not be snpposed that the moticiii wiU be r 

■ented thronghoot b^ tb« nltimaie motion in an ellipje, i 

1«X)S niiMr is iiuletinitely difuinished, Id wbicli caae tbe 1 

1 retnro to A^ for, since in this case tin eUipn [ 

I S^ ire are preduileil from applying the reooltB of 1 
i aai tbinl ^KtitH^ in determinlog the motkm of the I 
r arriving »t S; bat we may correctlr apply these r 
L^MenniM the nxMion beA>re arrinag at & 
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In order to determine tae motion after arriving at 8, we 
must observe that at 3 the force is aero, since its direction is 
indeterminate, although, when the body ia at any point very 
near to 8, there will be a very great force tending towards S; 
on approaching 8, therefore, the velocity will continually in- 
crease, and the body will pass through S with very great 
velocity ; but the motion will be retarded, according to the same 
law, as rapidly as it was generated, and the body will proceed 
to a distance equal to SA on the opposite side of 8. 

PROP XXXVIII. 



To find the time of motion and the velocity acquired when 
a lady falls throvgh a given space from rest, under 
the action of a force which varies as the distance from a 
fixed point. 

Let 8 be the centre of force, A the place from which the 
body begins to move ; make SA' = SA, and on ASA' 




as major axis, describe asemi-ellipse^lPjl' and a semi- 
circle AQA', and let 3IPQ be a common ordinate. 

Suppose a body to revolve in the ellipse, under the 
action of the force tending to S, the measure of whose 
accelerating effect at P is p-iSP, then time in AP 
a area^^S'P qc sector-.4*S'Q oc arc A Q ; 

therefore time in AP : time in ABA' :: arcAQ : irAS, 

J ,. • ^ T, T arcAQ 1 tire AQ 
and time in AP=-— . — j-- = — x — 73- ; 



and the samo la true when the minor axis is indefi- 
nitely diminished, in which case the velocity at A 
vanialies, since the diameter of curvature vanishes. 
Therefore the elhptic motion is reduced to the recti- 
linear motion of a body originally at rest at A, and 

the time in AM Is thus shewn to be -;- x — ^rci^ • 

V/* AiS 

Again, the velocity in the ellipse at P 

= >/fA..SD, where SD is conjugate to SP 
= ^(^.{AS' + BS'-SPJ; 
therefore the velocity at M in the rectilinear motioaj 
= V/i (AS' - Si^py = v'^.ilf g. 

CoK. Time from A to S= =-;-- or the time of reaching 
S is the same whatever be the initial distance. 



SECTION YIU. 
PROP. XL. THEOREM Xm. 

Jf the velocities of two bodies, one of which is falling diree 
towards a cenhe of force and the other describing a curve 
about that centre, be equal at any equal distances they 
will always be equal at equal distances, if the force depend 
only on the distance. 

Let S be the centre of force, and let one of the bodies be 
moving in the straight line APS, the other in thg 




curve AQq. Suppose the velocities at P, G to j 



equal, and let Qq be an arc of the curve described in 
a Hhort time. With centre S and radii SQ, Sq 
describe circular arcs QP, qP, let &Q meetly in m, 
and draw mn perpendicular to Qq. 

Since the centripetal forces at equal distances are equal, 
they will be so at P and Q, and Pp, Qm may represent 
them ; Pp is wholly effective in accelerating P, Qn 
is the only effective part of Qm on Q, the component 
nm being employed in retaining the body in the curve. 

Also, since the velocities are equal at P and Q, the 
times of describing Pp, Qq are ultiniately proportional 
to Pp, Qq, when the time is indefinitely diminished. 

Hence force at P in PS : force at Q ia Qq :: Pp : Qn, 

and time in Pp : time in Qg :: Pp : Qq, 

.". vd. acquired atp : vel. acquired at j : : Pp^ : Qn. Qq, 

but Qn.Qq=Qin'' = Pp'; 

therefore the velocities added in Pp and Qq are equal, 
and the actual velocities at p and 5 are equal. 
By proceeding in the same way through any number 
ol small times, the proposition Is proved, 

XXSI. 

1. If B pEirticle slide along a chord of a circle, under ths 
aotion of a force tending to any fixed point, and varj-ing aa the dia- 
tance, the lime will be the same for all chords, provided they ter- 
minate at either extremity of tke diaoueter wLidi passes through 
oeutre of force. 

2. If the velocity of the earth in its orbit wore suddenly de- 
etroyed, find the time in which it would reach the sun. 

3. A particle moves from any point in the directrix of a oomo 
Bection, in a etraight line townrds a centre of force, which varies 
inversely as the square of the distance, in the corresponding focua. 
Prove that when it arrives at the conic section, if Z be the luLus 

rectum, the velocilj will be i-p) • 
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4. If three centreB of force reside In the three angles of S 

triangle, attracting vith a furce whose accelerating effect is 
fi -K distance, prore that a particle, placed in the intersection of 
the perpendiculars, will oacUlate in the line OO'P drawn through 
O the centre of the ciicumsuribing circle, where OF *• iOO' in a 



time 



2r 



5. A particle revolves in an ellipse about a centre of force at 
one of the foci S, S'. If PIT, PW he the spaces through which 
a particle, falling from any point P, of the curve, would have to 
move in order to acquire the velocitj' at P, according aa S ox S" 
' is the centre of force, prove that 

PW: PU' : : 25i> + S'P ; 2«'^ + SP. 



6. A perfeotlj elastic ball falls from rest towards a centre of 
force varying invereely as the square of the distance, and when it haa 
fallen half the distance it is reflected by a plane, so as to move 
in a direction making an angle a with its former direction ; shew 
that the eccentricity of the ellipse subsequently described is cosa. 

7. A particle is attached to each of two equal and similar elastic 
fltrings, whose other ends are fised at points whose distance apart 
is greater than the sum of the natural lengths of the strings; 
initially the particle Is at rest between the fised points and in the 
Btraight line joining them, and one of the strings is just un- 
Btretched. Determine the subsequent motion, and the velocity of 
the particle in any position. 



8. A perfectly elastic ball falls from a distance a towards a 
centre of force varying as the distance. When it has described a 
space jo it impinges at an angle of 45° on a plane and is reflected. 
Shew that the eemiasea of the orbit eubsoquently described will 
be a COB G0° and a sin 60°. Suppose that the ball again impinges 
on the opposite side of the same fixed reflecting plane, shew that it 
wiU be reflected to the centre, and that the time of arriving at I 
the centre will be Ave times the time of falling directly to it. 

9. Suppose « to be the elasticity of the ball in the last problem, - 
prove that, if the angle of incidence = ton"' ^e, the subsequent 
orbit will have its axis major or minor in the direction in which 
the ball was originally falling, according as the distance Irom the 
centre C to the point of impact ia greater or less than 



'^.-T.- 



GENERAL PROBLEMS. 



XXXII. 

1. Fi.d ,l,e limit of ■■' + ^-^^ ; -+°'" + " , when „ i. 
in deli ait ely increased. 

2. ABCD is a quadrilateral, which is slightly displaced into 
the position ahCD in ita own plane, OD remaining 6xed; proTe 
that the small angular displacements of the sides DA, AB, BC 
are ultimately in the inverse ratio of the perpendiculars upon the 
side AB drawn from the points Z>, E, G; E being the point 
of intersection of DA and CB, 

3. If a point P move bo that the product of ita distances 
from a fixed point S and a fixed straight line is constant, and 
if ST be the polar subtangent, and the tangent meets the fised 
line in F, prove that TV will be bisected in P. 

4. A particle describes an elliptic orbit about a centre of 
force in the focus S; If F, V be the components of the velocities 
in the directions PS, D8 at the ends P, D of two conjugate 

diameters, prove that (V.8P)'' + [V'.SD)' will be invariable 
throughout the motion. 

5. A body is describing an ellipse about a centre of force 
in the centre, and ita velocity ia observed when It arrives 
at its greatest distance, and again after a lapse of one third of 
it» periodic time. If these velocities be in the ratio of 2 : 3, 
prove that the eccentricity of the ellipse will be VS- 

6. Given the velocity and direction at two points of a 
central orbit, find the locus of the centre of force. 
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7. Shew that in the elliptic orLJt Jeiitriijcd under the action 
of a force tending to a focua, the angular velocity round the 
other focus varies inTcrselj as the square of the diameter parallel 
to the direction of motloii. 

8. A particle slides down the arc of a vertical circle, 
starting from rest at a given poinl ; find the point where ib 
will leave the curve. 

9. If at any point of an ellipse, dencrihod under the action 
of a force tending to the focus, the velocity be increased id 
the ratio n : t, prove that the latus rectum will be increased 
in the ratio n' : 1. 

10. Supposing the major axis of an ellipse =200 feet, thJ 
eccentrici^ =t\ii "nd the p«-iodic time 10 days; find tte' 
number of square inches in the ares swept out by the radius 
vector in 1". 

11. When a body describes a parabola about the focus, 1 
intersection of its direction with the axis of the parabola movql 
most rapidly when the hody ;s at the extremity of the latn 
rectum. 

12. Shew bow to find the weights of equal bodies < 
planets which have secondaries. 

13. A body describes a hyperbola under a repulsive fore 
tending from the farther focus, and when the body arrives I 
the vertex, the force suddenly becomes attractive; shew that, i 
the new orbit be a parabola, e' the eccentricity of the hyperbol 
= 3; if the new orbit be an ellipse of eccentricity e, e'±e = 2, 

14. From every point of an ellipse particle» are projectaj 
in the direction of the tangent with velocities such that, 
acted upon by a centre of force oc IX^ to one of the foci i 
the ellipse, they proceed to describe parabolas. Shew that 1 
directrices of these parabolas all touch one or other of two fixj 
circles, whose radii are equal to the major axis of the ^i^ 
ellipse. 
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XXXIII. 

1. ABG, ahC are two rigbt-an^Ied trnngles, the an^le at (7 
being a right angle, and their perimeters are eqiiil Prove that, 
as ab moves up to AB, the dlslatice of the point of ultimate 
intersection of AB and ab from the middle point of AB is half 
the difference between CA and CB. 

2. T, T' are two niiiglibouring; points on the outer of two 
confocal ellipaea; TP, TQ, TP\ TQ tangenta to tlie inner, 
P, F" being points which coincide when T' moves up to T. 
Prove that ultimately PF : QQ' i: TF' : T(^. 

3. In a pai-ahola described under a force to the focus shew 
that if the direction of motion meet the directrix iu F, then the 
Telocity of V will vary inversely as the abscissa of the corre- 
sponding point on the curve. 

4. A parabola, wboae vertex is A, is described by a body 
under the action of a force in its focus 8. If, with S as centre 
and SA aa radius, a circle be described cutting the axis again 
in B and the radius vector SP in Q, prove that BQ will represent 
the velocity at P, aad hence find the law of force in the 
parabolic path. 

5. Shew that if a body deacrlbe an ellipse of very small 
eccentricity under the action of a force tending to a focus, the 
angular velocity about the other focus will be very nearly uniform. 

6. Shew that the intersection of the string of a cycloldal 
pendulum, which makes complete oscillations, with the base of 
the cycloid moves uniformly along the latter. 

7. If a closed string, lying on a smooth horizontal plane, 
pass loosely round three vertical pegs in the angles of an equi- 
lateral triangle, and if a bead be projected along the string bo aa 
to keep it stretched tightly, shew that the tension of the string 
will have two minimum values, and that they will he inversely 
proportioual to the free lengths of the string in the two cases. 
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8. Tlie latQS rectum of a comet's paraLolic orliit ia equal to 
tlie diameter of the earth's orbit supposed circular ; if the earth 
descrihe an arc of its orbit equal to the radius in 58i days, find 
how loD^ the comet will take to move from one extremity of the 
latua rectum to the other. 

9. When a particle moves from rest in a smooth equiangular 
spiral tube under llic action of a constant force tending from the 
pole, starting from the pole, shew that the pressure on the 
curve is constant. 

10. The angular velocities of a body moving in an ellipi 
about a force Jn the centre are 4° and 9° per hour at ( 
extremities of the major and minor axes respectively; find t 
periodic time. 

11. Find the locus of a point, in order that the resultant 
attraction of a uuitbrin rod upon it may pass through a given 
point, equidlataut from the extremities of the rodj the law of 
attraction being that of the Inverse square. 

12. Prove that if the velocity at any point of an ellipse " 
described about a centre of force in the focus be resolved at 
every point into two velocities in the directions perpendicular 
to the focal distance and the axis major, the greater of these 
velocltieB will he the actual velocity in the orbit at a point where 
the direction of motion makes an angle with the axis major 
whose sine is ^e. 

13. A particle is acted npon by two forces, tending to the 
foci of an ellipse whose major axis b 2a and varying according 

to the law w ( ■ ■ ■ ^ - ) , the absolute intensities being the same. 

^ Har j ' ° 

Shew that, if it be projected along the tangent to the ellipse 
with a certain velocity, then it will continue to describe the 
ellipse freely, and its velocity, in any position given by the focal 



distances ) 



the 1 



r', will be n { — . , — J, n being 
angular motion of the ellipse nnder a force j to a focus. 
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SXXIV. 

1. Prove that the area of an ellipae cut off hy any chord 
PQ is ^ab {tj> — sm<p), where a, b are the ae mi -axes of the ellipse, 
and <f) ia the angle subtended at the centre by the poiuta on 
the auxiliary circle correaponding to F, Q. Deduce from thia 

that the area cut off by any chord of a parabola ia — .- , 

where I is the length of the chord, 8 its inclination to the axis 
of the parabola, and L the latus rectum. 

2. An ellipse and parabola whose axes are parallel have the 
same curvature at a point P and cut one another ia Q; if the 
tangent at P meet the axis of the parabola in 2", prove that 
PQ will be equal to four timea PT. 

3. Having given rad. of earth =4000 miles nearly, shew- 
that gravity in latitude X = (? i 1 — - - j , the earth being con- 
udered spherical, and gravity at the pole, 

4. A heavy particle ia projected horizontally from any 
point in the Interior of a surface of revoiution, whose axis is 
vertical, the velocity being that due to the height above a given 
horizontal plane of the point of projection, find the form of the 
Burface so that the particle may always remain in the horizontal 
plane of projection. 

5. A body describes a circle to the centre of which it ia 
connected by a string ; it Is attracted to a point in the circum- 
ference by a force varying as the distance ; abew that, If the 
string be always kept stretched, the greatest and least velocities 
will be in a ratio less than ^^3 : 1. 

6. Find, when possible, the point in an elliptical orbit at 
which, if the centre of force were transferred to the empty 
focns, the orbit would he a parabola. Prove that such a point 
cannot exist unleas the eccentricity of tho elliptical orbit be 
greater than V5 — 2, 



264 HEWTON. 

7. A particle deacrihes an ellipse about a centre of force 
in the fucuB, and another particle dcscribea tbe circle upon tbe 
■najor axis about another forc« in the same point in the same 
periodic time. If tbe panicles atari simultaneously from the 
vertex, prove that the line joining tbem will be always peiv 
pendicular to the axis. 

Also ebew that the Telocity at any point in tbe circle will be 
inveisely proportional to corresponding focal distance in the 
ellipse. 

8. A body moves in elliptic arcs about a centre of forcS' 
varying as j ,. ^ situated in a perfectly elastic plane perpen- 
dicular to the plane of the orbits; shew that those 
poitions of similar ellipses whose major axes are equally inclined 
to the elastic plane, and that the time between the first and thirdj 
impact is equal to that between the second and fourth. 

"9. A body la projected about a centre of force x (dist.)'* 
perpendicular to the distance ; shew that as the velocity of 
projection ia increased, the centre of the cui've moves through 
the centre of force to infinity, then suddenly starts back to 
infinity on the other side of the point of projection and returns 
to it. But when the force cc dist. the nearer focus mores to 
s given point and then suddenly starts at right angles to its _ 
previous direction. 

10. A body is describing an ellipse about the focus S, and, 
when it arrives at the mean distance, the force ia doubled; 
shew that tlie new line of apses passes through the foot of tbQ 
perpendicular from the other focus upon the tangent. 

11. In an elliptic orbit about tbe focus, when a particle is\ 
at a distance r from the focus, the direction of motion is turned 
through a small angle £a, shew that the corresponding chuige 

(in the apsidal line ia — s^ fl -f e' — ) » -'^ being the major axin 

md e the eccentricity. 



I 

: 



I 
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12. Prove that, neglecting tlie disturbances produced by the 
planets on each othera orbits, the statement of Kepler's thii'd 
law should lie amended to " The cubes of the mean distances of 
the planets from the sun are as the squares of the periodic times 
multiplied into the sum of the masses of the sun and the planet. 

13. Prove that, when the distance between the centres of 
the sun and the earth is r, the attraction between them ia 

-TTii . -;=,- — F-. . -i, 1 where T is the periodic time, «5 tl« mass of 

the sun, E of the earth, in astronomical unita, and a is the mean 

distance between the centres. 

14. Prove that the periodic time of a body describing an 
elliptic orbit under an attraction to a fixed point within the 

ellipse is — ,-- , where p^ is the perpendicular from the centre 
of the ellipse on the polar of 0; assnmin|^ the acceleration of 
the body at distance r from to be — ^ , where p is the per- 
pendicular from the body on the polar of 0, 

XXXV. 

1. A tangent and normal are drawn at any point of a 
catenary, prove that when the area of the triangle formed by 
these straight Ilnea and the directrix is the greatest possible, the 
distance of the point from the directrix is twice the length of 
the arc measured from the point to the vertex. 

2. A curve is traced out by a point P in a straight line 
of given length, which moves with its extremities in the arc 
of an ellipse ; shew that the area included between the ellipse 
and the Incns of F is ttcc', c and c' being the distances ofP 
from the extremities of the line. 

3. If a circle touch two coils of an equiangular spiral, one 
internally, the other externally, the line joining the pole to 
the centre of the circle will bisect the angle between the radii 
vectores of the spiral drawn to the points of contact. 
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4. P osclllatCB in a circle, of wliich S Is the highest point, 
SP intersecta the horizontal diameter la Q, and B, C are llie 
extremities of Q'& path. Piove that the square of ^'s velocity 
■vniea as BQ.QCSQ'. " 

5. A particle moves id an elliptic tube under the attractii 
of a material line joining the foci, each element of which attracts 
with a force varying inversely as the square of the distance. 
Shew that the velocity is constant ; and find the pressure on the 
tube when the particle is at the extremity of the minor axis. 



6. An attractive force equal to tt- — ; resides in each foi 

^ (disi.j 

of a smooth elliptic groove ; if a particle start from the end of 
h a velocity — , — - , it will reach the be 

the minor axis in a time , ,— ( 1 — - 1 , a.h.e being the ( 
axes and eccentricity. 

7. A body is attached to the end of a string, which jqi( 
winds round the circumference of a circle, in whose centre the^ 
is a repulsive force = /i (dist.). Prove that the time trf unwindi 

= -— . Also find the tension of the string at a 

8. A body moves in an ellipse under the action of a foro 
tending to a fixed point in the transverse axis; prove thafr 

the force at any point P varies as -Tynii where L is the point 

in which OP meets the diameter conjugate to that passing 
through P. 

9. An elastic string just fits a fixed straight tube when 
it is of its natural length ; it is fixed at one end, and pulled out 
at the other, so as to double its length ; a particle, fixed at 
the free end, is then projected at right angles to the string 
along a smooth horizontal plane with the velocity which it 
would acquire in falling freely, under the action of gravity, 
thi-ough a apace equal to the length of the tuhej prove that 



tlio I 
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tT-e weigLt of tlie particle must be § or f of that which would 
double tbe leogtii of the string, in order that it may describe an 
ellipse whose eccentricity is J. 

10. Prove that, if the velocity in the bodograph of an orbit 
be proportional to the angular velocity of the corresponding 
point in the orbit about the centre of attraction, the orbit will 
be an ellipse about the focus. 

H. A particle ia describing a parabola under the action 
ef gravity; when it is at one extremity of the latus rectum, 
gravity ia replaced by a force tending to the other extremity 
of the latus rectum and varying as tho distance, such that the 
accelerating effort in that position is equal to. that of gravity. 
Shew that the ratios of the axes of the ellipae described to the 
latus rectum of the parabola are 2 V2 cosJtt and 2 >^2 ain Jir, 

12, If S be the centre of force, A tbe nearer apae, P the 
body, and a small velocity u be applied to the body at right 
angles to SP, prove that tho change in the direction of the 
apse line wilt be given approximately by 



I Q 4 cos asp) SP sin asp, 



where e is- the eccentricity of the orbit and h twice the rate 
of description of area about S. 

13. If an imperfectly elastic particle fall from an infinite 
distance, under tbe action of a central force varying inversely 
as the square of the distance, and impinge, before arriving at 
the centre of force, on a small plane area inclined to the direc- 
tion of its motion, shew that, if the orbit after the first impact 
be a circle, tbe elasticity will be J; and show that after an 
infinite number of impacts, twice the major axis of the final. 
orbit will be three times tbe distance of the plane area from tho 
centre of force. 
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I. 

1. Limits are in (1), as in (2), a m [Z). % 3 and , 

3. a:b. 4- Diffeietice iloes not vanish. 6- Triangles PBb, 
FGc equal ; .-. PB : PC :: Pc : Pb. 6. B the point of inter- 
aectioo, E' ita ultimate position. Draw liS, QT parallel to PB, 
Hhew that RS : PB :: R' G I BG, ult., and QT:ES::BG 
-.BR'', .: R C : BB' :: QT : PB :: AG : AB. 7. By result 
of (3) p. 9. 8. In tangent at P to the ^iven circle. 9- AB 
the common chord of circles APQ, AP'Q', meeting PQ 
in M; .: PM.MQ = AM.3fB = rM.MQ\v/\textceFM=QM, . 
10. GN.NT=QN' = A'N.NA, QN being ordinate ofj 
iliary circle, and A\N = '2CN u\t. U. R the point of inter 
section, RU ita ordinate.; EiP = PAP, .: RIP + UM 
=iAS.AAf, similarly for QN and subtract. PAf must 
greater than OTf or 2 AS. 

U. 

1. If A, B tend to equality A- B: A> A' -B' : A', 
■whence shew that A — A' : B— B'> A : B. 2. PS parallel 
to BC, shew that PS : BQ i: iBG i AO. 3. As in I. 11, 
shew that AO'- GM* : AG'- GIf :: RT'+ TiP ■.RT'+ TN 
.: CUP- CN^-.Tiy-TM'-.iAC-GM^-.PJP:: AG':BG-\ 
Also PM> TM, deduce that Oif : AG'<AG' : AC' + 5£?S 

4. Shew that a" — a:* 4 y' : y" : : a* + 6' : 6', deduce that?] 
a'- a^ + y" : a^ — x' + y" :: b" : b*, and thence that a' — x'-^y* 
= 6". 5. ABG, AB'C' be two inscribed triangles BC-B'G' 
= BB' cosA+GG' cosA, BB' wsG=AB'-AB, &c. 6- GV 
parallel to BU, CT: GV:: AT: AV, CT=CVu[t PU.QU 

: QT.PTi: BV : CT' :: AB' : AG'. 7. S'T : SB:: CB' 
: GR; .: S'T' = SB utt. AT.BT: AT'.BT :: PI" : S'r" 
:: GT.BT: SR' and CT.RT= GE.ET ult. = PB' = iSB'. 
8. Triangle OAB turns about into the position Oah, the 
foot of the perpendicular on AB moves along AB. 9. PQ 
sin SPQ : p5 sin -9^^ :: 8Q : Sp, PQ, pq heing ultimately 
tangents intersect in D in the directrix ; .'. PQ : pq :: SP.PJk 
:8p.pD and PD^ : pD* :: SP.Ppi Sp.Pp. 10. Triaa^ 
^B0= triangle ^6c; BG, ha intersect in P; BD, CD perpt 
dicular to AB, AG] AD Is diameter of circle abont ABA 
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2G9 



Ad that of circle about Abe, AM perpendicular to D<1 Is tLe 
common chord. FN, PS perpendicular AB, AC, PN.Bh 
= PIl.Gc,s.nd Cc = Dds\nMAC,&c.: .: FNiFS:: smMAO 
: MAB, hence L MAB = lFAC. 
III. 

3. Fig. p. 25, parallelogram Pa = — ^ KL x - AL. 5- Fig. 
p. 25, vol. by Fn round KL = -!r {Lm' - Ln') Pm = irmn . 2Lm . Pm, 
ultimately ='-7t-AL.2(i--'\aL.'!^LK. Vol. round IIK= 
ir{AH~Pm)\mn. 10. FJra.AM.AM. 'rrPAP.MN:irBK\AH 
:: - {"iAO -\- - AIl\ -: 2A0+AH; hence hyperboloid : cylinder 
::AG+^AH:2A0 + AII. 

IT. 

1. PF diameter bisecting §% QVa: SPx 87^; ^QV.SY 
□c Si". 2. Mass is to that of a homogeneous circle, deo- 
Bity that of given circle at circumference, as 2 : ?n + 2. 4. Let 
M be the number of squares, each straight portion of the serrated 

edge ■-= J« - J-a tan ( r ~ t" 1 > ^** ii number. 5- AM contain- 



ing 



■ divlalonH = 



.All 



id MN= (2r + 1) 



AH 



6. CI a small 



area near P, PM, CH perpendicular to the axis of revolution, 
2(27rPjI/".a)=27rCif X area of elllpBe. 7- r'" inscribed paral- 
■ I ' - '^AB , . /, irAB\ „„ 

lelogram x - sm -,,,-, and tLe sum (1-cos— ^1 oc J<(J 

ultimately ai FH - OF. 8. area^CJ ^ ^'^ '^^^ and 



FT 



limit 



BE 



ttFC 
AB' 



'■{n- 



O^e") andn {t"~l): 



If 0B = 
- a, ult. 



a. OA, area will be 



1. FIg.p.34,Bect. ^CPccscct.^C^eo^^^CO. % Prove 
that the areas of sections made by the same plane parallel 
to the base are equal. 3. Fig. p. 25, loin AK cutting PM, 
QN in F, Q: Vol. by PN=w.iAS.AM.3m; .: vol. by 
FN: iTT AS. a.roA FN:: AM: FM :: AH : KH:: KH : iAS; 
.-. vol. by APKH^Tvh'H.^AIIK. 4. Vol. by PA" x area 
FN. Moments with respect to AL are equal; .*. centre» of 
gravity coincide. 5> Fig. p. 26 (4) mass of AINx AM" MNx 
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vol. gonemted by PN. Mass of AH= x cone. If nA^P % 
density at M, prove that /;t=C7r lao'a. 7. CAB, CADS 
ihe sector and aquare revolving about CB. PQ a small a 
P^L QN pern, on GA, Pin, Qu, on AD. Vol. hy Pn:-^ 
Ly PNi:{CA^-CM')mn;'i.CM.PM.MN, ult, ::iW;m«^ 
2CM.MN::l:-2. 

VI. 



1. Vol. by PNcc moment of vol. of corr. slice of cone, 

PM _.__AM ^^_ 



V. 3- 2- In a curve of Bines let 



ordinate near i'M take ^P' an arc of a circle, radius AC^AM, 
P'Q- = MN, P'M' perp. to AG, PM.MNxP'M'.P'Q k 
surface generated by P' Q' x M'N'. Ileoce area APM=C;A'M' _ 

«=0.^40(1 — cos-TTil, and to determine the constant C, whu 
\ ACJ' } ^ 

AM* 



.'. C~BO. 3. Let P', Q\ D' correspond to P, Q, D on the 
anxiliarycircle,P(): Ci>::P'e':CiJ'::P'^':CP'. 4. P'J/', 
P'N' pei-p. from P' near P; then area P3/' = 771. area PN', 
volumes lire as MM'. PM' : 2NN'. PN . PM= m : 2. 6. ABA' 
the aemicii-cle, centre C, CB perp. to AA\ MPP', NQQ perp. 
to tangent at A, cutting off small arcs PQ, P'Q\ surj'ace 
generated by these =27r (MP+iWP')P$ = 47r.^(7.P$; then 
see p. 38 (8). 6. A"GA' major axis of exterior ellipse, PM* 
•.BO'r.AM.A-'M-.A'G'; .•.P'jITqc SP.HP'Xi CD' <x> PCP, 
surface generated by PQ<x PQ.PMo, PG .MNxF'M.MN. 
7- P, p adjacent points on the hyperbola, Q, q on its conja- 
gate; PM, pm perp. 5(7 intersect the asymptote id B, r, QBN, 
grn perp. A G. Prove that PM : QN :: AG : BC:: Nn: Mm. 

VI r. 

2. In the ellipses make lPSII the same, prodnce SPto Q, 
m^ing PQ = PI1. SH: 8Q is the same, triangle SQH is 
equiangular. Shew that SPH is equiangular, 4. In the 
base take AB bisected by the centre 0, describe a square 
ABGD and let OD meet the semicircle in P, P is an 
angle of the square required. 5. the centre of any 
circle touching the lines AB, AC; AD drawn through the 
given point D meets this circle in P, Q; DO', DO" parallel to 
PO, QO meet ^0 in 0', 0" the centres of the circles required. 
8. Surface of a right cone is made up of an infinite number 
of triangles of equal mass, which may he collected in their 
centres of gravity and re -distributed uniformly over a circle, 
whose centre is t!ie centre of gravity of the surface. In the 
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oblique cone tlje triangles are of unequal u 
of gravity of the circle is not ita centre. 



VIII. 



2. ST.SP^ ST'^ - 



I which EQ, Eq have any ratio, 
3. Ab in Lemraas YIL, produce 



1. Curves can be drawn i 
SP 
' III'' 

AD to a finite distance. 4. Shew that QN-PMi ON-OM 
:: PM:ZOM nh. 5. The tixed line is the directrix. 6- PM 
perpendicular to AB, AT. TB^PT^^MT. TO, TM^2AT, 
M\t.,AE'-BP' = AP^ = AM.AB=AT.AB,xAu 7. SPFQ 
is a quadrilateral in a circle ; .'. L 8PY= L SQP'. 8. Pp, Qq 
intersect in the diameter bisecting the chords, prove the tri- 
angles CI^, CQq equal. 9. PM perpendicular to vertical 
diameter BA; (ve!.)" down PA, PT are aa 3fA : MT:: 1 : 2. 
10. SP{HP-HP')=nP' [SP-SP); ultimately normal i'G^ ia 
peipendicular to PF and SP - 8P= PP ain SPG. 
IX. 

1. Cii-clca on SP, SP' have SY perpendicular to PP' for 
common chord. Envelope is the pedal. 2- OPQ, Opq con- 
Kcutive radii, PM, QR perp. to Opq, Nn to OPQ, ult, pilf: 
PMi:Nn:nP, QR: qB::nQ : Nn; .: nQinP-.i QR : PM 
i: OQ : OP; .: nQ= OQ. 3. Py P' consecutive positions of 
the vertex, T, T' interaectiona of correapouding sides, P^ P' 
are in semicircle on TT', and TT' is the chord of contact nit. 
Normal to locus of P bisects 2'2" and passes through centre 
of elllpae. 4- Chord joining P'P ult. passes through 8; SD, 
PM,P'M' perp fixed line, PiV" perp. SB, (SP'-SP)PM 
= SP'(PM-P'31'), .: SP.PM=SP'.SN; .: ND = iSD, 
and 8P=2SJ). 5. AD diam. of circle round AQR, AA' = 

ADamABA'=S^swARA: 6. P', P consecutive points, 
sin^ ' r > 

iSTperp. SP meets PP' in T, TU perp. PM, P'm, Fn perp. 

SP,PM. SP*-SP"'=AB{PM-P'M'), 2SP.P>n = AB.Pn; 

.: 2SP'' = AB.PU,2PM=PU: centre of circle is in the fixed 



h an ordinate near EB, BU subtangent at E^ -j^. 



^lim. 

"^^ and BU.B'U' is constant. 8. 5P.Z P5^ = constant. 
AD 

SP : SP- 8F :: L P'SA : £ PSF, circular measure, 8T : 8P 
:: 8P.L PSF : SP- 8P' ult. : : L PSA : 1 ; .-. ST constant. 
9. As in 8. ST. = SP.lPSA. 



1- In tlie construction of Art. 57, tlie locus of P is a !ine 
parallel to OAB. 4. As (2) p. 76. fi. In lig. p. 67, produce 
KA \oH^ 80 that AM= I, draw HO perpendicular XoliAK=ct, 

the curve is a parabola, vertex 0, latus rectum - , passing 

through A. Space in time i = Jn (3('+ 1"). 6. Velocity 
curve is a parabola AP, time measured on the axis, accelpratiou 
oc PM: 'lAM, Alt. 54. 7. Acceleration cc 2AM: PMxPiT, 
Art. 64. 

XT. 

1. At the time con-eHpoiidinj!;, the acceleration changes 
discontinuoualy, A point of iEflexion implies that the ac- 
celeration passes a maximum or minimum values. 2. If 
/i . SP, /i' . S'P be the ace ele rati oub of the forces on the 
particle at P, that of the resultant force will he {fi + fj.') GP, 
where G is centre of gravity of ft. at S, and (i at S. Time 
= TT (/i + fi!)'^. 3. Curve described as in Art. 67 ia a parabola. 
4- Curve of Art. 57 is a straight line Inclined at tan~V to 
the line of motion; (vel.)' at distance a; = /i (3;'-«*). 5. AP^ 
ap their velocity curves; draw chords AP, ap. Uniform 
acceleration which would generate velocity PM is XxaPAM^ 
therefore, if I PAM=lpam, AM: am is constant, therefore 
also AP: ap, i.e. arcs AP, ap are similar. 6. Let (7 be a 
point at which the two forces are equal, whole force towarda 
G on the particle at Poc GP. 7- Afier impact M comes to 
rest, M gams ^'s velocity. If they meet at ff ; m'& time in 
B8+8A + AE = M\ time in£Sfi' = twice w'a time in SJ': 
.-. SB'=8B. 



' SA' 



XII. 

.-. 6'P* : 



Gi5J^ 3. 20/>"=CP'; 



hence «"+&' = 3 Ci>'>3i'. 4. By Art. 85, lPCA = lPTA', 
.'. CP^CD. 5. They are inversely as PF-.AG: CP, and 

CP=GD. 6. ^^.PG = {2BGy = i.PF.PG, CD=2PF, 

Cl>' = 2AG.BG. 7. {1]CD' = '2PG.PF=V:BG% AC-BC* 
=CP'. (2) 4PM' = A0'-Gi}P, ■6PM' = AC'-CP' = ^CP''. 
8. By Art. 85, LPST=L STP^lSPT. 9. Chord parallel 
to the axis = 4SP; distance from its middle point to the direc- 

trix=3SP. 10. •a8P=2SP.~, SSA'^iSY'^iSP.SA. 

8 A ' 
U. PQ and CP are equally inclioed to the axis, circle on PQ 
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as diameiei has POP' 



i a common chord. 



CP=FQcoi'iFGA, 
CP'coslPCA. 12. Portion proposed . 



13. Diameter i 



AC •AC 
2AC.BC . 



both byperbola and ellipse, and PF ia the same in botli ; 
.-. AG.BC IB constant for all the ellipses. 14. In fig. p. 104, 
produce UA, EA to V\ S', making AV'=AU, AS: = AS, 
8' V is the dii^ctiix, P' fixed. 



XIII. 

, /11. j.i >. .1 .on Si> ./IZ iSP.AM iPY' 

L Chorathr„nghJ.4SP.^.3j,= — jy-=^-p-. 

2. Nonnal at j1 = radius of curvature = semi-latus-rectuin. 

3. MG, ItrO' subnormals for P. P'. PP" e,mG = MM'= GO'. 
PP' GG-smO 1 sm'G cor'(? 1 „. , 
V" P-P<^ ''p^i^PG^-pG^^Pf?- 6. Chorda 
in direction PQ are as PT" amTPQ i QT' smTQPr. PT' : Qr. 

^ Olf GM SP.HP ^^ -„ _ _,^ 

7. p&}&G = -jip.-p^= -j^i-OM, CM-pay&G-.CM-.i 

^CM* '. AC. 8. TPt tangent at tlie point of contact meets 
asymptotes in T, (; PT=CD m both curves, and Pi^is the same 
in both. 9- PQ common chord, pq diameter parallel to PQj 
P', Q\ p\ q', corresponding points in auxiliary circle. PQ : 
P'Q' i-.j^q-.pq. Prove that Q P' C=%<i>- ^tr; .-.P'Q^^AO 
ein20. 10. bisects radius GA, AB chord perp. to the aub- 
tenses, 08 perp. to AB. 8 is the focus, SA the semi-latns- 

rectum. 11. y = x is the tangent, PQ" = as" + y*, QB = — tI — 

polar of P for confocal touching PQ, QPF=BPF=a, HPF 
= 8PF=^, QHP = FER=e, QSF=PSIt=e'. Produce 8Q 



toE-, BO that QR-^QH. By 

HQ _ sin (a + ff] Sp _ sinja 
Pg ~ sine ' PQ^ sin 
I 3in(fl-ff)| 1 
SP J ain 2a 
•i PF 
" CB-cosn' 



sSffP, 



8P IIP ' 



thns 



PQ^ PS' 



\8F'^ Hp) 



Jn2a 
2a' ■ 

( 3in(g + 0) 
HP 
cosf3 
EF) cos'a 



XIV. 

I Cumfhlt ADHK AOBF-iADBF, ACBE-iAS 
-ABD. a. gj/, fliV perpendicular loir, PS- 2P(J; .-. B 
= iQM xAt. 3. BM, 6'aV perpendicular to AT, BM^iCN, 
and BT= CT ult. 4. a, 6 diametera of curvalnre of AP^ 
AQ^t A, AI'Q ciiord through A, EFPB parallel to tangent 
AT. M/, «if perpendicular to ^7"; AP : AQ :: AM : "^ 

■ -prr^ : : a : J : : PP" : EE*. 0. Inscribe n rectand 
QN •* 



PM ■ 



1. 



1 



in 4 OB of which PMNQ ia one ; -1 (PJf) = jj S (PJ/ . MN') 

= — -rn — ■ Similarly for the tangent. 6- Any small art: 

PQ of AB lies between the circles of curvature at P and (?, 
which lie one entirely within the other. 7. SP. SZ= SY*. 
(SP' - SPj SZ- + (S2' - SZ] SP= Sr'-SY'; .: (Art. 

asz.pv 2SP.SZ „„„ pr sr 
-~BY~+~pr — ^^^' ' 



YBA. 
PF 



iPSA . 



iSP YV 
- IS,.- (. + !^)'^ -},•(«■ + 
jPSJ, radiu 



(Art. Se^^J 



PSP' 
I pi^p, , chord through iS=4SP or fSP, parabola or cardioid. 

10. ^5Ci>ii^thepentagon,Si/,0^perpendicularto^S Con- 
sider tho curve as parabola of curvature, vertex C. Prove 
that BM=iaN,AM=3IN\i\t.; theTuSi, iff i^ ACN: ABCN. 

11. Bm parallel to ^6 meets OP in m. be : Bm ■.: Pb \ PB, 
Bm:BC::PM: CM; .: h, : BO :: Pb.PM: AB.AC ult; 
.-. le : 4V -.-.Pb-PM: QV. QX : : PW : Q!f by Lemma XI., 
case 3; .: ba.AM: b'c.ANi: ml : I. 12. Scir. .4 P=i tri- 
angle ATP, ATBB = seg. APB + i st:g. AP + i tieg. £Py 
aeg. APB : aeg. AP : seg. BP:: [m + nf : m' : ii\ .: Al'BB I 
»og. ^PS :;(«. + a)" + i (m" + «') ; (m + «)'. 13. P0"= 4 1? + 
^.ff'-2.40./lJf; AB' = 'iAO.AM=iAC.AT, page 9 (3); 
.■. SO"- 40'-20C.^rult. 14. QOQ is a right angle, 
00^+ OQ' = iOP^, and Og, OQ turn half as fast as OP. ~ 

XV. 

1. P, 5, JI consecutive angles of the polygon, Q near Q, 
^PQR^ t. PQR; .: tangent at Q parallel to PR. . EFGE 
a red. inscribed in ABC, QR on BO, E on ^P, P on AG. 
AD perp. £<7 meets EF in /T, rect. EFSH: reot. ££05" 
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i: BC:BD. Let K'E-H'D^KEim, KE, R'E meet m X, 
rectangles K'E. E'U are equal and about diagonal DL^ 
.: /.HDB^^AJiDvrXmnEKBM or EFOH ha. m^x. 3. Shew 
that PC and tangent at P make equal angles with the major 
axis, /* being an angle of the rectangle. 4. PQRS mm'imnm 
parallelogram, PQ, ^Nahifted slightly so that PQR8=P Q'U'8', 
shew that PQ and RS are bisected by the points of contact. 
5. Prove for the auxiliary circle. OQQ' ugay OPP\ OA'.P'M' 
~0A.PM = 0A:QM--0A.QN, and PQ : P-Q :: OP: OQ; 

.-. oa'.op:gm'=oa.op.cm, .-. oa\ aw = op\ cm. 

OG=c, CA = a. (e + a)', x' =({c - a;)' + a'- x"] x, .: 2c (x'+ax') 
= (c' + a") Ix - a;') = 2c (a;" + ax) ; .'. a + a;' = a. ft Suppoae 
JB fixed, -ffO, ^i> to interaect in 0, CD turns to Cff 
about 0; .: aOGD= aOC'D', ABCI}hiimgam3.s.=ABG'I>'; 
.: t^OAD=a.OBC\ OA.DD'=OB.OG' or 0A.0D=OB.0O. 

7. TT' a email arc, T'P\ T'Q' tangents to interior oval, 
PF = QQ\ radii of curvature are inversely as i TPT \ lTQT'. 

8. PJJW, P'U'W equal common chorda through P, P', inler- 
secting the major axis in P, U' and each other in V, triangles 
VPT^ U'PT' arc isosceles, Art. 85. Q, Q In aus. circle, cor- 
respond to P, P" ; join QU, QT, gU\ Q'T, and let UQ, V'Q' 
intersect in F', then I i7Ft/' = angle between QT, QT 

= LQGQ; .-. M^;,^^ = ||, and QV ^icU.Qm 

= 4 V'B; .-. WV=ZPV. PP'coBa= WW aos^ and "^-^f)"" 

WW MnS -^' 

= lPVP= "^'j^^'"^ ; .-. taDy3 = 3tana. 9. ^PC,^'.fi'C' 

consecutive positions; BG, BC intersect in I), BD = DG ult. 
(?i/^ is triangle formed by the tangents, prove that BBemCBG 
= CC' s\dBGG; .-. BB- :CG' •.:EG:OC, thence that BG.CE.AK 
^GC.HA.KB. 10. POP, QOq normals at P, p, tangent 
at Q is paiatlel to PP, QG bisects PP', PC bisects QQ ; 
project into a circle, P into j>, &c ; gc and pc pcrp. to jjy, qq ; 
•'• i'^i ??' *^"* •'^ equal areaa. If PG, QG \iq perpendicular 
normals intersecting in an axis, perp, normals ihrough P', Q' 
near P and Q, cutting the axis in G, G", P'(?" normal at P" 
near P, area cut off by P'ff = area by e'ff' = area by P'G'\ 
and FG and P"G" are on opposite sides of PG; .: the 
required normals are inclined at 4o to the axes. 



1. Prove that it is alt. PM 
2. Art. 1-15. 3. nir^- 



: QM:- 


QM+AQ: 


QM: 


2: 1. 


v.- 


^- «• 


Fig- I 


. 115. 



276 

PO ciita circle on dinmeter OS in p, fibew tliat STQ,pS= sltcRP 
= £8. 5. Epicycloid degenerates to a cycloid, length = 8i, or 
see Art. 120; and n.2wJ = 2770. 6. C^ diameter through the 
point of contact Q, Pthe generating point, A its Initial position 
on the fixed circle A Q, tangent at Q bisects AP at right angles. 
Shew that Pjl/perp. QB touches circle through A ot twice the 
diameter of the fixed circle, 7. PO radius of curvature touch§| 
the evolute, z. 80P=ai, PD the diameter, a PDS Is of conata) 
form, 8. S moves perp. to SP^ at a constant angle to 1 
straight line AP. 9- Fig. p. 129, PU=AP, 17 fixed, UMo 
Btant = j40. 10- Q the corresponding point in the hyperbt 
BQ.BP=8A\ 8Y.8Q = SP'. 

XVII. 
1. Ppj Qq corresponding arcs, Pt, pt tangents, pm pcrp. 
B^, A(J cnt in 71, iptm = LQAq = LQB,], ultimately p: 
:: A) i^pm-.iptipm-.'.PQ: Qn, and Pp = 'iQn. 2. Fig. p. Ill 

PV=PV' constant, difference of areas = 2 (i^.FP".z/' '"" 
3- Pp, Qq intersect in fl, Pll = ^pli, pB diameter of i ^ 
circle,^CPandp(7ffi are similar, P(Jqp=8pqR = ipR.pqcosBpP 
= 2pm.mn. 4. Fig. p. 123. c centre ai APE, AM-^er^. to cQ 
arc AM of circle on Ac as dlaraeter = arc.*l^, M generates « 

epicycloid touched by i 

EP: GP. 6. Fig. p. 123. CR perp. AO. Tangential force 
azORxAOxFO. 7. Force at Q in P^ cc PR and P/1 : PP 
is constant. 8. 8P, 8'P\ consecutive positions of r, Intersect 
in 0. SO = p', 8P has turned to SP through an angle equal 

to the angle between the tangents at P, P' ; ,■• = — ; 

.*, — = ^— ^ — : = — -. — r , 9, pq, p'g consecutive radii of 

r /)Sin9 j-^psini^ '^*' '^ * 

curvature touch the spiral at qq', ip8q is a right angle, area = 
2 (Jm* X pqp') = 2 {^Sp" coaec"a x pSp) = lSP' tuna cosec*n, 
Art. 1-27. 10, AC, Pr tangents at A, P; 00, MUperp. PT, 
00 = PM, and AC=AP, Art. 133, P', M', C consecutive posi- 
tions of P. if, C: CC siaCC'0 = PF cosT=MM', t. CC'O 
= ^FM. 

xvin. 

1. ;^=F. 5P sin SPyoc sin SP}-. 2. Curvature changi 
but not direction. 3. Timeoc .^PJ/a ^J/.^/P. 4. Nom 



In Art. 120, - - for J girt 



^2sr. 



1 



__ _J__ 1 1 

= AC -BO not Ua3thmBC. 6. 



. 6, Velocity x CD ; 
CiJ' + CP'' constant, 7, 
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aux. circle L JJ CA=\iry 



B.re.a,A8L' 47r-3V3 



8. Area^^'S 



' area^'iSX' Htt + S \/3 ' 
■.9.TEa.A'B'8::\Tra''-a.at:\Tra*-i-a.ae. 9. PCP' a diameter. 
Vel. at PxYcl. at P' ia constant. 10. V,, P", oc HZ. 8Y, 
and i [HZ-^ SY] u conatant. 11. Fig. p- 99. ^ YY'P 
= I YSP = L SPO. YY' COS YY'F :FP':: SY' : PO ult. ; 
.-. vel. of Fx ^PV= vel, of P x 8Y= constant. 13. SZ, SY, 
perp. to tangents at P, Q, intersect any circle throuK'' Y, Z 
in T, Z\ SY', 8Z are aa velocities at P and Q, and Y'Z : SY' 

I YZ 
:: YZ: 8Z, vel. compounded with that of Poc -^y- -^y con- 

fitant; since YZ,AS= 8Y.SZ smYSZ a.a^ YSZ=^P8Q. 



SIX. 



PS /i 



~'iA8' 



1, Vel. perp. PQ has components perp. PiS, SQ = -jjyj . ^y. 

2. Vel.atPcofl/. Sum required xfl^+SFocPi^. 

PF 
3. Component perp. to SPx CD. _„. If 5 be tuclmatton of 

fixed direction to the asis, i^ eccentric angle of P, resolved 
vels. at P and Dec a sini/) cosd— 6 co9 sinC' and a cos0 cosd 



+ b sin^ siaS. 

h _N_ 

°- SY~ HZ' 



n-+2e=7n(x 



ht = h't'; 



' SP' 



AS' 



hence {n + l)A8=8P, 



2e), prove e— 6' 
t _ i+t* 



®- SP'^ 8^ 
Am=-A8. 



7. Vel. of Fqc see XVIII. 11 ; .-. PVx SZ, and p oc SY. 

8- Tangents iutt-rsect in T, P'£? and PP in (7, Cr bisects FP' 
and P(3, and .-. PO; .: vels. at P and $ are as TW: TQ. 
9. Ci>, C-D' parallel to PP, PP', P(7 biseels DD' in J/, 2(7Jf 
represents resultant of vel. of P' and reversed veh of P, and 
2 0M : 0Ti6 constant =ain2i^ : 1 ; 2^ ditferenee of the eccentric 
angles of P, P'. If they move in opposite directions, and t be 
the interaection of PPand tangent at the other end of diameter 
through P', Ct will represent their relative vol. 10. PS>QS^ 
A, A' nearer and further apse. AR^ATfor a minimum angle 
R8T. P moving towards A, FSA-BSA=R8A- ASQ; 
P moving towards A, QSA + RSA^PSA' + A'SR: and 
A'8R+R8A=:QSA+A'SQ; .■.2liSA=FSA'-^A'SQ. 11. AF 
half the string, P begins to move with vel. v relative to A, and 
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force on PtcnJsto A moving unifuraily, tliereforp P moves in 
a circle with velocity it, which roll§ on a line PQ perp, AP, 
^5r? = wx time of raeetiDg. 12- PD parallel to tixed line, ST 
perp. tangent PY interaecta PD in Z, SZP is a triangle of 

velocities -^y . „y the vel. perp. SP ia constant, and PZ= e . SP. 

Take PD: SP:: SP:PZ, triangles PSD, PZS are similar; 
draw&f/, Zy perp. Pfl, SP. SY.SZ^ SH.SP; .: 
constant; .•. I)U=e.S^ la constant, .*. W/" perp. Pi> is 
aiiiSP=e.PD. X3. t7)p. 105. 14. Art. 139. 

XX. 

1. In auxiliary circle & A QQ' + & A'QQ + 2 seg. . QQ 
2 sector QOQ'. 2. seg. APx parabolte area APM- ^ APM 
a:PM\ 3. PM perp. to AS, arc AP+PM'x: sector ACP 
+ 6 SCP. 4. Fif?. p. 115, {ve!.)' at Px 5.1/ oc SP', vel. at P, 
perp. 5P, has equal components perp. OS and (?P; .-. const^^ " 
ioi'ce tenda to 0. fi. Projections of areas ct areas oc times. 

XXI. 





2. 




1 


iiy 


VTx If. 


1 "^ 


«JJ 


2iB 

-y constant 


4. 

F 

8. 


/- 
=/ 


attraction of the earth, V. 
v' . , <i f 

-S,5-/,/-S=j55-jj5 

%::ii;':32.2, u=18Tr, 


V velocities at the equator 
2«-iJ ItrB If-g , 

atio IB 54w^ : 16.1. 6. .1i^ 



-"^. 7. 



= the nnmber of feet in a mile, -rr^ = — , 

T Mg Wag 

9. » = angular velocity of the earth, tension of the string in the 
two cases SCg^'r+a))'^ mass of 24lba. ; .-, 407rtu x 2-ix57G()gr. 
= 32.2 X 39 gr. lO. ^ the uuefficicut of friction, v' = fil'j, 
Z = length of moving part. 

XXII. 

1. Perp. from the intersection are inversely proportional to 
the aides. 2. DOE, EAF, FED paraLel to AB, BC, GA, S 
lies in the intersection of JA -6^, C^- 3. A B, AG, BC three 
■tangents, AB=AC, P a point in a circle touching AB, AG &t 
B, G, if a, B, 7, be perp. from P on BC, CA, AB, sJiew that 
d' = ^y. 4- centre of circle circumscribing ABG; BA\ GA\ 
perp. to OB, OC; shew that peres. from A' on AB, AG are as 
AC : AB inversely as the velocities, .■. S lies in AA. 5. PT, 
£2' tangents at Pand 5, PP, CB intersect in (, TU parallel to 
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BOmeettBO in U. D^porp. PT, vel. atPa i^,, ^.o: ^' 

TV'. JJZv. vel. at P : vel at 5, /. centre of force lies in TU 
perp. AC^ for all positions of P. 



1. By (1) p. ISl, T, and T-.Mq:: u'-2g. CA±SgCM: g.CA. 

W—F it' SP— TF' 

2. 2a= greatest angle, — ^— = -i=2 {l-co8fl),co8a= — ■ „ . 

3- iS, §■, the pegs, are foci of tlie seiai-ellipse described by the 
ring, BO its greatest distance from SS', i SB8' = 2a, 22'cosa 
— W: W'.i 2956'-^ radius of curvature at B : g :\'2 coa'a : 1. 

4. No pressure at P the point of leaving, •'• 3-~Tj3 = -\f,n - 



5. tat = change of direction in time t, p 

\ (l + e)':: 5710" : 6l'10". e = -01fi905. 



PQ 



about 8=V 



si n TP8 _ hoi 
SP 



tip 



ult. = --. 6. (l-c)" 

7. Angular velocity 

8. Tang. ace. x SP-x arc, 

time depends only on the ratio of the bounding radii. 9. BE, 
PJtfperp. ^£from starting point and at any time. Pressure at P 

-W.^: W::^^:g, .: pressure: W :: BM -t EM : BQ. 
2A' 3A' _ Bh\AC^ 

CZ\YV'" VZ'.CY~ GY' * 
XXIV. 

1, Ace. of C relative to A is the resultant of ace. BO. to* and 
AB.w', of C rel. to B and B rel. to A, and equal to AC.w* 

in direction CA. 2. -^™ = — ^^; -■■ 8P' = AC.B0. 



AB' " ilBQ 
10. Arts. 139, 140, F = 



3- At the vertex, 

■~-Ti — acc. effect of pressure 



SP* per. time ' 

in (6) p. 184, t 



= 2/* I 



-"(-.'i- 



.SA SB) ' 
\- , pressure 



= m.^J,. 4. AainXVIII.,11, V : V-.:8Y i ^PV, and 
£'AP7= V*. 5. r = distance of tlie particle from the vertex, 
-. — is the resultant of ut, q and B the acc. effect of the 



r sma 
pressure 



-a coaa= — , 



I J — /.ir co3a=S sina> 0, 



between g cosa aud g eeco. 6. PFoc CD*. 
AG 



AT 

AF" 
CN 



<kAN. 7. PO meets CQ coDJngate to CFia M. Fx -'^.:1^ 

a: (SV- -PM"» ^! - /Wordmate to CD; PM. CN= Clf^ 

iCN^PF. 8. Ang.veLronnd5a-^^-^<r^^^^.^ 
9. lo (5), p. 183, AI> = ^AO, CM = ^AC. 10. Aa in («J 
p. 184, CveL)" at ^-(veL)' at P=4a,*(^- —V, .'. (vd.; 

«^x(x-^,) = 4a/*(i-^); .-. .^=^«^, acaefiF«:t 



U. Prove that 0* = 



-X-CP", also that- =. 



{^ + ~\cosSPO+\.CP.cmCPO; .: i^=^.(4a»-2rr') 



|-XCi>' = 



: ^ - ^ + X (a'+ J'- C/*) ; tterefore the ellipse can 

be described if tf.' = Xa''-— . 12. K, = Tel. at P. T. tl 
ace. effect of the tendon, A8, BSx\kG least and greatest disti 
»= a Tc, prove that ►■■-p,'=2uf-^ -), ^=r, + ^co«fiP( 

and r' = a7', + iw [ i — j, T, is a maximnm 

a-e '"^V r' J' 

when r' = a*-<^, and T,<T^; least veL is at -B when T^ 



OP «a = 
Vf least. 



VO-c/' 






xsv. 



4^ 



. If oa, T^ = <if. 



1. Ar=iwfi' + fi'. Express A in terms of ^. 2. Son o 
ppfps, on parallel tangeots is constant. 3- XJf intersects di»t 
meters tlirongh S in 0, OL : OMi: SL : SJf ; PK the i 

for L and 31. 4. -y- + — r— = "T- = ^ ^ periodic 

5. PSQ any chord, ace. at Poc uaverselr as SP'.P^, and 
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SHU] named a 



. 6. Force « {SP-SB)-, 



' SQjpQl^IQi 

Art.™. 7. A, = i,(^. + i,); SJl-=SA.Sa; SA-+Sa- 

=2(0^ + 0S'). 8. Fr is the same at P and e, .-. r X SF. 
Prove that 57- SY- = PQ. 9. Pfi a diam. Ang. tcI. at P 

about g= ^ — = ^ -^. 10. fii&of-n + l 

dimenaioDB, .-. m + ^ (n - 1 } = 0. U. See Prop. XI., Prob. VI., 
Aliter, p. 221. 12. RP parallel to the axia, being ioliiiite ia 
constant, and SG = SF. 13. Project the ellipse into a circle 
dcBcribed in tho same periodic time, p, q projections of P, Q, 
Bmall arcB PR,pr are described in same time, forces at P, p are 
as the subtenaes parallel to OP, Op, i.e. :: OP: Op, .: force 

.„P.£?. _!_ .„op.(^)'. 

Op Op.pq \pq/ 



XSVI. 
1. For, by Art. 195, at the point conBidered 



2F' 
Fig. p. 115, j^ c 



and 



PJ/ 



t\CP* tt' 
PjW' CP" 
aec'-B.^ Q 1 1 

BQco&BQM'^ AQ'.MQ "^ AM.MQ " 
Rtc'UPM __ s^eUPM^ PJif 
QM 



PV PQ cosPGM OM GM.PV 

4. F the aec. at P in both caaeB. V'= 2F. 8P 



QM^ PU' 

in both caaea. 5. Pi/ the common ordinate. AM=uT,sa^ 
AM.MB = PM' = L.AM.u is the same in both, therefore at P 
normala are equally inclined, and'it' be the centre, OM=MG, 
or OB-L = ^L. 

XSVTI. 
^^r- is conatant: .'. ^^fh ^ tttti- 2. zP^Fbeinff 

4. Since the vel. >/ft-i-a ia that 
in a spiral, iTT-iS is the spiral angle, and time to the centre 

I* cot/3 -i- 2h, Art. 127. 5. In a spiral of angle a, Tel, = 

8A'- SL' , . , . _ . . . J 

, which IB true when a la mde- 



81 n a 
conatant. 3- Being Fcobi 



time from A to L = 



' SP' 



2/t' cos a ' 

finitely diminished. 6. Angular velocity = , .*■ « a r. 

Fa.na= - ocr, aud w*-b'" = 2 (i^coao-.B) {r — r') BeC6e,ult., 



^coaa — Bxv. ?■ v, v' velocities of approach at d'lstancca 

8»,2«>"-t.* = 2-^' (.-*') alt. =/a'(]~ + ~)(3-8')=/a'x 
« ' ' "^ \a s s a/ ' 

(-= — ; I nit. D* =fa' ( -; — ; 1 . 0raw FM ordinate to eemiJ 

Plf 
circle on 2a, C the centre, CM= s,v = J[ fa) -rrn- 

_ MM" _ CM. MM' 1_ P'M' - PM 

Fit yr»" V(/«) 



Jfif'= 



ult. .'. time w 



M= 



PM 






fa' 
- V-ap 



■J[M~ . . 

11' =-^ -/1, u* 4 K" = 2 { F' - a/) = ^ = (vel.)' in equiangular 
spiral. 8. After a short time 7, let abo be the position of thdl 
triangle, velocities in Aa^ Bb = \ - , \r, ^ = L Bab = 



= T\ 



sin£ 



lence aba is similar to ABC : if ba'b' = Bab. 



SAa = 0, ^„-=- 



oa : Aa :: ab I AB, hence if Aa^ aa' subtend at S the same 
angle <f>] ^ ^'H Ix' the focus of the spiral described bj A ; let 
SA_mn[^+ei^^^^^^g gfi^ sin(g+0) . 

.-. ^ = '^J =1+0 cotB+ -^ and ^ =2'X ^^ =*(cot^+cotC), 

.'. cotfl=eot^+cotB + cotC, .-. SAB = SBC = SCA,md the 
spirals have a common focus, Hubtending at AB, BC, OA thtk 
supplements oi B, G, A. 

XXVII. biS. 

1. (Vel.)' in circle = fiCF' = ^01)'. 2. (Vel.)" in circle" 
= /*c', in (1), (2), (3), c is a semi-axis; square of the other 
semi-axis is (!) c'-i-n, (2) nV, (3) c". In orbit (4) 20*= CI)', 
ab = &, «, 6=(V5±1), inclination of major-axis to c = i tan" 2. 
3- Semi-axes are c and 2c. 4. /ic' = fib'', a=2c, ^ — l = i»J 
6. h and (7U are unchanged, radius of curvature = Ci^ V/* -^ ««'l 
6. ecc. angle o( D is Jw, Ci>' = fa' + i6' : &" :; 9 : 4, 3a' = 8 
f. fi = attraction of unit mass at unit distance, m = mass of 
parallelepiped, QH perp. from centre of gravity on the smooth 
face, force tending to R at F = fj,m . Hp, periodic timc=2Tr 
-i'>/(jim). 8. Vel. of m = 'Jit.aj semi-axes perp. to h are 

^Hf^.a and ^LCi±-4.n. 9. Xfi.S' = ^CD\ h' = iali', 
m + m m + m ^"^ r-i vr 1 

»'4-6* = |a&, i C03V + 2 8inV = l. lO. P the point of prij- 
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jection, vel. ot AP^ area oc CP.AP, inafcimum wlren OP=AP, 

11. P, F' the points of projection CD: CP:: CD' i OF, 
ellipses are similai- and project into two concentric circloa, 

12. Let the two particles be at extremities of conj. diameters 
CP, CD, and in small time T let P be at P\ CD conj. to CP', 
^/f^.CD, >J(i.CD are velocities at P, P\ .: *Jii.DD = vel. 
acquired in PP'^ilCP.T ult., .-. DD = -J/t.GP.T = ve\. at 
Dx T, and the particle iu the conj. hyperbola is at D' when 
P is at P", thus it once at extremities of conj. diams. they will 
be always, and «' - o" = ^ ( CiJ" - CP') = fi{d' -b'). 13. At 
P the point of intersection (ve\.Y = fLCD^ = fj,SP.HP in both. 
CP' = f-b"+ CD^ = a' + b'- CD\ also a'-i'= CS'=<^'+b''. 
14. Distance described by a particle at P= CD, at the end of the 
given time it will be at the angle opposite C of the parallelogram 
CPRD, the theorem follows by the auK. circle. 15. Vel. perp. 
JSP=V/*. C2J sin £Pr=v'/t-6'Z).Pi'>P£^, constant. 

XSVIII. 
1. CX, CY are directions of conj. diameter, and all pass 
through D in CX in a quarter of the periodic time, which is the ■ 
same for all, Vm ■ CD beine the vel. of projection. Resolving 
vel. and ace. in CX, CY, all are equally accelerated parallel to 
CX, .: lio at any time in a line parallel to CY, whether the 
8CC. cease or not; hence the tangents to their paths at any time 
pasa through the same point in CX. 2. (i) Ace. perp. conj. 
axis is the same for all, and initial vel. is zero, (li) Hyperbolas 

are similar, .". -pp'' ~ rp^ *"" ^^S- ^^'' equal. 3. AP equal 
and parallel to CB, vel. at P= ^/i.CB, CP, CB are semi-conj. 
diameters of the quarter ellipse described in the second period. 
Vel. at S= ^fn.CP^ •Jti.BA. Time from BtoA' = time from A 
to P. 4. S the centre of force, BAB' the arc, (vel.)" at B= 
n(8A'-8E''},8A'-8B' = {}idhm.)' conj. to SB. 5. In the 
spiral V' = ^SP-\SP=t^'SP.SP; .: in the elliptic orbit 
2SP' = a'-h b' and S'P" sin a = «6. 6. / the aoo. effect of the 

constant force, c = natural length of string; r = cil+— ^1, 

T f f 

total central force = — +/= *r, a = initial length, (vel)" =- 6', 

I, b are axes of the ellipse, b<c, t.e., vcl. of projection < vel. in 

!lfer^*t -distance equal to length of unstretched string;* the 

^ellipse is deserted when r = c, the string becoming slack, 

^ 



^^ 



in the statement of llie pir>ljleii 



(vel.)"-{. 



motion = cot' 



(a' + 6'— c')j angle between c and the direction 



ab 



7- a, ^ semi-axes of orbit 

b') = 



ad=-C8.OU,a^ + 0' = CS' + CP\ prove that a'iCP' 
C8'.GM\ .-. a' (f + 0'- a') = a'^, and a = a, .-. CP'=> 
6, ff the inclinations of CP to tho axes, prove that tan'5 
a^ — c* V d^-c' b' . . a .. -. 6 y3 



clinatiooa of r', r to major axis, ^ /3 eccentric angles of theis 
extremities. jff — |8 = t V/*i Bin((3'-/3) = -v (r'ain^" rcoaS- 

' /I, ■ m ^' «'1* n.- 1 ■«■ 1 27r , I 

r C09P rainm = - — ; — . lime = -r- . r = tt -r =one day. 

' ab VM 8 1'^ v/* 

9. jP, Q the particles at any time moving in directions TP, TQ 
with veb. which are as TP: TQ, reversing P's vel., Q'a vcl, rel. 
to P is in PQ, and if P'Q' bo the corresponding chord In the 
aus. circle, since CP\ CQ' revolve with equal vel., P'Q' and 
.", PQ moves parallel to itself. 10. G centre of gravity of 
hPQE, ^.GP ace. to C. PG biseota QR in p. pB' : CI? 
t: CP'-Cp':GP'::S:i:. «/ = /i CO' = J/i §ff . Corresponding 
A in aux, circle is equilateral, .■. times from P to Q and Qta It are 
equal. PS' + P(/ + QR' = ^QR' + liPp' = ^ (C7?" + GP% 
.-. i(w,' + w," + 0=i/*(a'+^'')' 11- -^PS, ^'P'-B' the two 
ellipsea, PP' joining the two particles inclined at d to CA. 
Reverse ace. on P', rel. ace. of P^fiPP' casd, /i-PP' siad 
parallel and perp. to GA, rel. vcl. at A =='Jii(b + b'] = -//i{a-a') 
= vel. in a circle, .'. PP' = a—a', fl oc time. 12- '^Aa major axis 
of orbit; B', C points on aux. circle, rad. ^4«, corresponding to 

S, G, time in BO = ^-i>:L B'A G' = /Ti sin"' ^"^ ^ f ^ ^', 
' ' area ot circle 

= /i"* ain"'(27rni). 13. »/fJ..GB = ve\. of projection from P, 
DQP, iJ'G'P consecutive orbits, common tangent at Q, Q' meets 
GD, GD' in (, (' and CPin T; QV, QV ordinatea at $, Q are 
equal, .-. Gt^Ci; .: ult. gi^ is normal at Q; GP' = GP. 
CT-.CP:: GP-.GV. hence P' T -. P' V : : PT : PV, .: iP'Qt 
= lPQT. 



= i - 



XXIX. 



Alao h is unaltered. 4. - . 
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= -T . -1 — T , a (1 — e) = a' (e - 1), /. n=^e, 5. Nearly 225 days. 

6. About 8'40". 7. In both orbits F* = ^ ^, PSP sin*a 

= ^*! Pfi'P'cos'a-M-, V-^V^^SP.HP. 8. BG' : 8Y* 
: : JSP : /SP, prove that JSP is constant, locus of (7 is a circle, 

:i. 1 rrr. ft 1 ^: 1 ,» -4AM PET B 

radius = *-aP. 9. -7«= ^ + -, 6"-e'= — ^, -Dxr= 7 5- 

^ a B a^ fi B^ PH 4:a + B 

10. A^ = fa.4a = 4a' circ. meas. of angle described by planet. 
--X ISC'* ==76". 22' nearly. 11. Time : a year::4.J5.5: 27ri?, 

OTT 

time is 39 days nearly. 12- SP parallel to the axis and 
= 2ASj .-. ASH^ 90", SH= 8P sin 60, .\ e = V3. 13. ^=/t a, 

ft'.CB' = -; CODJ. diameters are equal; a, y3 the semi-axes, 



a 



a' + yS» = 2a', 2ay3 = aJ. 14. ^ (2 - j^) = ^ • ^* cos^iSP 
= l-e. 15.7'+^ = ^. ^ the angle, tan>=;^, = ^ 
= y^yr, . 16. Lc^cus of £ is a circle, two points B", H' lie in 

the same line as 5, a = \HPH*^ « i ^' = n~~^ i ir~ = • 

17. a is transverse axis of the hyperbolic orbit, H'P in HP 
produced =2a, and if a = 2J, 8PB' = Q0% .-. H'8P=dO\ 

18. ^-- = -.- Jp, iSP=2a', H'P^8'F-2a:^2a^8P. 
SP a a b P^ ' 

XXX. 

(?P G^P' r 

1. centre of gravity of P and P'. — ^ = = 1 • 

° "^ mm m + m 

Force on P=-7- = -777^ . ( }] towards G fixed. 2. 2c, 4a 

r GP \m+m/ ' 

the diameter and latus rectum h^=fi . 2a, prove that \/(c-a)(c+2a) 

is a maximum, two nearly equal values a, a make the time the 

(c + 2ay'' (c+2a7 4 (c + a+ a') (a-r a') 

same, .'. ^ r- = = — -r 1 .*. c + 2a 

' c-a c—a a^a ' 

= 4 (c — a) and c = 2a. 3. Prove that in the old and new orbit 

h'=s2h and a : a' :: 6* : 1- e^ 4. w, v init. vel, prove that 



(jAM- Mf) PM PM 

v.Hy "uealTPM' 

of m and m' round B and H= - 



5. in 



S3P 
— i are iolercbi 



6- Bate 



PQ.CZ 
•2T 



nit. oc 



SY SY.Cb SP' 



angles \a the two &iix. circles of the point of iDtersectlon 8 
so" and 60°, periodic times are equnl, times proposed are 
^3 (27r4 3) : 87r-9. 8. CSPxhe focal chord, tangents at C, 
P intersect in SZ perp. C8, PZ, P'Z' intersect in Q, circle 
goes round C(2-2^'Z,bence ^(?.(75=C:2''. 9. Cfixed. H, H' 
tbe empty foci of two consecntive orbits intersecting in P. 
.: PH=PI1\ and SP-vPH= 8C + CM, .: SP+PC= SG+HCIT 

constant. 10. SP=!>AS, PSQ=^SP, h = ^h, -^U-^AS^^PQ, 

SP PQ 

QH=S-J5PQ. Prove that 90° + i'Sr=ireP. 11. New orhit 
is an hyperbola if SF<AG, chance is area BAB'S: area ot 
ellipse =7r-2e:27r. 12- Resolve as in (6), p. 147, and 
apply §'a vel. reversed to P. Vel. of P rel. to Q is resultant 

of equal vels. j perp. to SP and SQ. 13. ABC an inscril 

triangle, AD, BE perp. to BC, GA intersect in S the emj 
focus of an inscribed ellipse; AD and the circle intersect In 
BQ and BG in P, SQ = SP+ PE; major axis constant for all 






EP=PQ + 2a = 5PQ, 



ibe^H 



14. Velocity of centre of gravity ia y- perp. to the 
axis, and angular velocity is j . p^. 15. Change takes place 



°h-pQ- 



when the body is at the extremitT of the latns rectum through 
//,a(l-e") tanSPi7=2oc, JSP=i7r + 2 tan"'e. 16. a' = 2a. 
3!'' = b". BIJ-^SBS, Khhccis EM', .: C^ parallel to Si?' 
Si7' meets _BCB' in " '^" " "" "^ ""' "" ""' 



= \BC, 
80=^GG'j axis is turned through tan"' 



17. ^-^ 



X (2 , J, — = l + n. Periodic time changed in ratio 1 ; (!+■ 

1 , o ■ ^ *i. ,BB'6mBSE 2naV(1-e') 
=l:l-2n; axis turns throngh ^^ = — — j-^ '-■■ 

18. Old vel, = 2 COS KX new rel. and h unaltered, 



-(i + «T 
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= - ,-, and e' co3^ = — co3 2a; — cot23:< 



46* (1 - e') 
19. M = impressed vel. ■et = displacement of the axis, r + « 

= 'i J. *V V* ^{jt A' — i - —• ■ ^ ~^ — ^—J}l — "^ 
H A' ' A A' ' /* ' ' ' e h /i ' 

i!r^ = ^,(A'-^)-fu = 2«. 20. Pf' = «(, A unaltered, P'SP^. 

Af 



A 



j3 = = -: , reaolve parallel to SP' and AS. -f sin 6 

(e' - e) sin f* = /3 - ew COB fl = ^ atn'i?, e' — e =■ /3 sin 5. 
SXXI. 
1. .4Pa chord from A, OB perp. OA from the fixed point, 
force In AP tends to B and varies aa the distance ; time depends 
on >dj5 : -dP a constant ratio. 2. About 64 J days. 3. (vel.)* 
atPfrom Q^ifiPQ-rSRSQ, SB^SQcosB, e.8D^SP{l-^eco3B). 
4. O'Q, GII,AODveTp.BG; BH: BQ : BD :: l{ccosB+ a) 
: ia : ccoaP, hence MQ : BH, and Oa = SO'a. Force tends 
•2H..PU ^.S'P ^^'P_ 

AO.SP* SP+2S'P' 

= ^AS and ^a(l-e') = 

-^.J^S" sin'a. 7. A, B tho fixed points, AD the natural 

length, and C bisects AB^ nx weight of particle = modulus, P the 

. , ^ ,. , , „ (BP-AD AP-AD\ 

particle at any time, ace. towards V = ng\ — ^-^ — -^j- — 1 

= nj7^^, [Tel.)" = ^(00'-f7P'). 8. (vel.)' on reflection = 

^fa* — Ja'). Time direct to centre = Jw-t-V^, time added by 
reflection = 2Tr -;- V^- 9- 8,\Tr- 6 the angles of incidence and 
reflection, tane = ecot^, (vel.)" at M= ii.{AG*-CM'')^ after re- 
flection = /i (JC -Cj¥') (sin'^+e" cos''^), square on eemi-axia 
perp. GM=e{AC'-CM'). 

sxsir. 

1. Limit is J. 2. AB revolves round E to oJ, KM^ DN^ 

Serp. AB. L ADa : L AMa (= L AEa) :: AE : AD :: EM : DN. 
. p near P, PM. vm perp. fixed line, TU perp. MP, prove 
that 8P-Sp:j>m^PM:: 8F:PM ult. and PU=PM. 



to G^, motion harmonic. 5. 

_ , ,„ 2m 2/t /, ^Sv 

8. ("i.)-=i^-a^(2-^) 

2;. 



4. V.SPx^'^cobSPYk CDctaDCAx CN. 5- Ecc 

angle of ■P=y- Ciy = ^a' + \b* = lh\ 6. A Btimght line 

through the intersection of the tangents making with them angles 

whose sines are inversely as the velocities. 7. -fTp- oc ,„ . 

&■ Starling a given distance from the horizontal diameter, 
it leaves at two-thir<!s of that distance. 9- A is bcreased in 
tlie ratio n: 1. 10- iirVH- 11. Vel, of Toe veL In 8F 

oc-gy.. ^y-« -fip. l2. M, c mass and radius of a planet, 

n, a the periodic time and mean distance of the secondary, 



c-^. 13. 



«^■^nV "■ ''' a'e'+l «{e'+l) 

a{l±e) = a'{e'+ 1). 14- The directrices tonch the circle wl 

centre is the other focus and radius the major axis of 

ellipse. 

XXXIII. 
1. Prove that Bh : Aa :: AB + AC : AB + BC. also 
:: PB.BC : PA.AC, hence FA-PB : PA-i-PB:: ABiBC-AG) 
JtBC^-AC':AB{AG-vBC}-^AB\.\PA-PB=BO-AC. 
2. Radii of curv. at P, $ are aa TP' : TQ', and TP, TQ are 
equally inclined to the tangent TT', .: TP.lTPT'^TQ.lTQT' 
ult. 3- SV, SP have equal angular vela., vel. of F x sin SVD 

-i-SFoc SP-, SrBin5K0 = 2^5', .-. vel. of Foe (|^y« 
yU^'^'AM- 4- -Seperp.^e. BQ-.AB:: SY: SP::A8: 8Y. 
T<-orce^BQ':SPxBQ':SY'aiAB':SP\ 5. SeeXXXU.T. 
6. F ig. p. 117. BE :PP':: ^PS : PF' :: \AB : BQ, ult. 
vel. of Poc BQ, .: vel. of B constant. 7. A, B, G the three 
pegs, bead F deseribea two portions of ellipses with uniform vel., 
of which B, G are foci, A and F on same or opposite sides of 

BG. Tensiona:^^^J,«^^whenBP=CP. 8. Time:58^ 

::|a.2a:o'. 78 days. 9. (Vel.)' = 2/co3a. SPseca, p =• 
nr. .1« A 9v k 47r , 

fiPcoseca. 10- „. „ _,^» = .-^> ^. /, , „,. =TSi^, e = h 



4 



2irah 



180' 



periodic tinie = 

rod, G fixed point ; 
on P bisects AFB a 



(■(1-e)' 180' a*(l + e)'" 

in hours = 2j days nearly. U. AB the 

P point in a circle about ACB; attraction 
id passes through G, 12- FT tangent and 



PU perp. SP meet major-axia in T, U; PM perp. TU must 
bisect L TPU, ^ : |i : ^ : : Pr : iPM : PU, .: 2PM = e . PU. 
13. If no pressure at P, Watf ^^^_^^ _^ ^^ iVoaSPC, 

hence (vel.)' at P = " —, + — -; — = ^ ■ -^ — . , ■ = 
* ' a \4o rr I a irr 



-, al8o{vel,)' generated bj the forces from^ to P 

= - 8V' ^"^ + ''■' - ^"^ (1 + ^')! + 2m (J + J, - ^rr?j) <'f ^'»i<=i^ 

the variable part la the same aa in the above. 

XXXIV. 
1. p, q correspond in the aux. circle to P, Q. ^ = inclination 
of pq to the major-axis. Area PCQ = ~ xsectorpCy. - tam^ 

= tanfl, tani^ = -= tan^, .". ^ = ^-n- ult. when 6 =ao . pii 
= 2a sin^i^, / sind = - pq &m-^ = 2b sin^0 ult., .'. vanishes alt. 

A.re& PCQ='~ ah^' \i\t.==^~^,{l&me)\ %. Common chord 

of circle of cnrvature and either conic is inclined to the axis nt 
the Bsme angle as PT, and Is .-. PQ. Tang, at Q meets PTm 
U, diam. through U bisects PQ and meets tlie parabola in R, RT 
is tang, at R. 3- rad. of earth = 4000 X 1760 x 3 in feet = n, 
<B = ang. vel. = 27r-r(24 x 60 X 601, QCE=\, QMiperp. the 
axis OP. QM.a is vel. in Q's circular path; a cosY.u', ace. 
tOi¥, is resultant of ffin ^Cand*/; .7'=(/'+2GacoBX.ii>'coa[7r-X) 
+ (acos\.ai')'; neglecting o»', 9 =(? — aw" coa'V. 4. PJf radius 
of circle described by P ; [v^\f='ig.AM\ PG, PP normal and 



PM 



iPMiMa, .: 2AM.MG = PAr 



tang, to surface, 

= TM.MG, and AT=AM, property of parabola. 5. r=rel. 

atS; atP,w'=r'-/ir',^ = P+/ir.,£; .-, P = a7'+|^r', 

y least when r greatest at A and is positive, F' = vel, a.t A' 
V" = aT + 2fia^, V : T" :: 6/«*' + aT : 2/ia' + oP" < 3 : 1. 

ft ]^p=^^,SP' = 2a{2a-EP),r.HP=W!i-l)a<a{Hc]. 
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7. P3F, Q8^ corr. chda. of ellipao and circle. A8P: A8Q 
ii vab : wa', .'.PQia perp. AS. Vel. in circle ac ^^<x. 

■ ec PF sp 



SY* SQ.QQT 
8. PQP the arc betweco first and second 



impact ; complete ellipse PQP'R, second arc will be the refiectioa 
of PUP in ibe pliino as a mirror. 9. A the point of projection, 



1 



1 



(teI)' oc jrj - -TTi ^^"^ ellipse, and =* o j + -rp ^°' Hyperbola. 
AG changes from ^SA to cc, 6' on same side as 8, then 
diminishes from cc , on the opposite side. Force oc dist. 5*1 
is one semi-axis, the other oc vel. 10. a the new mean 

B'M. nz 



dlHtance,^ = ^ (2 - ^) , <x=|«, BB' = \a=\BU. 

perp. SZ7and tangent at B, U M\ HZ: : SM: SH. 11. n'PH=2Ba, 
\ . ^ .,,,. EH- cos SPB 2HPcosr{.Sx 

change in the apBidaL line — — 



Sit 



8^. 



SM 



2ae 



. {2(U'rcosP8R) = ^{2ae*-r+a{l~^]. 12. Seesxx.l. 
13. a', r' distances of E from centre of graTity O of E and 5^ 
which b at rest or moves uniformly. 

2wa^ {E + f 



r=- 



^ 



' attraction between JSand S= -^- , 14, CT. 



' [E + S/ r'-' 
ES 



"0^ 

= —,.■. ace. to 



OZperp. tangent PT"; CO meets PI" in T, polar in Q, and PM 
parallel to polar in U, .: OT. CM= GQ. GO, whence CT.MQ 

^GQ.OT. PO meets CD in K Aec to 0=^. ^^ 

h' OP x91-?^ Cr^ GQ 

^ a'b' 0-L' * OZ " op" T MQ 

A' fP^"\ L ■ ;i- ^- 27rai 2wp} 

= -T75 ^ »"1 hence periodic time = — ;— = ," . 

XXXV. 

1. Fig. p. 131. QT\ QO' tangent and normal at ft 
entre of curvature lTPG= /^T-QO, .: aTQT' ^CfPQG' a\t. 
0P=PO, .: PT'xtTQT-=&OP.PQ, PT'^SPG', lUPM = 
£.PGT=m\ .: PM=2PU=2AP. %. Take QPB any posi- 
tion of the line, Rp = QP, when OP has revolved through ir, P 
comes to p, P and p trace the whole curve, let O bisect QR^ let 
QR turn through a am^ll angle to Q'R abont 0, P', 0', p' 
the new positions of P, C, p, corresponding area between 



C? 

4 



>ea I 
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locus of P and ellipse =\{0(^-OP''-^OS'-Op^)->c lQOQ, 
= i|2(OC" + CQ"}-2(Ci"4 OG'')}:^lQOQ, .: whole area 
= TT [ J (c' + c)" — J (c' - c)'j = TTcc'. 3- the centre of the circle 
touching at Ps-nAp^ SP, Sp meet the circle in Q, q. pT, PT 
tangents. pQq^ 8pT= SPT=PqQ, .: Pq, pQ parallel, and 
SO bisects pSP. 4- P', Q consecutive positions of P, §, 
SOA vertical diam. meeting BO in 0, BP.SQ^SO.SA. 

(vel.)' at P=2ff. g^ "^ ^- 

QQ ^Sq . vel^f^Q_ 

PP' 8P* " vel. of P ~ 



sg" 



-SP^ 



res. attraction bisects SPS. and at S- 



8B' 8Q' ' 

. 6. See (12) p. 
2^ sin OBS 



and 



pressure at 



-K?- 






6. PP' a small arc, QFM, QF'W ordi- 



9 to the ellipse and aux. cirelc. Prove, as in (6), p. 184, tliat 
(vel.) at P = ^Tfvl ti""^ '° PP ^ 



" CO" 



2 VM 
If. CJ?) - J, 



^[-Qm)- 



2 V(;;<i) ■ ««■ 
s(S^) = i^,.: time to P . ^^-^ (JaV + JS-). 7. P«tlo 

unwound string at time ( = arc.^$ of the circle, centre O, P'Q' 
near PQ^ PQ is the radius of curvature of the path, tang, ace 
\s fi.CA, .: AP=iiJ..CA.t% PP'.AC=QQ'.AQ=^{Aq'-AQ'), 
.: AP.OA=^AQ^=^^i.CA\i'f when AQ^'lv .UA, t=^-n-^'/^. 
Yei-fi.CA.t, PQ = ^fiCA.t, .: ace. effect of tension =2fiiCA.t. 
„ ^ 1 Pi PL.PF* FL" ^ ^ 
8. F^-qy>- cS''^~OY'~ '^oF'' " ^™^^ 

■weight double the length. c=OC the length of the tube. 
Tension in CP= — - . CP. d the semi-axis perp, 00, .-. 2ga 



10. ace. in orbit oc 



-"5 



d", d'^l 



';.•.« = § or |. 

vel. in hodograph oc ang. vel. qc (dist.)"*. 11. LSS' the Intus 
rectum L ; LD, S'D tangents at i, S' intersect in directrix at 
right angles, jj. . iAS^g. (Vel.)' at i = 2? . I)S= /i . (4^5')". 
conj, diameters equal L and a' + 6' = 2i", «6 = i' sin^Tr, 
(a±ft)" = 2i/'[cos^±siu^Tr)', 12. tn- the change in direc- 
tion; 4'— A = «.jSP, resolve parallel to the axis, 

sin^5P+ ^^ sIn«r=M sln^fi-p, .-. ^ co= (i* + T 



«.Sp") siii.(lSP, 
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and — ^^=^l + e cos ASP. 13. the angle of incidence, v 

the vel. of striking ; v sin ^ = vel. parallel plane after eveiy 
impact, e^v cos d perp. plane after n impact If first orbit be 

a circle, tan ^ = e cot ^, v' (sin' ^ -f e' cos' 6) «= cv', .•.€. — = -, 

T T 

and. -,6 = 4. Ifn=ao, (vel.)' = ^ sin' 5 = ^ (2 - ^V ^ = 

2 
= 2 cos'^ = ^ , .*. 4a = 3r. 



THE END. 
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The Author has selected the subject of this work with 
a view of assisting the Student, who is acquainted with 
the ordinary processes of Algebraical Geometry, in the 
training which he must undergo in some form, if he wishes 
to become an accomplished mathematician. It would be 
difficult to find another subject which required so limited 
an extent of reading, and which yet foreshadows so many 
processes which are employed in all departments of the 
higher branches of Mathematics, Pure or Applied. Espe- 
cially the student will acquire in an agreeable manner the 
power of discriminating the different orders of magnitude 
of large and small quantities, which will be of avail at the 
outset of his more advanced studies. 
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For the convenience of Students who may wish to have 
in one volume all those portions of Solid Geometry which 
would be useful to them in their studies of Physical 
subjects, I have endeavoured, as far as I could, without 
material departure from the arrangement which I con- 
sidered best for the proper treatment of the subject, to 
include in this volume nearly all that will be required from 
their point of view. 
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